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1 Preliminaries
It is well known that we can make better exact models for most natural phenomena by
using fractional differential equations. Most researchers are working on fractional integro-
differential equations (see, for example, [1, 2, 5–8, 10–21]).

In 2010, Agarwal et al. reviewed the existence of solutions Dαu(t) + f (t, u(t)) = 0 with
boundary conditions u′(0) = · · · = u(n–1) = 0 and u(1) =

∫ 1
0 u(s) dμ(s), where n ≥ 2, α ∈

(n – 1, n), μ(s) is a functional of bounded variation, f may have singularity at t = 0 and
∫ 1

0 dμ(s) < 1 [3]. In 2012, Agarwal et al. studied positive solutions for the integral value
problem Dαui(t) + fi(t, u1(t), u2(t)) = 0 with boundary conditions ui(0) = u′

i(0) = 0 and
ui(1) =

∫ 1
0 ui(t) dη(t) for i = 1, 2, where t ∈ (0, 1), α ∈ (2, 3], Dα is the Riemann–Liouville

fractional derivative of order α, fi is a real valued continuous map on [0, 1] × R
+ × R

+

and
∫ 1

0 ui(t) dη(t) denotes the Riemann–Stieltjes integral [4]. In 2013, the singular frac-
tional problem Dαu + f (t, u, Dγ u, Dμu) + g(t, u, Dγ u, Dμu) = 0 with boundary conditions
u(0) = u′(0) = u′′(0) = u′′′(0) = 0 was reviewed, where 3 < α < 4, 0 < γ < 1, 1 < μ < 2, Dα is
the Caputo fractional derivative and f is a Caratheodory function on [0, 1] × (0,∞)3 [9].

Recently, the authors introduced a new model for investigating the fractional differential
equations called three step crisis integro-differential equations [11]. By using the idea, we
investigate the existence of solutions for the three step crisis integro-differential equation

Dαx(t) + f
(

t, x(t), x′(t), Dβx(t),
∫ t

0
h(ξ )x(ξ ) dξ

)

= 0 (1)

with boundary conditions x(0) = x′(T0), x(1) = x′(T1) and x′′(0) = x(n)(0) = 0, where α > 1
with n = [α] – 1, T0, T1,β ,λ,μ ∈ (0, 1), h ∈ L1[0, 1], Dα is the Caputo fractional deriva-
tive of order α, f (t, x1(t), . . . , x5(t)) = f1(t, x1(t), . . . , x4(t)) on [0,λ), f (t, x1(t), . . . , x5(t)) =
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f2(t, x1(t), . . . , x4(t)) on [λ,μ] and f (t, x1(t), . . . , x5(t)) = f (t, x1(t), . . . , x4(t)) on (μ, 1] in which
f1(t, ·, ·, ·, ·) and f3(t, ·, ·, ·, ·) are continuous on [0,λ) and (μ, 1], respectively, and f2(t, ·, ·, ·, ·)
is singular at some points t ∈ [λ,μ]. In this case, we use the symbol f = [f1, f2, f3,λ,μ] [11].

As is well known, the Caputo fractional derivative of order α > 0 of a function f :
(0,∞) → R is defined by cDαf (t) = 1

Γ (n–α)
∫ t

0
f n(s)

(t–s)α+1–n ds, where n = [α] + 1 (see, for ex-
ample, [13]). Let Ψ be the family of nondecreasing functions ψ : [0,∞) → [0,∞) such
that

∑∞
n=1 ψn(t) < ∞ for all t > 0 [22]. One can check that ψ(t) < t for all t > 0 [22]. Let

T : X → X and α : X × X → [0,∞) be two maps. Then T is called an α-admissible map
whenever α(x, y) ≥ 1 implies α(Tx, Ty) ≥ 1 [22]. Let (X, d) be a complete metric space,
ψ ∈ Ψ and α : X × X → [0,∞) a map. A self-map T : X → X is called an α-ψ-contraction
whenever α(x, y)d(Tx, Ty) ≤ ψ(d(x, y)) for all x, y ∈ X [22]. We need the following results.

Lemma 1 ([23]) Let 0 < n – 1 ≤ α < n. Then IαDαx(t) = x(t) +
∑n–1

i=0 citi for some constants
c0, . . . , cn–1.

Lemma 2 ([24]) If E is a closed, bounded and convex subset of a Banach space X and
T : E → E is completely continuous, then T has a fixed point in E.

Lemma 3 ([22]) Let (X, d) be a complete metric space, ψ ∈ Ψ , α : X × X → [0,∞) a map
and T : X → X an α-admissible α-ψ-contraction. If T is continuous and there exists x0 ∈ X
such that α(x0, Tx0) ≥ 1, then T has a fixed point.

2 Main results
Now, we are ready to state and prove our main results.

Lemma 4 Let α > 1, n = [α] + 1, T0, T1 ∈ (0, 1) and f ∈ L1[0, 1]. Then x(t) =
∫ 1

0 G(t, s)f (s) ds
is the solution of the pointwise defined equation Dαx(t) + f (t) = 0 with boundary condi-
tions x(0) = x′(T0), x(1) = x′(T1) and x′′(0) = · · · = x(n–1)(0) = 0, where G(t, s) = –(t–s)α–1

Γ (α) +
(1+t)(1–s)α–1

Γ (α) – (1+t)(T1–s)α–2

Γ (α–1) – t(T0–s)α–2

Γ (α–1) whenever 0 ≤ s ≤ t, s ≤ T0, G(t, s) = –(t–s)α–1

Γ (α) +
(1+t)(1–s)α–1

Γ (α) – (1+t)(T1–s)α–2

Γ (α–1) whenever 0 ≤ T0 ≤ s ≤ t, s ≤ T1, G(t, s) = (1+t)(1–s)α–1

Γ (α) – (1+t)(T1–s)α–2

Γ (α–1)

whenever 0 ≤ t ≤ s ≤ T1, s ≥ T0, G(t, s) = (1+t)(1–s)α–1

Γ (α) – (1+t)(T1–s)α–2

Γ (α–1) – t(T0–s)α–2

Γ (α–1) whenever

0 ≤ t ≤ s ≤ T0 ≤ T1, G(t, s) = –(t–s)α–1

Γ (α) + (1+t)(1–s)α–1

Γ (α) whenever 0 ≤ T0 ≤ T1 ≤ s ≤ t and

G(t, s) = (1+t)(1–s)α–1

Γ (α) whenever 0 ≤ t ≤ s, s ≥ T1.

Proof Suppose that the equation Dαx(t)+ f (t) = 0 holds for all t ∈ E ⊂ [0, 1], where m(Ec) =
0 and m is the Lebesgue measure on R. Let f0 be a function such that f0 = f on E. It is easy
to check that Iα(f (t)) = Iα(f0(t)) for all t ∈ [0, 1]. This implies that Iα(Dαx(t)) = Iα(–f0(t))
and by using Lemma 1 we get x(t) = – 1

Γ (α)
∫ t

0 (t – s)α–1f (s) ds + c0 + c1t for some constants
c0 and c1. By using the boundary conditions, we obtain x(0) = c0 and

x′(T0) = –
1

Γ (α – 1)

∫ T0

0
(T0 – s)α–1f (s) ds + c1.

Thus, c1 – c0 = – 1
Γ (α–1)

∫ T0
0 (T0 – s)α–1f (s) ds. Since x(1) = x′(T1), we get

c0 =
1

Γ (α – 1)

∫ 1

0
(1 – s)α–1f (s) ds –

1
Γ (α – 1)

∫ T1

0
(T1 – s)α–1f (s) ds
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and so

c1 =
1

Γ (α)

∫ 1

0
(1 – s)α–1f (s) ds

–
1

Γ (α – 1)

∫ T1

0
(T1 – s)α–2f (s) ds –

1
Γ (α – 1)

∫ T0

0
(T0 – s)α–2f (s) ds.

Hence,

x(t) = –
1

Γ (α)

∫ t

0
(t – s)α–1f (s) ds –

1
Γ (α)

∫ 1

0
(1 – s)α–1f (s) ds

–
1

Γ (α – 1)

∫ T1

0
(T1 – s)α–2f (s) ds +

t
Γ (α)

∫ 1

0
(1 – s)α–1f (s) ds

–
t

Γ (α – 1)

∫ T1

0
(T1 – s)α–2f (s) ds –

t
Γ (α – 1)

∫ T0

0
(T0 – s)α–2f (s) ds

= –
1

Γ (α)

∫ t

0
(t – s)α–1f (s) ds –

1 + t
Γ (α)

∫ 1

0
(1 – s)α–1f (s) ds

–
1 + t

Γ (α – 1)

∫ T1

0
(T1 – s)α–2f (s) ds –

t
Γ (α – 1)

∫ T0

0
(T0 – s)α–2f (s) ds.

