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1 Introduction
In this paper, we investigate the existence of positive solutions for the following infinite
system of fractional order boundary value problems:

CDaun(t) +ﬁl(tr ul(t)) MZ(t)r e u/l(t)» u/z(t)) .. ') = Or 0 <t=< 1;
uy0)=an,  u,(1)=b,, n=12,..,

(1.1)

where ‘D denotes the Caputo fractional derivative of order 1 < @ < 2, and f;, : [0,1] X
R x R*® — R, are given functions (for n = 1,2,...) where R* denotes the vector
space consisting of all sequences of real numbers and R$° denotes the positive cone
of R*™. For simplicity, we will write u(t) instead of the sequence of real functions
(#4(2))nen, and ' (¢) will denote the sequence of real functions (u),(£)),en. Functions such as
St ur(8), ua(t), ..., u) (£), uy(t),...) will be written as f,, (¢, u(t), &' (¢)) in the sequel. By a solu-
tion of the infinite system (1.1) we mean that there is a sequence of functions u(t) = (u,(t))
satisfying (1.1) on the interval J := [0, 1].

The theory of infinite systems of differential equations is an important branch of non-
linear analysis. Some infinite systems of differential equations or integral equations have
been investigated in a few of Banach sequence spaces by [2, 4-7, 16, 17, 20] etc. On the
one hand, there are a number of problems of infinite systems of differential equations aris-
ing naturally in the description of physical phenomena, where only positive solutions are
meaningful. The research on the boundary value problems of fractional differential equa-
tions has received a great attention in the last decade, and a variety of results can be found
in[1, 3, 8, 10, 14, 18, 19, 21, 22] and the references therein. In this paper, motivated by the
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above mentioned literature, we investigate the existence of positive solutions to the infinite
system (1.1). Our considerations will be placed in the Banach space c consisting of all con-
vergent sequences of real numbers. Our approach mainly depends on the Krasnosel’skii
fixed point theorem in a cone in conjunction with the criterion of relative compactness in
the Banach space C(J, c).

2 Preliminaries

Let AC(J) denote the space of real functions which are absolutely continuous on the inter-
val J. It is known that AC(J) coincides with the space of primitives of Lebesgue summable
functions (cf. [12, p. 338]). Further, we denote by AC'(/) the space of real functions x(¢)
which have continuous derivatives on J such that x'(¢) € AC(J). Moreover, we will denote
by L>(J) the Banach space consisting of all essentially bounded functions on J and by L!(J)
the Banach space consisting of Lebesgue integrable functions on J.

Definition 2.1 (Cf. [11, p. 69]) The fractional integral of & > 0 order of a function ¢ : ] —
R is given by

1

Ia(p(t) = m

/ (=5 p(s) ds,
0

provided the right-hand side is pointwise defined on J, where I" is the gamma function.

Remark 2.1 (Cf. [9, p. 13]) Let ¢ € L'(J) and & > 0. Then the integral I%¢(¢) exists for
almost every ¢ € J. Moreover, the function I%¢ itself is also an element of the space L!(J).

Definition 2.2 (Cf. [11, pp. 91-92]) If ¢ € AC"}(J), then the Caputo fractional derivative
‘D¢ exists almost everywhere on /. If ¢ > 0 is not an integer, then it is expressed as follows:

T o 1 ! _ ym—a-1_(m)
(D (p)(t) = 7F(m—a)/o (t-5s) ©"(s) ds,

where m = [«] + 1 and [«] stands for the largest integer not greater than «.

Example 2.1 (Cf. [9, p. 193]) Let 1 <« < 2. From the definition of the Caputo fractional
derivative, we quote for ¢(t) = £, then

0, 3=0,1;
‘D% (tzS) —

I$+1) 45—
Toriayt “ 5>1.

Lemma 2.1 (Cf. [11, pp. 95-96]) Let 1 < o < 2. The following relations hold:
(i) if y € L>()), then ‘D*1*y(t) = y(¢t);
(i) ify € ACL(]), then 1D y(¢) = y(t) — ¥(0) - ¥ (O)t.

