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1 Introduction

Fractional calculus and fractional differential equations describe various phenomena in
diverse areas of natural science such as physics, aerodynamics, biology, control theory,
chemistry, and so on, see [1-12]. In the last few decades, fractional-order models have
been found to be more adequate than integer order models for some real world prob-
lems as fractional derivatives provide an excellent tool for the description of memory and
hereditary properties of various materials and processes; this is the main advantage of
fractional differential equations in comparison with classical integer-order models. The
study of fractional calculus and fractional differential equations is gaining more and more
attention. Compared with classical integer-order models [13—-16], fractional-order models
can describe reality more accurately.

In the past decades, results on fractional differential equations with finite domain have
been extensively investigated. Some recent results on fractional differential equations
with finite domain, for instance, can be found in papers [17-38] and the references cited
therein. Though much of the work on fractional calculus deals with finite domain, there
is a considerable development on the topic involving unbounded domain [12, 39-50].

In [40], the authors considered the existence of solutions for the following fractional

order initial value problems (IVPs):

(CDg,tx)(t) =f(t¢x(t))) te (07 +OO),
x(0) = xo,
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where 0 < o < 1, ¢Dj, is the Caputo derivative.
In [44], the authors studied the following fractional integro-differential equations on an

infinite interval:

(Dau)(t) +f(t1 u(t), (TI/{)(t), (SM)(t)) = 91 te (O’ OO):
w0)=u/'0)=u"(0)=---=u"? =9, D* 1y(00) = s,

where n —1<a <m neN, n>2, D¥is the Riemann—Liouville fractional derivative of
order «, the existence results are obtained by using the Banach fixed point theorem.

In [26], the authors considered the fractional differential equation with the nonlinearity
depending on fractional derivatives of lower order on an infinite interval:

(D& u)(8) +f (&, u(e), (DE2u)(t), (DL u)(£)) =0, ¢ € (0,00),
u(0) = u/(0) =0, (D& u)(+00) = &,

where 2 <o <3, D§,, D& ! and Dg;? denote the Riemann-Liouville fractional derivatives.
The existence and uniqueness results of solutions were obtained by using the Schauder
fixed point theorem and Banach contraction mapping principle.

Using the fixed point index theory, the authors [17] studied the existence and multiplic-
ity of positive solutions of the following IVP:

(D*u)(t) = f (¢, u(t), (DPu)(2)), t<(0,1],
uPO)=n, k=0,1,...,n—-1,

where n—1< B <a <n,neN, D* and D? are the Caputo fractional derivatives.

Inspired by the works mentioned above, in this article we aim to investigate the existence
of solutions for the following nonlinear fractional-order integro-differential equation on
a semi-infinite interval:

(D2, w)(t) = £ (&, u(®), (DA w) (), ..., (DL u) (),
(Tou) (), (T\Du)(2), ..., (T, DY u)(2)), (1.1)

(D% u)a+) =u;, i=1,2,...,n,

where n = —[—a], t € ] = [a,+00), f € C(J x EX"2E), uy,uy,...,u, € E, (E,|| - |) is a real

Banach space. 0< 81 < Bo < < B <, 0<y1 <o < <Yy <, DY Dgﬂr,D,};"+ are the

a+’

Riemann-Liouville fractional derivatives, and

(Tju)(¢) =/tk,~(t,s)u(s)ds, j=0,1,...,m,

where kj(t,s) € C[D,R], D = {(¢,s)|a <s <t < oo}.
In particular, if o, B1, B2, - -+ B> V15 V25 - - - » Vim are natural numbers, then the problem in
(1.1) is reduced to the usual Cauchy problem for the ordinary differential equation:

Ul () = f (&, u(e), ' (1), .., u" D (@), (Tou) (), (T1e)(B), ..., (Tt D)),

) (1.2)
uDO0)=u;, i=1,2,...,n-1.
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Thus, fractional differential equation (1.1) is the continuation and development of integer-

order differential equations (1.2).

2 Preliminaries and some lemmas
In this section, we introduce notations, definitions, and some useful lemmas, which play
an important role in obtaining the main results of this paper.

Suppose that w(¢) and fp(¢) = ||f(£,6,...,0)| are nonnegative continuous functions on J,

k;(t,s) are continuous on D = {(£,s)|a < s < t < 00}. Set

bo
po-1

P
p-1

B =min{B1, y1}, p=a+1, q= po=pB+1, qo =

’

2
M=max{g 7,1}, N=m+k+2,
Mt)=t-a+1, () = () + 1,

fo(t) = Hf(t,@,...,@) , K()= sup {|kj(t,s)f} +1,

o) =27 O OKO) +£o(B)], () = (NMI (@)™ / 9™ (s)ds,

5

Co = {”I/l”(p <oolu:J]— Eis continuous}.

al
lulle = sup{r™ 7 (e > uz)
te]

Then Cy is a Banach space with the norm || - || .