Now it is easy to check that x(t) =
∫ 1

0 G(t, s)f (s) ds, where G is the given Green function. �

By using some usual calculations, we find that |G(t, s)| ≤ 2+α+T0
Γ (α) (1–s)α–2 for all t, s ∈ [0, 1]

and | ∂G
∂t (t, s)| ≤ 3α

Γ (α) (1 – s)α–2 for all t, s ∈ [0, 1]. Also, it is easy to see that Dμx ∈ C[0, 1] and
|Dμx| ≤ ‖x′‖

Γ (2–μ) whenever x ∈ C1[0, 1]. Here, 0 ≤ μ ≤ 1. Now, consider the Banach space
X = C1[0, 1] with the norm ‖x‖∗ = max{‖x‖,‖x′‖}, ‖ · ‖ is the sup norm on C[0, 1]. Assume
that f = [f1, f2, f3,λ,μ]. Define T : X → X by

Tx(t) =
∫ 1

0
G(t, s)f

(

s, x(s), x′(s), Dβx(s),
∫ s

0
h(ξ )x(ξ ) dξ ,φ

(
x(s)

)
)

ds

= –
1

Γ (α)

∫ t

0
(t – s)α–1f (s, x(s), x′(s), Dβx(s),

∫ s

0
h(ξ )x(ξ ) dξ ,φ

(
x(s)

)
ds

–
1 + t
Γ (α)

∫ 1

0
(1 – s)α–1f (s, x(s), x′(s), Dβx(s),

∫ s

0
h(ξ )x(ξ ) dξ ,φ

(
x(s)

)
ds

–
1 + t

Γ (α – 1)

∫ T1

0
(T1 – s)α–2f (s, x(s), x′(s), Dβx(s),

∫ s

0
h(ξ )x(ξ ) dξ ,φ

(
x(s)

)
ds

–
t

Γ (α – 1)

∫ T0

0
(T0 – s)α–2f (s, x(s), x′(s), Dβx(s),

∫ s

0
h(ξ )x(ξ ) dξ ,φ

(
x(s)

)
ds

for all x ∈ X and t ∈ [0, 1]. Note that the singular pointwise defined problem (1) has a
solution if and only if T has a fixed point in X. We are going to investigate the singular
pointwise defined problem (1) under two different conditions. Here. we present first one.
In our second result we denote the map T by F .

Theorem 5 Let f = [f1, f2, f3,λ,μ], f1(t, 0, 0, 0, 0, 0) = 0, f2(s, 0, 0, 0, 0, 0) = 0 and f3(u, 0, 0, 0,
0, 0) = 0 for all t ∈ [0,λ], s ∈ [0,λ] and u ∈ [μ, 1]. Assume that there are nondecreasing maps
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Λ,Λ′ : X → [0,∞) and mappings a1, a2, a3, a4 : (λ,μ) → [0,∞) such that limz→0+ Λ(z)
z = q <

∞, limz→0+ Λ′(z)
z = q < ∞ and â1, â2, â3, â4 ∈ L1[λ,μ], where âi = (1 – s)α–2 for i = 1, 2, 3, 4.

Suppose that |f1(t, x1, . . . , x5) – f1(t, y1, . . . , y5)| ≤ ∑4
i=1 Λ(|xi – yi|),

∣
∣f2(t, x1, . . . , x5) – f2(t, y1, . . . , y5)

∣
∣ ≤

4∑

i=1

ai(t)|xi – yi|

and |f3(t, x1, . . . , x5) – f3(t, y1, . . . , y5)| ≤ ∑4
i=1 Λ′(|xi – yi|) for almost all t ∈ [0, 1] and every

x1, x2, . . . , x5, y1, y2, . . . , y5 ∈ X. If

4q
α – 1

(
1 – (1 – λ)α–1) +

4∑

i=1

‖âi‖[λ,μ] +
4q′

α – 1
(1 – μ)α–1 <

Γ (α)
lθ0

,

then the pointwise defined equation (1) with boundary conditions has a solution, where
‖h‖1 = m0, l = max{1, 1

Γ (2–β) , m0} and θ0 = max{3α, 2 + α + T0}.

Proof Let x1, x2 ∈ X and t ∈ [0, 1]. Then we have

∣
∣Tx1 (t) – Tx2 (t)

∣
∣ ≤

∫ 1

0

∣
∣G(t, s)

∣
∣
∣
∣
∣
∣f

(

s, x1(s), x′
1(s), Dβx1(s),

∫ s

0
h(ξ )x1(ξ ) dξ

)

– f
(

s, x2(s), x′
2(s), Dβx2(s),

∫ s

0
h(ξ )x2(ξ ) dξ

)∣
∣
∣
∣ds

≤
∫ λ

0

∣
∣G(t, s)

∣
∣
∣
∣
∣
∣f1

(

s, x1(s), x′
1(s), Dβx1(s),

∫ s

0
h(ξ )x1(ξ ) dξ

)

– f1

(

s, x2(s), x′
2(s), Dβx2(s),

∫ s

0
h(ξ )x2(ξ ) dξ

)∣
∣
∣
∣ds

+
∫ μ

λ

∣
∣G(t, s)

∣
∣
∣
∣
∣
∣f2

(

s, x1(s), x′
1(s), Dβx1(s),

∫ s

0
h(ξ )x1(ξ ) dξ

)

– f2

(

s, x2(s), x′
2(s), Dβx2(s),

∫ s

0
h(ξ )x2(ξ ) dξ

)∣
∣
∣
∣ds

+
∫ 1

μ

∣
∣G(t, s)

∣
∣
∣
∣
∣
∣f3

(

s, x1(s), x′
1(s), Dβx1(s),

∫ s

0
h(ξ )x1(ξ ) dξ

)

× f3

(

s, x2(s), x′
2(s), Dβx2(s),

∫ s

0
h(ξ )x2(ξ ) dξ

)∣
∣
∣
∣ds

≤
∫ λ

0

∣
∣G(t, s)

∣
∣
[

Λ
(∣∣x1(s) – x2(s)

∣
∣) + Λ

(∣∣x′
1(s) – x′

2(s)
∣
∣)

+ Λ
(∣
∣Dβ (x1 – x2)(s)

∣
∣
)

+ Λ

(∣
∣
∣
∣

∫ s

0
h(ξ )

(
x1(ξ ) – x2(ξ )

)
dξ

∣
∣
∣
∣

)]

ds

+
∫ μ

λ

∣
∣G(t, s)

∣
∣
[

a1(s)
∣
∣x1(s) – x2(s)

∣
∣ + a2(s)

∣
∣x′

1(s) – x′
2(s)

∣
∣

+ a3(s)
∣
∣Dβ (x1 – x2)(s)

∣
∣ + a4(s)

∣
∣
∣
∣

∫ s

0
h(ξ )

(
x1(ξ ) – x2(ξ )

)
dξ

∣
∣
∣
∣

]

ds

+
∫ λ

μ

∣
∣G(t, s)

∣
∣
[

Λ′(∣∣x1(s) – x2(s)
∣
∣) + Λ′(∣∣x′

1(s) – x′
2(s)

∣
∣)
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+ Λ′(∣∣Dβ (x1 – x2)(s)
∣
∣
)

+ Λ′
(∣

∣
∣
∣

∫ s

0
h(ξ )

(
x1(ξ ) – x2(ξ )

)
dξ

∣
∣
∣
∣

)]

ds

≤
∫ λ

0

∣
∣G(t, s)

∣
∣
[

Λ
(‖x1 – x2‖

)
+ Λ

(∥
∥x′

1 – x′
2
∥
∥
)

+ Λ
(∥
∥Dβ (x1 – x2)

∥
∥
)

+ Λ

(∫ s

0
|h(ξ )

∣
∣‖x1 – x2‖dξ

∣
∣
)]

ds

+
∫ μ

λ

∣
∣G(t, s)

∣
∣
[

a1(s)‖x1 – x2‖ + a2(s)
∥
∥x′

1 – x′
2
∥
∥

+ a3(s)
∥
∥Dβ (x1 – x2)

∥
∥ + a4(s)

∫ s

0
|h(ξ )

∣
∣‖x1 – x2‖dξ

∣
∣
]

ds

+
∫ λ

μ

∣
∣G(t, s)

∣
∣
[

Λ′(‖x1 – x2‖
)

+ Λ′(∥∥x′
1 – x′

2
∥
∥)

+ Λ′(|Dβ‖x1 – x2‖
)