Lemma2.2 Letl<a <2.Ify € L%(]), theny € ACY(J) is a solution of the boundary value
problem

DY)+ (t)=0, te],
y(0)=y0,  y(1)=y1,

(2.1)



Wang and Cui Advances in Difference Equations (2019) 2019:169 Page3of 11

if and only if y satisfies

1
90 - [ G dss u-mt e, te 22)
0
where the Green'’s function associated with (2.1) is defined by

1 H1l—s)*1—(t—s)*1,

0 1
_ (2.3)
() | ¢(1-s) Y, 0<r<s<l

Proof By Lemma 2.1(ii), we deduce from (2.1) that

t _ -1
0 = F“Dey(t) + LY (1) = y(2) — ¥ ()t ~5(0) + f 9" sy as,

o I'()
and the boundary conditions give

1 (1 _ s)a—l

¥(0) = yo, y’(0)=y1—yo+/0 WVI(S)ds.

Thus, we obtain that

t(+_ -1 1 1-— a-1
90 - [T yodser [ ST p0dss 0n-g e

1
- / Gl )W (s)ds+ (01 —yo)t + Y0, L€,
0

Inversely, if y € AC(J) satisfies (2.2), then we have

1 _ o)a-1
0 =-1ut)+ ([ L v ds - e

The boundary conditions are easy to be verified. Further, by Lemma 2.1(i) and Example 2.1
(which shows that °D*¢ = °D“1 = 0), we have

Dry(t) =¥ (), te],
that is, y is a solution of (2.1). O

Remark 2.2 Clearly, the Green’s function G(¢,s) defined by (2.3) is nonnegative and con-
tinuous on J x J.
A simple calculation yields

0G(t,s) 1 Q=5 (@=-1)(t-5)"2 0<s<t<l,

ot I'(@) |1 -9, 0<t<s<l.
The following estimates hold:

1 a-1 H9G(t,s)
/0 G(t,s)ds < Fa+ 1) /0

at

ds < o+1
s

S rary e (2.4)
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Further, for V¢, t; € J, we have the estimates:

tl—tzl + |lf‘1x—tg|

1
/ |G(t1,5) - Glta,5)| ds < |
0

’

I'ox+1)
(2.5)
fl 0G(t,s) _3G(Bs) |, _ 1657 -7
o | ot at - I

Let (E,| - |lg) be an infinite dimensional real Banach space. We denote by C(J,E) the
space consisting of all functions defined and continuous on the interval / with values in
the space E. Further, we denote by C'(J, E) the space consisting of all functions defined
and continuous differentiable on J/ with values in the space E. It is well known that C L(J,E)
is a Banach space equipped with the standard norm

el = llulle + || o

where [|v||lc = sup,; [[v(¢)| e for v e C(J,E).
For a set £2 in CY(J, E), we will denote by £2’ the set situated in C(J,E) and by $2(¢) the
set situated in E for fixed ¢ € J as the following forms:

Q' ={u:uef} 2(t) = {u®):ue 2}.

In what follows, we will use the following criterion of compactness in C'(J, E) which is
a generalization of the well-known Arzela—Ascoli theorem.

Theorem 2.1 (Cf. [15, Proposition 1.7]) A bounded subset 2 of the space C'(],E) is rela-
tively compact if and only if all functions from 2 and §2' are equicontinuous on J, and the
set $2(t) is relatively compact in the space E for each t € J.

In the sequel, we will denote by (c, || - ||oo) the Banach space consisting of all convergent
sequences & = (§,) with the norm ||& || = sup{|&1], &2, ...}

Let us recall [4, Theorem 3.1] that a bounded subset X of the space (c, || - || ) is relatively
compact if and only if

lim [(sup {sup{|§m —-&)| :mn> k}}] =0. (2.6)

k— o0 £,)eX

Further, we will denote by C'(J,c) the Banach space consisting of all functions defined
and continuous differentiable on J with values of each function and its derivative in the
space (¢, || - [|oo), equipped with the norm

ueCY(J,c),

llulls o= Nullc + |
where |[u]|c = max.e; [|u(t) ||l and [|#[|c = max.es |4/ (£) | oo-

The following Krasnosel’skii fixed point theorem in a cone (cf. [13]) will be utilized in
our considerations.