+ Λ′
(∫ s

0
|h(ξ )

∣
∣‖x1 – x2‖dξ

∣
∣
)]

ds

≤
∫ λ

0

∣
∣G(t, s)

∣
∣
[

Λ
(‖x1 – x2‖

)
+ Λ

(∥∥x′
1 – x′

2
∥
∥)

+ Λ

(‖x′
1 – x′

2‖
Γ (2 – β)

)

+ Λ
(
m0‖x1 – x2‖

)
]

ds

+
∫ μ

λ

∣
∣G(t, s)

∣
∣
[

a1(s)‖x1 – x2‖ + a2(s)
∥
∥x′

1 – x′
2
∥
∥

+ a3(s)
‖x′

1 – x′
2‖

Γ (2 – β)
+ a4(s)m0‖x1 – x2‖

]

ds

+
∫ λ

μ

∣
∣G(t, s)

∣
∣
[

Λ′(‖x1 – x2‖
)

+ Λ′(∥∥x′
1 – x′

2
∥
∥
)

+ Λ′
(‖x′

1 – x′
2‖

Γ (2 – β)

)

+ Λ′(m0‖x1 – x2‖
)
]

ds

≤
∫ λ

0

∣
∣G(t, s)

∣
∣
[

Λ
(
l‖x1 – x2‖∗

)
+ Λ

(
l‖x1 – x2‖∗

)

+ Λ

(
l‖x1 – x2‖∗
Γ (2 – β)

)

+ Λ
(
m0l‖x1 – x2‖∗

)
]

ds

+
∫ μ

λ

∣
∣G(t, s)

∣
∣
[

a1(s)l‖x1 – x2‖∗ + a2(s)l‖x1 – x2‖∗

+ a3(s)
l‖x1 – x2‖∗
Γ (2 – β)

+ a4(s)m0l‖x1 – x2‖∗
]

ds

+
∫ λ

μ

∣
∣G(t, s)

∣
∣
[

Λ′(l‖x1 – x2‖∗
)

+ Λ′(l‖x1 – x2‖∗
)

+ Λ′
(

l‖x1 – x2‖∗
Γ (2 – β)

)

+ Λ′(m0l‖x1 – x2‖∗
)
]

ds, (*)

where m0 =
∫ 1

0 |h(ξ )|dξ and l = max{1, 1
Γ (2–β) , m0, θ0 + θ1}. On the other hand,

limz→0+ Λ(z)
z = q and so for each ε > 0 there exists 0 < δΛ = δ(ε,Λ) such that |Λ(z)

z – q| < ε for

all 0 < z ≤ δΛ. Thus, 0 < z ≤ δΛ implies |Λ(z)
z | – q ≤ |Λ(z)

z – q| < ε. Hence, |Λ(z)| < (ε + q)|z|.
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By choosing 0 < z ≤ δ1 := min{δΛ, ε}, we have

∣
∣Λ(z)

∣
∣ < (ε + q)|z| < (ε + q)ε. (2)

For Λ′ we have similar conclusion, that is,

∣
∣Λ′(z)

∣
∣ <

(
ε + q′)ε (3)

for all 0 < z ≤ δ1 := min{δΛ′ , ε}. Let ε > 0 be given, l‖x1 – x2‖∗ < min{δ1, δ2} and x1 → x2. By
using (2) and (3), we get Λ(l‖x1 – x2‖∗) < (ε + q)ε and Λ′(l‖x1 – x2‖∗) < (ε + q′)ε. Now by
using (*), we obtain

∣
∣Tx1 (t) – Tx2 (t)

∣
∣

≤ 4(q + ε)ε
∫ λ

0

∣
∣G(t, s)

∣
∣ds + ε

∫ μ

λ

[
a1(s) + · · · + a4(s)

]∣∣G(t, s)
∣
∣ds

+ 4
(
q′ + ε

)
ε

∫ 1

μ

∣
∣G(t, s)

∣
∣ds ≤ 4(q + ε)ε

2 + α + T0

Γ (α)

∫ λ

0
(1 – s)α–2 ds

+
ε(2 + α + T0)

Γ (α)

4∑

i=1

∫ μ

λ

ai(s)(1 – s)α–2 ds + 4
(
q′ + ε

)
ε

2 + α + T0

Γ (α)

∫ 1

μ

(1 – s)α–2 ds

= ε
2 + α + T0

Γ (α)

[

4(q + ε) · 1
α – 1

(
1 – (1 – λ)α–1)

+
4∑

i=1

‖âi‖[λ,μ] + 4
(
q′ + ε

) · 1
α – 1

(1 – μ)α–1

]

.

Hence,

‖Tx1 – Tx2‖ ≤ ε
2 + α + T0

Γ (α)

[

4(q + ε) · 1
α – 1

(
1 – (1 – λ)α–1)

+
4∑

i=1

‖âi‖[λ,μ] + 4
(
q′ + ε

) · 1
α – 1

(1 – μ)α–1

]

.

In a similar way, we get

∣
∣T ′

x1 (t) – T ′
x2 (t)

∣
∣

≤
∫ 1

0

∣
∣
∣
∣
∂G
∂t

(t, s)
∣
∣
∣
∣

∣
∣
∣
∣f

(

s, x1(s), x′
1(s), Dβx1(s),

∫ s

0
h(ξ )x1(ξ ) dξ

)

– f
(

s, x2(s), x′
2(s), Dβx2(s),

∫ s

0
h(ξ )x2(ξ ) dξ

)∣
∣
∣
∣ds

≤
∫ λ

0

∣
∣
∣
∣
∂G
∂t

(t, s)
∣
∣
∣
∣

∣
∣
∣
∣f1

(

s, x1(s), x′
1(s), Dβx1(s),

∫ s

0
h(ξ )x1(ξ ) dξ

)

– f1

(

s, x2(s), x′
2(s), Dβx2(s),

∫ s

0
h(ξ )x2(ξ ) dξ

)∣
∣
∣
∣ds
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+
∫ μ

λ

∣
∣
∣
∣
∂G
∂t

(t, s)
∣
∣
∣
∣

∣
∣
∣
∣f2

(

s, x1(s), x′
1(s), Dβx1(s),

∫ s

0
h(ξ )x1(ξ ) dξ

)

– f2

(

s, x2(s), x′
2(s), Dβx2(s),

∫ s

0
h(ξ )x2(ξ ) dξ

)∣
∣
∣
∣ds

+
∫ 1

μ

∣
∣
∣
∣
∂G
∂t

(t, s)
∣
∣
∣
∣

∣
∣
∣
∣f3

(

s, x1(s), x′
1(s), Dβx1(s),

∫ s

0
h(ξ )x1(ξ ) dξ

)

– f3

(

s, x2(s), x′
2(s), Dβx2(s),

∫ s

0
h(ξ )x2(ξ ) dξ

)∣
∣
∣
∣ds

≤ 4(q + ε)ε
∫ λ

0

∣
∣
∣
∣
∂G
∂t

(t, s)
∣
∣
∣
∣ds + ε

∫ μ

λ

[
a1(s) + · · · + a4(s)

]∣∣G(t, s)
∣
∣ds

+ 4
(
q′ + ε

)
ε

∫ 1

μ

∣
∣
∣
∣
∂G
∂t

(t, s)
∣
∣
∣
∣ds ≤ 4(q + ε)

3εα

Γ (α)

∫ λ

0
(1 – s)α–2 ds

+
3εα

Γ (α)

4∑

i=1

∫ μ

λ

ai(s)(1 – s)α–2 ds + 4
(
q′ + ε

) 3εα

Γ (α)

∫ 1

μ

(1 – s)α–2 ds

=
3εα

Γ (α)

[

4(q + ε) · 1
α – 1

(
1 – (1 – λ)α–1)

+
4∑

i=1

‖âi‖[λ,μ] + 4
(
q′ + ε

) · 1
α – 1

(1 – μ)α–1

]

and so

∥
∥T ′

x1 – T ′
x2

∥
∥ ≤ 3εα

Γ (α)

[

4(q + ε) · 1
α – 1

(
1 – (1 – λ)α–1)

+
4∑

i=1

‖âi‖[λ,μ] + 4
(
q′ + ε

) · 1
α – 1

(1 – μ)α–1

]

.

Hence,

‖Tx1 – Tx2‖∗ ≤ ε

[

4(q + ε) · 1
α – 1

(
1 – (1 – λ)α–1) +

4∑

i=1

‖âi‖[λ,μ]

+ 4
(
q′ + ε

) · 1
α – 1

(1 – μ)α–1

]

max

{
2 + α + T0

Γ (α)
,

3α

Γ (α)

}

.