Theorem 2.2 Let £ be a Banach space, and let P C £ be a cone in E. Assume that $2y,
2, are open subsets of £ with 0 € 21 C 2, C 2, and let F: P — P be a completely
continuous operator such that, either



Wang and Cui Advances in Difference Equations (2019) 2019:169 Page 5of 11

(i) IFx]| < lx|l, x € PN 082y and ||Fx| = ||x|l, x € P N 382, or
(i) || Ex]| = |lxll, x € PN 082y and ||[Fx|| < |||, x € P N 0§2,.
Then F has a fixed point in P N (£25\$2)).

3 Main results
Solutions to the infinite system (1.1) will be sought in the cone P of the Banach space
C(J,c), where P is defined by

Pi={u=(u,) € C'J,0) : uy € AC'(J),un(t) = 0,t € J,n=1,2,...}.

In order to investigate the existence of positive solutions to (1.1) in the cone P, we will
impose the following hypotheses.
(H1) For each n € N, the function f;, : J x R® x R*® — R, is such that f, (-, &, v) is mea-
surable for every (i, v) € RS® x R*, and the sequences of nonnegative real numbers
a = (a,) and b = (b,) are convergent, and a # 0 or b # 0 (where 0 denotes the zero
sequence).
(H2) The operator f defined on the space J X ¢ X c as

S,v)@) = (A uv), At u,v),...)

is such that the class of all functions {f(u, v)(£)}.c; is equicontinuous at every point
of the space ¢ x c.

(H3) There exist two sequences of continuous functions (p,,) and (g,), which are conver-
gent uniformly on J, such that

Vfu(ts )| < |pa@)| + | g2 (O] (Il oo + 1Vll) (3.1)

forV(t,u,v) €] x ¢ x c.

Moreover, for any bounded subset X of the space ¢, we assume that the sequence
(fu(t,u,v)) is convergent uniformly on J x X x X, i.e., for arbitrary given ¢ > 0, there
exists ng € N such that

[fn(t,u,v) = fult,w,v)| <&, asm,n> n, (3.2)

forV(t,u,v) eJ x X x X.
Let us introduce the following notations:

! aG(t,
PO) = (palt),  P=sup /0 (G(t,s)+ 8(2 S)DIIP(S)IIOO”IS
1
90 = (2.(),  Q=sup / (G(t,s) + ‘ aGa(t’ 2 ) )] s
te] JO t

Now, we define the operator F on C'(J,¢c) by Fu := (Fiu, Fu,...) such that, for each
n € N, the function F, : C1(J,c) — R is expressed in the form

1
Fou(t) = / G(&,8)fy (s, u(s), u/(s)) ds + byt + an(1 ), (3.3)
0
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where the Green’s function is defined by (2.3). Then we have

1
(FLu)'(t) = /0 %fn (s,u(s),u/(s)) ds + by —ay, n=12,.... (3.4)

By Lemma 2.2, it is clear that there exist positive solutions to (1.1) if and only if the
operator F has fixed points in the cone P, that is, there exists u € P (u # 0) such that
Fu=u,n=12,...).

Lemma 3.1 Under assumptions (H1)-(H3), the operator F : P — P defined by (3.3) is
completely continuous in the Banach space C*(J,c).

Proof Let u € P be arbitrarily fixed. In view of expressions (3.3) and (3.4), it may infer that
F,u € AC!(J) and F,u(t) > 0 (1 = 1,2,...) on account of our assumptions.

According to the equicontinuity of the operator f at point (i, ') by (H2), for given ¢ > 0,
there exists § > 0 such that

I'(x)
2

&,

If (w)6) =f (V)@ =

whenever |lu—v|c <8 and ||y’ —V||c < é for v € P and Vs € J. Then we deduce from (2.4)
that

1
|\ Fu=Fll, < i“?f G(t,8)[f () () £ (V) 9) | ds

0

1aG(t,s) , ,
s 1220 )0~ 1)) s
1 HaG(t,s) I'(a)
< (sﬁg/o G(t,s)ds+stl€1})/0 Py ds) 5 e<eg,

which implies that F : P — P is continuous.
Next, let £2 C P be a bounded set. It follows that there exists M > 0 such that ||u|l, <M
for Vu € £2. Then, for given u € £2 and n € N, we deduce from (3.1) that

’Fnu(t)‘ < /1 G(t,s)f, (s, u(s), u/(s)) ds+b,t+a,(1-1t)
0

1
< /0 G(t,5)[pa(s) + 4u(s) (Jus)]| , + |0/ )] )] ds
+but+a,(1-t)
1 1
G(t, ds+ M G(t, d
< [ Geslpol s+ [ Ge.9law)]

+ 1bllcot + llalloo(1 = 7).

Similarly, we have

aG(t,s) aG(t,s)
ot t

1 1
|(Fnu)/(t)/5f0‘ ||p(s)||oods+M/0‘ a

+ 1blloo + [l oc-

la)]. ds
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Thus, we obtain that
| Fulls <P+ QM +2|blle + 2|lalleo, Yu € 2, (3.5)

which implies that / maps bounded sets of the cone P into bounded ones.
Let V¢, ¢, € /. For an arbitrary fixed u € £2 we deduce from (2.5) that

|Fuu(tr) — Fyu(ty)|

1
s/|am@—a@QW@Mmmh»w+wwmﬂwn—m
0

+M
S(Mk lallc ) =12

+|b-a -t + |t -t
F(O{+1) ” ||oo)(|1 2| |1 2

and

8G'(tlxs) aG(tZ)S)

1
ymmvn4awmnsﬂ

}jn(s, u(s), u’(s)) ds

ot ot
+M
WPl Migle oy o)y
I ()

which imply that all functions from the sets F§2 and (F§2) are equicontinuous on the
interval J.
Now, for fixed ¢ € ], let us consider the set F$2(¢). For Vu € 2, we have

1
|Fuu(t) - Fyu(t)] < /0 G(t,9)|fon (s, u(s), 1/ (5)) = fu(s, u(s), 1/ (5)) | ds

+ by = bylt + |ay, —a,|(1-t), Vm,neN.
From estimate (3.2) and the convergence of (a,) and (b,), we conclude that

lim [sup{sup{}l—"mu(t) —F,,u(t)| T, > k}}] =0,

k—ool,co

which shows that F$2(t) is relatively compact in the space (¢, | - ||~) for each ¢ € J by
formula (2.6).

Taking into account the fact that the sets F£2 and (F2)’ consist of functions equicon-
tinuous on the interval J, on the base of Theorem 2.1, we infer that the set 752 is relatively
compact in the Banach space C!(J,c). Consequently, we show that F : P — P is com-

pletely continuous. O
Now we are in a position to state our main result.
Theorem 3.1 Under assumptions (H1)-(H3), if additionally Q < 1, the infinite system

(1.1) has at least one positive solution u(t) = (u,(t)), and (u,(t)) is a convergent sequence,
i.e., (u,(t)) ecforeachte].
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Proof Let r1 := max{||a|lco, ||bllco} and £2; := {z € C1(J,c) : |||l < 71}. For u € P N 32y, we
have ||u||« = r1. According to the nonnegativity of f, and G(¢,s), we deduce from (3.3) that

Fult)>b,t+a,(1-t), n=1,2,...,
it follows that

I Full = Su}){”b”oot +llalloo(1 = O} = max{llalloc, [1Blloc} = r1 = llot]l .
te

Let

_P+2]bll + 2@l
1-Q

ry )
and let 25 := {u € C(J,c) : ||ullx < r2}. For u € P N 325, we have |||, = r». Similar to
estimate (3.5) we have

[ Fulle <P+ Qra+2|blloc + 2llalloo = 72 = ]l

Since 21 C £2,, then by the second part of Theorem 2.1, it follows that F has a fixed
point z in P N (£2,\$21). Thus, u(t) = (u,(t)) is a positive solution of the infinite system
(1.1), and u(¢) € c for each t € J. O

Example 3.1 Consider the following infinite system of fractional order boundary value
problems:

2K+ 1 1 4 |ug(t -
Pt i (2)] (3.6)

n tk t"+1 |u;(t)| i tk+1 uk(t)

‘D¥2u,(t) + —
() L=kl 2 L+ uy (1)

’

1
un(0)=;¢ Mn(l)Z%, 0<t<lmn=12,....