This implies that ‖Tx1 –Tx2‖∗ → 0 as x1 → x2. Hence, T is continuous. Since limz→0+ Λ(z)
z =

q and Λ is nondecreasing, for each ε > 0 there exists δ1 = δ1(ε) > 0 such that Λ(lz)
lz < q +ε for

all z ∈ (0, δ1]. Thus, Λ(lz) < (q+ε)lz. By using similar reason, there exists δ2(ε) > 0 such that
Λ′(lz) < (q′ + ε)lz for all z ∈ (0, δ2]. Put δ = δ(ε) := min{δ1(ε), δ2(ε)}. Then Λ(lz) < (q + ε)lz
and Λ′(lz) < (q′ + ε)lz for all z ∈ (0, δ]. In particular, Λ(lδ) < (q + ε)lδ and Λ′(lδ) < (q′ + ε)lδ.
On other hand, we have 4q

α–1 (1 – (1 – λ)α–1) +
∑4

i=1 ‖âi‖[λ,μ] + 4q′
α–1 (1 – μ)α–1 < Γ (α)

lθ0
. Choose

ε0 > 0 such that 4(q+ε0)
α–1 (1 – (1 – λ)α–1) +

∑4
i=1 ‖âi‖[λ,μ] + 4(q′+ε0)

α–1 (1 – μ)α–1 < Γ (α)
lθ0

and put
δ0 = δ(ε0). Then Λ(lδ0) < (q + ε)lδ0 and Λ′(lδ0) < (q′ + ε)lδ0. Now, assume that E = {x ∈ X :
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‖x‖∗ < δ0}, x ∈ E and t ∈ [0, 1]. Then we have

∣
∣Tx(t)

∣
∣ ≤

∫ 1

0

∣
∣G(t, s)

∣
∣
∣
∣
∣
∣f

(

s, x(s), x′(s), Dβx(s),
∫ s

0
h(ξ )x(ξ ) dξ

)∣
∣
∣
∣ds

=
∫ λ

0

∣
∣G(t, s)

∣
∣
∣
∣
∣
∣f1

(

s, x(s), x′(s), Dβx(s),
∫ s

0
h(ξ )x(ξ ) dξ

)∣
∣
∣
∣ds

+
∫ μ

λ

∣
∣G(t, s)

∣
∣
∣
∣
∣
∣f2

(

s, x(s), x′(s), Dβx(s),
∫ s

0
h(ξ )x(ξ ) dξ

)∣
∣
∣
∣ds

+
∫ 1

μ

∣
∣G(t, s)

∣
∣
∣
∣
∣
∣f3

(

s, x(s), x′(s), Dβx(s),
∫ s

0
h(ξ )x(ξ ) dξ

)∣
∣
∣
∣ds

=
∫ λ

0

∣
∣G(t, s)

∣
∣
∣
∣
∣
∣f1

(

s, x(s), x′(s), Dβx(s),
∫ s

0
h(ξ )x(ξ ) dξ

)

– f1(s, 0, 0, 0, 0, 0)
∣
∣
∣
∣ds

+
∫ μ

λ

∣
∣G(t, s)

∣
∣
∣
∣
∣
∣f2

(

s, x(s), x′(s), Dβx(s),
∫ s

0
h(ξ )x(ξ ) dξ

)

– f2(s, 0, 0, 0, 0, 0)
∣
∣
∣
∣ds

+
∫ 1

μ

∣
∣G(t, s)

∣
∣
∣
∣
∣
∣f3

(

s, x(s), x′(s), Dβx(s),
∫ s

0
h(ξ )x(ξ ) dξ

)

– f3(s, 0, 0, 0, 0, 0)
∣
∣
∣
∣ds

≤
∫ λ

0

∣
∣G(t, s)

∣
∣
[

Λ
(∣∣x(s)

∣
∣) + Λ

(∣∣x′(s)
∣
∣) + Λ

(∣∣Dβx(s)
∣
∣)

+ Λ

(∫ s

0

∣
∣h(ξ )

∣
∣
∣
∣x(ξ )

∣
∣dξ

)]

ds

+
∫ μ

λ

∣
∣G(t, s)

∣
∣
[

a1(s)
∣
∣x(s)

∣
∣ + a2(s)

∣
∣x′(s)

∣
∣ + a3(s)

∣
∣Dβx(s)

∣
∣

+ a4(s)
∫ s

0

∣
∣h(ξ )

∣
∣
∣
∣x(ξ )

∣
∣dξ

]

ds

+
∫ 1

μ

∣
∣G(t, s)

∣
∣
[

Λ′(∣∣x(s)
∣
∣) + Λ′(∣∣x′(s)

∣
∣) + Λ′(∣∣Dβx(s)

∣
∣)

+ Λ′
(∫ s

0

∣
∣h(ξ )

∣
∣
∣
∣x(ξ )

∣
∣dξ

)]

ds

≤
∫ λ

0

∣
∣G(t, s)

∣
∣
[

Λ
(‖x‖) + Λ

(∥∥x′∥∥)
+ Λ

( ‖x′‖
Γ (2 – β)

)

+ Λ
(
m0‖x‖)

]

ds

+
∫ μ

λ

∣
∣G(t, s)

∣
∣
[

a1(s)‖x‖ + a2(s)
∥
∥x′∥∥ + a3(s)

‖x′‖
Γ (2 – β)

+ a4(s)m0‖x‖
]

ds

+
∫ 1

μ

∣
∣G(t, s)

∣
∣
[

Λ′(‖x‖) + Λ′(∥∥x′∥∥)
+ Λ′

( ‖x′‖
Γ (2 – β)

)

+ Λ′(m0‖x‖)
]

ds

≤ 4Λ
(
l‖x‖∗

)
∫ λ

0

∣
∣G(t, s)

∣
∣ds

+ l‖x‖∗
∫ μ

λ

∣
∣G(t, s)

∣
∣

4∑

i=1

ai(s) ds + 4Λ
(
l‖x‖∗

)
∫ 1

μ

∣
∣G(t, s)

∣
∣ds

≤ 4Λ(lδ0)
2 + α + T0

Γ (α)

∫ λ

0
(1 – s)α–2 ds

+ lδ0
2 + α + T0

Γ (α)

4∑

i=1

∫ μ

λ

ai(s)(1 – s)α–2 ds
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+ 4Λ′(lδ0)
2 + α + T0

Γ (α)

∫ 1

μ

(1 – s)α–2 ds

≤ 4(q + ε0)lδ0
(2 + α + T0)

Γ (α)
· 1
α – 1

[
1 – (1 – λ)α–1]

+ lδ0
(2 + α + T0)

Γ (α)

4∑

i=1

‖âi‖[λ,μ]

+ 4(q + ε0)lδ0
(2 + α + T0)

Γ (α)
· 1
α – 1

[
1 – (1 – λ)α–1]

= δ0
(2 + α + T0)l

Γ (α)
[
4(q + ε0)

α – 1
(
1 – (1 – λ)α–1)

+
4∑

i=1

‖âi‖[λ,μ] +
4(q′ + ε0)

α – 1
(1 – μ)α–1 < δ0.

Hence, ‖Tx‖ ≤ δ0. By using a similar method, we get

∣
∣T ′

x(t)
∣
∣ ≤

∫ 1

0

∣
∣
∣
∣
∂G
∂t

(t, s)
∣
∣
∣
∣

∣
∣
∣
∣f

(

s, x(s), x′(s), Dβx(s),
∫ s

0
h(ξ )x(ξ ) dξ

)∣
∣
∣
∣ds

=
∫ λ

0

∣
∣
∣
∣
∂G
∂t

(t, s)
∣
∣
∣
∣

∣
∣
∣
∣f1

(

s, x(s), x′(s), Dβx(s),
∫ s

0
h(ξ )x(ξ ) dξ

)∣
∣
∣
∣ds

+
∫ μ

λ

∣
∣
∣
∣
∂G
∂t

(t, s)
∣
∣
∣
∣

∣
∣
∣
∣f2

(

s, x(s), x′(s), Dβx(s),
∫ s

0
h(ξ )x(ξ ) dξ

)∣
∣
∣
∣ds

+
∫ 1

μ

∣
∣
∣
∣
∂G
∂t

(t, s)
∣
∣
∣
∣

∣
∣
∣
∣f3

(

s, x(s), x′(s), Dβx(s),
∫ s

0
h(ξ )x(ξ ) dξ

)∣
∣
∣
∣ds

≤
∫ λ

0

∣
∣
∣
∣
∂G
∂t

(t, s)
∣
∣
∣
∣

[

Λ
(∣∣x(s)

∣
∣) + Λ

(∣∣x′(s)
∣
∣) + Λ

(∣∣Dβx(s)
∣
∣)

+ Λ

(∫ s

0

∣
∣h(ξ )

∣
∣
∣
∣x(ξ )

∣
∣dξ

)]

ds

+
∫ μ

λ

∣
∣
∣
∣
∂G
∂t

(t, s)
∣
∣
∣
∣

[

a1(s)
∣
∣x(s)

∣
∣ + a2(s)

∣
∣x′(s)

∣
∣ + a3(s)

∣
∣Dβx(s)

∣
∣

+ a4(s)
∫ s

0

∣
∣h(ξ )

∣
∣
∣
∣x(ξ )

∣
∣dξ

]

ds

+
∫ 1

μ

∣
∣
∣
∣
∂G
∂t

(t, s)
∣
∣
∣
∣

[

Λ′(∣∣x(s)
∣
∣
)

+ Λ′(∣∣x′(s)
∣
∣
)

+ Λ′(∣∣Dβx(s)
∣
∣
)

+ Λ′
(∫ s

0

∣
∣h(ξ )

∣
∣
∣
∣x(ξ )

∣
∣dξ

)]

ds

≤
∫ λ

0

∣
∣
∣
∣
∂G
∂t

(t, s)
∣
∣
∣
∣

[

Λ
(‖x‖) + Λ

(∥∥x′∥∥)
+ Λ

( ‖x′‖
Γ (2 – β)

)

+ Λ
(
m0‖x‖)

]

ds

+
∫ μ

λ

∣
∣
∣
∣
∂G
∂t

(t, s)
∣
∣
∣
∣

[

a1(s)‖x‖ + a2(s)
∥
∥x′∥∥ + a3(s)

‖x′‖
Γ (2 – β)

+ a4(s)m0‖x‖
]

ds

+
∫ 1

μ

∣
∣
∣
∣
∂G
∂t

(t, s)
∣
∣
∣
∣

[

Λ′(‖x‖) + Λ′(∥∥x′∥∥)
+ Λ′

( ‖x′‖
Γ (2 – β)

)

+ Λ′(m0‖x‖)
]

ds
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≤ 4Λ
(
l‖x‖∗

)
∫ λ

0

∣
∣
∣
∣
∂G
∂t

(t, s)
∣
∣
∣
∣ds + l‖x‖∗

∫ μ

λ

∣
∣
∣
∣
∂G
∂t

(t, s)
∣
∣
∣
∣

4∑

i=1

ai(s) ds + 4Λ
(
l‖x‖∗

)

×
∫ 1

μ

∣
∣G(t, s)

∣
∣ds ≤ 4Λ(lδ0)

3α

Γ (α)

∫ λ

0
(1 – s)α–2 ds

+ lδ0
3α

Γ (α)

4∑

i=1

∫ μ

λ

ai(s)(1 – s)α–2 ds + 4Λ′(lδ0)
3α

Γ (α)

∫ 1

μ

(1 – s)α–2 ds

≤ 4(q + ε0)lδ0
3α

Γ (α)
· 1
α – 1

[
1 – (1 – λ)α–1] + lδ0

3α

Γ (α)

4∑

i=1

‖âi‖[λ,μ]

+ 4(q + ε0)lδ0
3α

Γ (α)
· 1
α – 1

[
1 – (1 – λ)α–1]

= δ0
3αl

Γ (α)

[
4(q + ε0)

α – 1
(
1 – (1 – λ)α–1) +

4∑

i=1

‖âi‖[λ,μ] +
4(q′ + ε0)

α – 1
(1 – μ)α–1

]

< δ0

for all x ∈ E and t ∈ [0, 1]. Hence, ‖Tx‖ ≤ δ0, and so ‖Tx‖∗ ≤ δ0. Thus, T maps E into E.
It is easy to check that T maps bounded sets into bounded sets. Assume that t1, t2 ∈ [0, 1]
and x ∈ E. Since G(t, s) and ∂G(t,s)

∂t are continuous with respect to t, we get

lim
t2→t1

T ′x(t2) = lim
t2→t1

∫ 1

0

∣
∣
∣
∣
∂G
∂t

(t2, s)
∣
∣
∣
∣

∣
∣
∣
∣f

(

s, x(s), x′(s), Dβx(s),
∫ s

0
h(ξ )x(ξ ) dξ

)∣
∣
∣
∣ds

=
∫ 1

0
lim

t2→t1

∂G
∂t

(t2, s)f
(

s, x(s), x′(s), Dβx(s),
∫ s

0
h(ξ )x(ξ ) dξ

)

ds

=
∫ 1

0

∂G
∂t

(t1, s)f
(

s, x(s), x′(s), Dβx(s),
∫ s

0
h(ξ )x(ξ ) dξ

)

ds

= T ′x(t1).

Hence, T is equi-continuous on E and so T : E → E is completely continuous. Now by
using Lemma 2, T has a fixed point on E and so the problem (1) has a solution. �

Example 1 Consider the pointwise defined equation

D
7
2 x(t) + f

(

t, x(t), x′(t), D
1
2 x(t),

∫ t

0
sx(s) ds

)

= 0

with the boundary conditions in the last result, where

f (t, x1, x2, x3, x4, x5) =

⎧
⎪⎪⎨

⎪⎪⎩

t
∑4

i=1 xi, 0 ≤ t < 0.2,

d(t)
∑4

i=1 xi, 0.2 ≤ t ≤ 0.8,

t2 ∑4
i=1 xi, 0.8 < t ≤ 1,

and d(t) = 0 whenever t ∈ [0.1, 0.8]∩Q and d(t) = 0.1 whenever t ∈ [0.1, 0.8]∩Qc. Now, put
f1(t, x1, x2, x3, x4, x5) = 1

2 t
∑4

i=1 xi, f2(t, x1, x2, x3, x4, x5) = d(t)
∑4

i=1 xi and f3(t, x1, x2, x3, x4,
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x5) = t2 ∑4
i=1 xi. Then we have f1(t, 0, 0, 0, 0) = f2(t, 0, 0, 0, 0) = f3(t, 0, 0, 0, 0) = 0,

∣
∣f1(t, x1, x2, x3, x4) – f1(t, y1, y2, y3, y4)

∣
∣ ≤ t

4∑

i=1

∣
∣|xi| – |yi|

∣
∣

≤ t
4∑

i=1

|xi – yi| ≤ 0.1
4∑

i=1

Λ
(|xi – yi|

)
,

∣
∣f2(t, x1, x2, x3, x4) – f2(t, y1, y2, y3, y4)

∣
∣ ≤ d(t)

4∑

i=1

∣
∣|xi| – |yi|

∣
∣

≤ d(t)
4∑

i=1

|xi – yi|,

and

∣
∣f3(t, x1, x2, x3, x4) – f3(t, y1, y2, y3, y4)

∣
∣ ≤ 1

2
t

4∑

i=1

∣
∣|xi| – |yi|

∣
∣

≤ 1
2

t
4∑

i=1

|xi – yi| ≤ 1
2

4∑

i=1

Λ
(|xi – yi|

)
,

where Λ(x) = |x| and Λ′(x) = 1
2 |x|. Hence, limz→0+ Λ′(z)

z = 0.1 := q, limz→0+ Λ′(z)
z = 1

2 := q′,
âi = d̂ ∈ L1[0.1, 0.8],

∑4
i=1 ‖âi‖[λ,μ] < 0.092 and

[
4q(1 – (1 – λ)α–1)

α – 1
+

4∑

i=1

‖âi‖ +
4q′

α – 1
(1 – μ)α–1

]

<
[

4 × 0.1(1 – (1 – 0.1) 5
2

5
2

+ 0.092 +
4 × 0.5(1 – 0.9) 5

2

5
2

]

<
Γ (α)
3lα

.

Now by using Theorem 5, the problem has a solution.

Now, we present our second result by using different conditions.