In order to show that this system admits a positive solution in C'(J, c), we are going to
check the conditions of Theorem 3.1. To this end, we define the functions and sequences

as follows:
no ok n+1 S k+1
t t [Vl t Uk
fultu,v) = — + + E _
1 n+l k+1
pary kU 27 T+ uy = 2 1 ||
1 n
a,:=—, b, = , n=12,....
n n+1

Clearly, f, : ] x R x R*® — R, is measurable for each # € N, and the sequences a = (a,,),
b = (b,) are convergent. Thus, assumption (H1) is verified.

For a fixed point (#%,7) € ¢ x cand given ¢ > 0, choose § = £/2(1 + ||V ) and take (u,v) €
¢ x csuch that |4 |l < 8 and ||[v=7||s < 3. Then, for each n € N, we have the following

estimate:

m(t; u, V) _f;1(t7 Zir’f;)|
n+l _Y > _ %
_t <|vn Tl [l ~ T )

+ ~
T2 T+ w1+ )+ [2])

Page 8 of 11
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o) ~ ~ ~
. fk“<|uk—uk| i s = T >
S 2\ Tl (U o)1+ [
n+1 o k+1
t ~ - - t N
< o (v =Tlloo + [leolle = Tiloo) + | 3 - |l =Tl
k=n+1

00 k1 B N
= (Z ok )[(1 +Vlloo) 1t =Tl + V=Vl ] <&,

k=1

which implies that the class of functions {f(u,v)(£)}:; is equicontinuous at (z%,7). Thus,
assumption (H2) is verified.
Next, let us define the sequences of functions (p,) and (g,) as follows:
n tk 0 k+1
pn(t) ::ZE, qn(t) 1227, n=12,....

k=0 k=n

Let X be a bounded subset of the space c. We assume ||u||o, < M for Vu € X. Thus, for
Vm,n € Nwith m >nand u,v € X, we get

Vm(t, u,v) — fu(t, u, V)|

m m
ol [Vin| [Vl Ly
< E — + + E .
kU2 \ 1+ | 1+ |u 2541 1 4 ||
k=n+1 k

=n+1

m

tk m tk+1
=D g+ | 22 5 )l + i)

then the uniform convergence of (p,,) and (g,,) implies that estimate (3.2) of (H3) is satisfied
for Vt € J. Further, we conclude that estimate (3.1) of (H3) is satisfied from the following

inequality:

n tk tn+1 i tk+1
e = 30+ o vlee +{ D20 orr Idleo
k=0 "'

k=n+1

"tk o pk+l
<t (Z R )(nunwnvnm), veel.

k=n

Moreover, from ||g(£)]|oo = £2/(2 — t) < t> we deduce that
! aG(t, 2
/ (G(t,s) 4 |269) ) = ds
0 at 2-5s

1 aG(t,9) ]\
5/0 (G(t,s)+‘ E” )s ds

1 A2 IPRERY ) 1(1_ )52 tf_ o -h 2
5/ t(1-s)2s ds— (t—s)2s ds+/ (1-s)2s ds+ (t—s)2s s
o T(3/2) , T'(3/2) , (32 , 2I(3/2)

Page9of 11
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__2 =014 Zt5/2
r9/2) 2

9
<—=0.773..., Vte )
= I'(9/2) !

it follows that Q < 1.
Now, based on Theorem 3.1, we infer that there exists at least one positive solution to the
infinite system (3.6), and for each ¢ € J, the solution (u,(¢)) forms a convergent sequence.
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