Theorem 6 Suppose that f = [f1, f2, f3,λ,μ], f is nonnegative on [0, 1] and there exist non-
negative functions a1, a2, a3, a4 : [0,λ] → R

+, maps b1, . . . , bk0 : [λ,μ] →R
+ for some k0 ≥ 1,

and functions c1, c2, c3, c4 : [μ, 1] → R
+ such that âi ∈ L1[0,λ], b̂j ∈ L1[λ,μ], ĉi ∈ L1[μ, 1]

and â1(s) = (1 – s)α–2ai(s). Assuming that there are nonnegative and nondecreasing func-
tions φi,Φi : R+ → R

+ and Hj : R+
4 →R+ such that limz→0+

φi(z)
zμi := lμi < ∞, limz→0+

Φi(z)
zγi :=

lγi < ∞ and limz→0+
Hj(z,z,z,z)

zm := qj < ∞ for some μi,γi, m ∈ [1,∞) and Hj are nonnegative
and nondecreasing with respect to all their components (1 ≤ i ≤ 4, 1 ≤ j ≤ k0),

∣
∣f1(t, x1, . . . , x4) – f1(t, y1, . . . , y4)

∣
∣ ≤

4∑

i=1

ai(t)φi
(|xi – yi|

)
,

∣
∣f2(t, x1, . . . , x4) – f2(t, y1, . . . , y4)

∣
∣ ≤

5∑

i=1

bj(t)Hj
(|x1 – y1|, . . . , |x4 – y4|

)
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and |f3(t, x1, . . . , x4)– f3(t, y1, . . . , y4)| ≤ ∑4
i=1 ci(t)Φi(|xi –yi|). Suppose that |f2(t, x1, . . . , x4)| ≤

Θ(t)Λ(x1, . . . , x4), where Λ are nonnegative and nondecreasing with respect to all their
components, limx→0+ Λ(x,x,x,x)

x := P2, < ∞, Θ̂ ∈ L1[λ,μ], limmax |xi|→0
|f1(t,x1,...,x4)|

max |xi| = P1(t) and
limmax |xi|→0

|f3(t,x1,...,x4)|
max |xi| = P3(t), where P̂1 ∈ L1[0,λ], P̂3 ∈ L1[μ, 1]. If

max

{
3α

Γ (α)
,

2 + α + T0

Γ (α)

}

max

{ 5∑

i=1

‖âi‖[0,λ](lμi ) +
k0∑

j=1

‖b̂j‖[λ,μ]qj

+
4∑

i=1

‖ĉi‖[μ,1]](lγi ), max

{

1,
1

Γ (2 – β)
, m0

}
[‖P̂1‖[0,λ] + P2‖Θ‖[λ,μ] + ‖P̂3‖[μ,1]

]
}

< 1,

then the pointwise defined equation (1) with boundary conditions has a solution.

Proof Let x, y ∈ X and t ∈ [0, 1]. Then we have

∣
∣Fx(t) – Fy(t)

∣
∣

≤
∫ λ

0

∣
∣G(t, s)

∣
∣
∣
∣
∣
∣f1

(

s, x(s), x′(s), Dβx(s),
∫ s

0
h(ξ )x(ξ ) dξ

)

– f1

(

s, y(s), y′(s), Dβy(s),
∫ s

0
h(ξ )y(ξ ) dξ

)∣
∣
∣
∣ds

+
∫ μ

λ

∣
∣G(t, s)

∣
∣
∣
∣
∣
∣f2

(

s, x(s), x′(s), Dβx(s),
∫ s

0
h(ξ )x(ξ ) dξ

)

– f2

(

s, y(s), y′(s), Dβy(s),
∫ s

0
h(ξ )y(ξ ) dξ

)∣
∣
∣
∣ds

+
∫ 1

μ

∣
∣G(t, s)

∣
∣
∣
∣
∣
∣f3

(

s, x(s), x′(s), Dβx(s),
∫ s

0
h(ξ )x(ξ ) dξ

)

– f3

(

s, y(s), y′(s), Dβy(s),
∫ s

0
h(ξ )y(ξ ) dξ

)∣
∣
∣
∣ds

≤
∫ λ

0

∣
∣G(t, s)

∣
∣[a1(s)φ

(∣∣x(s) – y(s)
∣
∣) + a2(s)φ

(∣∣x′(s) – y′(s)
∣
∣)

+ a3(s)φ
(∣∣Dβx(s) – Dβy(s)

∣
∣) + a4(s)φ

(∣
∣
∣
∣

∫ s

0
h(ξ )

(
x(ξ ) – y(ξ )

)
dξ

∣
∣
∣
∣

)

ds

+
∫ μ

λ

∣
∣G(t, s)

∣
∣

k0∑

i=1

bi(s)Hi(
∣
∣x(s) – y(s)

∣
∣,

∣
∣x′(s) – y′(s)

∣
∣,

∣
∣Dβx(s) – Dβy(s)

∣
∣,

∣
∣
∣
∣

∫ s

0
h(ξ )

(
x(ξ ) – y(ξ ) dξ

)
∣
∣
∣
∣ds

+
∫ 1

μ

∣
∣G(t, s)|

[

c1(s)Φ
(∣∣x(s) – y(s)

∣
∣) + c2(s)Φ

(∣∣x′(s) – y′(s)
∣
∣)

+ c3(s)Φ
(∣
∣Dβx(s) – Dβy(s)

∣
∣
)

+ c4(s)Φ(
∣
∣
∣
∣

∫ s

0
h(ξ )

(
x(ξ ) – y(ξ )

)
dξ

∣
∣
∣
∣

]

ds

≤ 2 + α + T0

Γ (α)

∫ λ

0
(1 – s)α–2[a1(s)φ

(‖x – y‖) + a2(s)φ
(∥
∥x′ – y′∥∥)]
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+ a3(s)φ
( ‖x′ – y′‖

Γ (2 – β)

)

+ a4(s)φ
(
m0‖x – y‖)ds

+
2 + α + T0

Γ (α)

∫ μ

λ

(1 – s)α–2

×
k0∑

i=1

bi(s)Hi

(

‖x – y‖,
∥
∥x′ – y′∥∥,

‖x′ – y′‖
Γ (2 – β)

, m0‖x – y‖
)

ds

+
2 + α + T0

Γ (α)

∫ 1

μ

(1 – s)α–2
[

c1(s)Φ
(‖x – y‖) + c2(s)Φ

(∥∥x′ – y′∥∥)

+ c3(s)Φ
( ‖x′ – y′‖

Γ (2 – β)

)

+ c4(s)Φ
(
m0‖x – y‖)

]

ds

≤ 2 + α + T0

Γ (α)

[ 4∑

i=1

φ
(
l‖x – y‖∗

)
∫ λ

0
(1 – s)α–2ai(s) ds

+
k0∑

i=1

Hi
(
l‖x – y‖∗, . . . , l‖x – y‖∗

)
∫ μ

λ

(1 – s)α–2bi(s) ds

+
4∑

i=1

Φ
(
l‖x – y‖∗

)
∫ 1

μ

(1 – s)α–2ci(s) ds

]

=
2 + α + T0

Γ (α)

[ 5∑

i=1

φ
(
l‖x – y‖∗

)‖âi‖[0,λ]

+
k0∑

i=1

Hi
(
l‖x – y‖∗, . . . , l‖x – y‖∗

)‖b̂i‖[λ,μ] +
4∑

i=1

Φ
(
l‖x – y‖∗

)‖ĉi‖[μ,1]

]

.

On the other hand, limz→0+
φi(z)
zμi = lμi for 1 ≤ i ≤ 4. This implies that for each ε > 0 there

exists 0 < δi = δi(ε) < ε such that φi(z)
zμi < lμi + ε for all z ∈ (0, δi]. Hence, φi(δi) < (lμi + ε)δμi

i <
(lμi + ε)εμi . By using a similar method, we conclude that there exists 0 < δ′

i = δ′
i(ε) < ε such

that Φi(δ′
i) < (lγi +ε)(δ′

i)γi < (lγi +ε)εγi . Also, we have limz→0+
Hj(z,z,z,z)

zm = qj for 1 ≤ j ≤ k0 and
so there exists 0 < δqj < ε such that Hj(z,z,z,z)

zm < qj + ε for all z ∈ (0, δqj ] and 1 ≤ j ≤ k0. Hence,
Hj(z, z, z, z) < (qj + ε)zm for all z ∈ (0, δqj ] and so Hj(δqj , δqj , δqj , δqj ) < (qj + ε)δm

qj
< (qj + ε)εm.

Let x → y in X. If l‖x – y‖∗ < δ := min{δ1, . . . , δ4, δ′
1, . . . , δ′

4, δq1 , . . . , δqk0
}, then φi(δ) < φi(δi) <

(lμi + ε)εμi , Φi(δ) < Φi(δ′
i) < (lγi + ε)εγi and Hj(δ, . . . , δ) < Hj(δqj , . . . , δqj ) < (qj + ε)εm for

1 ≤ i ≤ 4 and 1 ≤ j ≤ k0. If l‖x – y‖∗ < δ, then |Fx(t) – Fy(t)| ≤ 2+α+T0
Γ (α) [

∑5
i=1 ‖âi‖[0,λ](lμi +

ε)εμi +
∑k0

j=1 ‖b̂j‖[λ,μ](qj + ε)εm +
∑4

i=1 ‖ĉi‖[μ,1]](lγi + ε)εγi ] and so |Fx – Fy‖ ≤ 2+α+T0
Γ (α) ×

[
∑5

i=1 ‖âi‖[0,λ](lμi + ε)εμi +
∑k0

j=1 ‖b̂j‖[λ,μ](qj + ε)εm +
∑4

i=1 ‖ĉi‖[μ,1]](lγi + ε)εγi ]. By a sim-
ilar way, we get

∥
∥F ′

x – F ′
y
∥
∥ ≤ 3α

Γ (α)

[ 5∑

i=1

‖âi‖[0,λ](lμi + ε)εμi +
k0∑

j=1

‖b̂j‖[λ,μ](qj + ε)εm

+
4∑

i=1

‖ĉi‖[μ,1]

]

(lγi + ε)εγi ]

and so ‖Fx – Fy‖∗ ≤ max{ 3α
Γ (α) , 2+α+T0

Γ (α) }[∑5
i=1 ‖âi‖[0,λ](lμi + ε)εμi +

∑k0
j=1 ‖b̂j‖[λ,μ](qj + ε)εm +

∑4
i=1 ‖ĉi‖[μ,1]](lγi +ε)εγi ]. Since ε > 0 was arbitrary, we conclude that ‖Fx –Fy‖∗ → 0 as x →
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y. This implies that F is continuous on X. Since limx→0+ Λ(x,x,x,x)
x = P2, limx→0+ Λ(lx,lx,lx,lx)

lx =
P2, where l = max{1, 1

Γ (2–β) , m0}. Thus for each ε > 0 there exists δ1 = δ1(ε) such that
Λ(lx,lx,lx,lx)

lx < P2 + ε for all x ∈ (0, δ1]. Hence,

Λ(lx, lx, lx, lx) < (P2 + ε)lx (4)

for x ∈ (0, δ1]. Also, lim|xi|→0
|f1(t,x1,...,x4)|

min |xi| = P1(t). Thus, there exists δ2 = δ2(ε) such that

∣
∣f1(t, x1, . . . , x4)

∣
∣ <

(
P1(t) + ε

)
min |xi| (5)

for all t ∈ [0, 1] and |xi| ∈ (0, δ2] for 1 ≤ i ≤ 4. Similarly, there exists δ3 = δ3(ε) such that

∣
∣f3(t, x1, . . . , x4)

∣
∣ <

(
P3(t) + ε

)
min |xi| (6)

for all t ∈ [0, 1] and |xi| ∈ (0, δ3] for 1 ≤ i ≤ 4. Since ‖P̂1‖[0,λ] + P2‖Θ‖[λ,μ] + ‖P̂3‖[μ,1] < Γ (α)
lθ0

,
we can choose ε0 > 0 such that ‖P̂1‖[0,λ] + ε0

α–1 (1 – (1 –λ)α–1) + (P2 + ε0)‖Θ‖[λ,μ] +‖P̂3‖[μ,1] +
ε0

α–1 (1 – μ)α–1 < Γ (α)
lθ0

. Since

max

{
3α

Γ (α)
,

2 + α + T0

Γ (α)

}[ 5∑

i=1

‖âi‖[0,λ](lμi ) +
k0∑

j=1

‖b̂j‖[λ,μ]qj +
4∑

i=1

‖ĉi‖[μ,1]

]

(lγi )] < 1,

pick ε1 ∈ (0, 1) such that

max

{
3α

Γ (α)
,

2 + α + T0

Γ (α)

}[ 5∑

i=1

‖âi‖[0,λ](lμi + ε1)

+
k0∑

j=1

‖b̂j‖[λ,μ](qj + ε1) +
4∑

i=1

‖ĉi‖[μ,1]

]

(lγi + ε1)] < 1. (7)

Let r0 = min{δ1(ε0), δ2(ε0), δ3(ε0), ε1
2 }, and C = {x ∈ X : ‖x‖∗ < r0}. Define the map α on X ×

X by

α(x, y) =

⎧
⎨

⎩

1, x, y ∈ C,

0, otherwise.

Let x, y ∈ X and α(x, y) ≥ 1. Then x, y ∈ C and so

∣
∣Fx(t)

∣
∣ ≤

∫ λ

0

∣
∣G(t, s)

∣
∣
∣
∣
∣
∣f1

(

s, x(s), x′(s), Dβx(s),
∫ s

0
h(ξ )x(ξ ) dξ

)∣
∣
∣
∣ds

+
∫ μ

λ

∣
∣G(t, s)

∣
∣
∣
∣
∣
∣f2

(

s, x(s), x′(s), Dβx(s),
∫ s

0
h(ξ )x(ξ ) dξ

)∣
∣
∣
∣ds

+
∫ 1

μ

∣
∣G(t, s)

∣
∣
∣
∣
∣
∣f3

(

s, x(s), x′(s), Dβx(s),
∫ s

0
h(ξ )x(ξ ) dξ

)∣
∣
∣
∣ds

≤ 2 + α + T0

Γ (α)

[∫ λ

0
(1 – s)α–2

∣
∣
∣
∣f1

(

s, x(s), x′(s), Dβx(s),
∫ s

0
h(ξ )x(ξ ) dξ

)∣
∣
∣
∣ds
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+
∫ μ

λ

(1 – s)α–2
∣
∣
∣
∣f2

(

s, x(s), x′(s), Dβx(s),
∫ s

0
h(ξ )x(ξ ) dξ

)∣
∣
∣
∣ds

+
∫ 1

μ

(1 – s)α–2
∣
∣
∣
∣32

(

s, x(s), x′(s), Dβx(s),
∫ s

0
h(ξ )x(ξ ) dξ

)∣
∣
∣
∣ds

]

≤ 2 + α + T0

Γ (α)

[∫ λ

0
(1 – s)α–2

∣
∣
∣
∣f1

(

s, x(s), x′(s), Dβx(s),
∫ s

0
h(ξ )x(ξ ) dξ

)∣
∣
∣
∣ds

+
∫ μ

λ

(1 – s)α–2Θ(s)Λ
(

x(s), x′(s), Dβx(s),
∫ s

0
h(ξ )x(ξ ) dξ

)

ds

+
∫ 1

μ

(1 – s)α–2
∣
∣
∣
∣32

(

s, x(s), x′(s), Dβx(s),
∫ s

0
h(ξ )x(ξ ) dξ

)∣
∣
∣
∣ds

]

≤ 2 + α + T0

Γ (α)

[∫ λ

0
(1 – s)α–2

∣
∣
∣
∣f1

(

s, x(s), x′(s), Dβx(s),
∫ s

0
h(ξ )x(ξ ) dξ

)∣
∣
∣
∣ds

+
∫ μ

λ

(1 – s)α–2Θ(s)Λ
(

‖x‖,
∥
∥x′∥∥,

‖x′‖
Γ (2 – β)

, m0‖x‖
)

ds

+
∫ 1

μ

(1 – s)α–2
∣
∣
∣
∣32

(

s, x(s), x′(s), Dβx(s),
∫ s

0
h(ξ )x(ξ ) dξ

)∣
∣
∣
∣ds

]

≤ 2 + α + T0

Γ (α)

[∫ λ

0
(1 – s)α–2

∣
∣
∣
∣f1

(

s, x(s), x′(s), Dβx(s),
∫ s

0
h(ξ )x(ξ ) dξ

)∣
∣
∣
∣ds

+
∫ μ

λ

(1 – s)α–2Θ(s)Λ
(
l‖x‖∗, l‖x‖∗, l‖x‖∗, l‖x‖∗

)
ds

+
∫ 1

μ

(1 – s)α–2
∣
∣
∣
∣32

(

s, x(s), x′(s), Dβx(s),
∫ s

0
h(ξ )x(ξ ) dξ

)∣
∣
∣
∣ds

]

for all t ∈ [0, 1]. Since ‖x‖∗ < r0, x ∈ [0, min{δ1, δ2, δ3}) and so by using (4), (5) and (6) we
conclude that

∣
∣Fx(t)

∣
∣ ≤ 2 + α + T0

Γ (α)

×
[∫ λ

0
(1 – s)α–2(P1(s) + ε

)
min

{

x(s), x′(s), Dβx(s),
∫ s

0
h(ξ )x(ξ ) dξ

}

ds

+ (P2 + ε0)l‖x‖∗
∫ μ

λ

(1 – s)α–2Θ(s) ds

+
∫ 1

μ

(1 – s)α–2|(P3(s) + ε0
)

min

{

x(s), x′(s), Dβx(s),
∫ s

0
h(ξ )x(ξ ) dξ

}

ds
]

≤ 2 + α + T0

Γ (α)

[∫ λ

0
(1 – s)α–2(P1(s) + ε

)
min

{

‖x‖,
∥
∥x′∥∥,

‖x′‖
Γ (2 – β)

, m0‖x‖
}

ds

+ (P2 + ε0)l‖x‖∗‖Θ̂‖[λ,μ]

+
∫ 1

μ

(1 – s)α–2|(P3(s) + ε0
)

min

{

‖x‖,
∥
∥x′∥∥,

‖x′‖
Γ (2 – β)

, m0‖x‖
}

ds
]

≤ 2 + α + T0

Γ (α)

[

l‖x‖∗
∫ λ

0
(1 – s)α–2(P1(s) + ε0

)
ds + (P2 + ε)l‖x‖∗‖Θ̂‖[λ,μ]

+ l‖x‖∗
∫ 1

μ

(1 – s)α–2(P3(s) + ε0
)

ds
]
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=
2 + α + T0

Γ (α)
l‖x‖∗

[∫ λ

0
(1 – s)α–2P1(s) ds + ε0

∫ λ

0
(1 – s)α–2 ds

+ (P2 + ε0)‖Θ̂‖[λ,μ] +
∫ 1

μ

(1 – s)α–2P3(s) ds + ε0

∫ 1

μ

(1 – s)α–2 ds
]

=
2 + α + T0

Γ (α)
l‖x‖∗

[

‖P̂1‖[0,λ] +
ε0

α – 1
(
1 – (1 – λ)α–1)

+ (P2 + ε0)‖Θ̂‖[λ,μ] + ‖P̂3‖[μ,1] +
ε0

α – 1
(1 – μ)α–1

]

≤ θ0l
[

‖P̂1‖[0,λ] +
ε0

α – 1
(
1 – (1 – λ)α–1)

+ (P2 + ε0)‖Θ̂‖[λ,μ] + ‖P̂3‖[μ,1] +
ε0

α – 1
(1 – μ)α–1

]

‖x‖∗

≤ ‖x‖∗

and so ‖Fx‖ ≤ ‖x‖∗ < r0. Also, we can conclude that ‖F ′x‖ ≤ ‖x‖∗ < r0. Hence, ‖Fx‖ < r0

and so Fx ∈ C. For the same reason, Fy ∈ C. Similar to (7), we conclude that

‖Fx – Fy‖∗ ≤ max

{
3α

Γ (α)
,

2 + α + T0

Γ (α)

}[ 5∑

i=1

‖âi‖[0,λ](lμi + ε1)‖x – y‖μi∗

+
k0∑

j=1

‖b̂j‖[λ,μ](qj + ε1)‖x – y‖m
∗ +

4∑

i=1

‖ĉi‖[μ,1]

]

(lγi + ε1)‖x – y‖γi∗ ]

≤ max

{
3α

Γ (α)
,

2 + α + T0

Γ (α)

}[ 5∑

i=1

‖âi‖[0,λ](lμi + ε1)‖x – y‖∗

+
k0∑

j=1

‖b̂j‖[λ,μ](qj + ε1)‖x – y‖∗ +
4∑

i=1

‖ĉi‖[μ,1]

]

(lγi + ε1)‖x – y‖∗]

= max

{
3α

Γ (α)
,

2 + α + T0

Γ (α)

}[ 5∑

i=1

‖âi‖[0,λ](lμi + ε1)

+
k0∑

j=1

‖b̂j‖[λ,μ](qj + ε1) +
4∑

i=1

‖ĉi‖[μ,1]

]

(lγi + ε1)]‖x – y‖∗

whenever ‖x – y‖∗ < ε1. Thus, ‖x – y‖∗ ≤ ‖x‖∗ + ‖y‖∗ ≤ ε0 whenever x, y ∈ C. Hence,

‖Fx – Fy‖∗ ≤ max

{
3α

Γ (α)
,

2 + α + T0

Γ (α)

}[ 5∑

i=1

‖âi‖[0,λ](lμi + ε1)

+
k0∑

j=1

‖b̂j‖[λ,μ](qj + ε1) +
4∑

i=1

‖ĉi‖[μ,1]

]

(lγi + ε1)]‖x – y‖∗

= ψ
(‖x – y‖∗

)
,



Baleanu et al. Advances in Difference Equations        (2019) 2019:153 Page 17 of 19

where

ψ(t) = max

{
3α

Γ (α)
,

2 + α + T0

Γ (α)

}[ 5∑

i=1

‖âi‖[0,λ](lμi + ε1)

+
k0∑

j=1

‖b̂j‖[λ,μ](qj + ε1)

+
4∑

i=1

‖ĉi‖[μ,1]

]

(lγi + ε1)]t.

Note that ψ ∈ Ψ . Now by using Theorem 6, F has a fixed point and so the pointwise
defined problem (1) has a solution. �

Example 2 Consider the problem

D
7
2 x(t) + f

(

t, x(t), x′(t), D
1
2 x(t),

∫ t

0
x(ξ ) dξ

)

= 0

with boundary conditions x(0) = x′( 1
3 ), x(1) = x′( 1

2 ) and x′′(0) = 0, where

f (t, x1, . . . , x4) =

⎧
⎪⎪⎨

⎪⎪⎩

f1(t, x1, . . . , x4) := t2(
∑4

i=1 xi(s)), t ∈ [0, 0.7),

f2(t, x1, . . . , x4) := 0.1
p(t)

∑4
i=1

|xi(t)|
1+|xi(t)| ,

t
3 ∈ [0.7, 0.7],

f3(t, x1, . . . , x4) := t(
∑4

i=1 xi(s)), t ∈ [0.9, 1],

and

p(t) =

⎧
⎨

⎩

0, t ∈ [0.2, 0.9] ∩ Q,

t, t ∈ [0.2, 0.9] ∩ Qc.

Put ai(t) = a(t) = t2, bj(t) = b(t) = 0.1
p(t) and ci(t) = c(t) = t (for 1 ≤ i ≤ 4, k0 = 1). Then we

have |f1(t, x1, . . . , x4) – f1(t, y1, . . . , y4)| ≤ t2 ∑4
i=1 |xi – yi| = a(t)

∑4
i=1 φ(|xi – yi|),

∣
∣f3(t, x1, . . . , x4) – f3(t, y1, . . . , y4)

∣
∣ ≤ t

4∑

i=1

|xi – yi| = c(t)
4∑

i=1

Φ
(|xi – yi|

)
,

and

∣
∣f2(t, x1, . . . , x4) – f2(t, y1, . . . , y4)

∣
∣ ≤ t2

4∑

i=1

|xi – yi| = b(t)
4∑

i=1

H
(|x – y|, . . . , |x – y|),

where φ(z) = z, Φ(z) = z and H(z1, . . . , z4) = z1 + · · · + z4. Put μi = γi = m = 1. Then we have
limz→0+

φ(z)
z = 1, limz→0+ Φ(z)

z = 1 and limz→0+
Hj(z,z,z,z)

z = 1. Also, limmax |xi|→0
|f1(t,x1,...,x4)|

max |xi| =
4t2 = P1(t), limmax |xi|→0

|f3(t,x1,...,x4)|
max |xi| = 4t = P3(t) and |f2(t, x1, . . . , x4)| ≤ Θ(t)Λ(x1, . . . , x4),

where Θ(t) = p(t) and Λ(x1, . . . , x4) =
∑5

i=1
|xi|

1+|xi| . It is easy to see that φ, Φ , H and Λ satisfy
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the conditions of Theorem 6 and limx→0+ Λ(x,x,x,x)
x = 4 := P2. Also, we have

max

{
3α

Γ (α)
,

2 + α + T0

Γ (α)

}

· max

{ 5∑

i=1

‖âi‖[0,λ](lμi ) +
k0∑

j=1

‖b̂j‖[λ,μ]qj

+
4∑

i=1

‖ĉi‖[μ,1]](lγi ), max

{

1,
1

Γ (2 – β)
, m0

}
[‖P̂1‖[0,λ] + P2‖Θ‖[λ,μ] + ‖P̂3‖[μ,1]

]
}

≤
21
2

15
√

π

8

max
{

0.19 + 0.005 + 0.9, 1.13[0.19 + 0.02 + 0.9]
}

< 1.

By using Theorem 6, the pointwise defined problem has a solution.

3 Conclusion
It is very important that we increase our abilities of natural phenomenon modeling. In this
way, it is better we investigate different types of high order fractional integro-differential
equations or new type model ones. One of the new models is described by the three step
crisis fractional integro-differential equations which have been introduced recently. In
this work, we reviewed the existence of solutions for a three step crisis fractional integro-
differential equation under some boundary conditions.
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