Definition 2.1 The Riemann-Liouville fractional derivative of order « for a continuous

function f : [a, 00) — R is defined by

1

o _ d ! ! n—a-1 _
Dﬁf(t)—m(E) [a-oretps n-ta e,

provided the right-hand side is defined pointwise on (a, 00).
A map u(t) € C(J, E) with its Riemann—-Liouville derivative of order « existing on ] is
called a solution of (1.1) if it satisfies (1.1).

=1,u € l?la,b],velila,b],

Lemma 2.2 (Holder’s inequality) Suppose that p > 1, 1% + %1

then
b b ; b i
/u(t)v(t)dtg(/ |u(t)|”dt) (/ |v(t)|th> .

Lemma2.3 Supposethatc>1,8<o<a,pi=0+1,q1 = 2=, W € [P[a,b],|W(t)| < o(t),

p1-1’
then

t .2
/ (£-s)t W(s)ec<1>(s) ds < c’% (NF((X))_lk7 (t)e“‘p(t).
a
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Proof

/ (£ —5)27 W (s)e™®

L 1
= [ f t(t —syre ds] " [ / t P11 (s)e"n ds] "

_2 At ® ar
=0 P(t—a)r /<pq1(5)66q1 ©) dg
a
1

_2 2T [t ® a
<o n(t-an / @™ (5)e“11® ds
a

2

<o he-ah | [ wr@) e o)

1
q1

o? 1

2 _40
<0 I (E-a)T - (cqn) W (NMT (@) 1 e®

2 o2

1 -
<0 (NMT (@) o A7 ()e®®

1 _ o?
<0 (ND(@) 27 e,
_2
where M = max{g #0,1}.

Lemma 2.4 Suppose that B <po<o,p1=0+1, q=; l,uGCqD,let

(0100)(6) = / (6 9% ()|t s,
(020(0) = [ (¢=5"w(5) [ kots, ) Juto)] de s,
(020(0) = [ (¢=5)" (s [ (5= 0 |ute)| e s,

(oau) ) = f (£ -9 s) ] () f (v = m) ™ uln)| dn de ds,

then

(1)(©) =27 (NT(@) o2 7 (00,
(20)(6) = 278 (NT (@) o 7 (9220,
(o31)(6) = 27 (NT (@) o 7 (9220,
(oa)(6) <270 (NT (@) o 7 (0220,

Page 4 of 10
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2
Proof Notice that (’5)13 > 1,and A(¢) > 1, u(£) > 1, K(£) > 1, ¢ € ], direct calculations show
that, for u € Cp, by Lemma 2.3,

w0 - [ (-9 (o) uts) | ds
< lullo /t(t —5)* pu(s)r % ()67 ds
<278 (NP (@) ullor 7 (06270,
(0= [ -9 o) / kol ) u(e) | e ds
< lullo | (- 9 K [+ @ drds
<llulle / t(t - 5" w(s)K (5)e**" dis
<27 (NI'(0) ™ lulloh (70,
o) = [ (¢= 99 [ (60 Juto)| dr s
<llulle /ﬂt(t —5)* " u(s) /as(s - r)Q‘I/\% (1)e** ™ dr ds
< lull [ (9 A (920 ds
<270 (NT@) ullor 7 (020,
(o)~ | 9 e [ %6 [ = ] dar s
<l | (9 s [xo [ (2 - e ()P0 dnde ds
< lulls | (- 9 WK (S / W (0 dr ds
< ull | (¢ 9 K ds
<27 (NF@) ullor 7 020, -

Lemma 2.5 u(t) € Cy is a solution of problem (1.1) if and only if u(t) € Cy is a solution of

the integral equation

_ - uf _ e
u(t)_;[‘(a—j+l)(t Ul

; ' _ ool B1 8
* F(O{)/a (£=5) f(s,u(s), (Da+u)(s)¢--.,(Da/iu)(s),

(Tou)(s), (TlDZI+ u) (8)y...s (TmDZ’f u) (s)) ds. (2.1)
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Proof We only transform (1.1) to the integral equation (2.1) as the converse follows by di-

rect computation. We know that the general solution of the fractional differential equation

in (1.1) can be written as [1]

u(®) = Y vt —a)’
j=1

; ' _ el Bi 8
+F(a)/a(t 8)* 7 (s, u(s), (DGLu)(s), ..., (Dfku)(s),

(Tou)(s), (TlDZL u) (8)y...s (TmDfo u) (s)) ds, (2.2)

where vy, v,...,v, € E are arbitrary elements. For every i = 1,2,...,n, by (2.2), we have

D"" Zv,t a)

1)‘/ (¢ —s)" 1f s, u(s), (Dfiu)(s),...,

(Df’; u) (), (Tou)(s), (TIDZI+ u) (8),...s (T,,,D’ﬂ"f u) (s)) ds

Clearly, the condition (D% 'u)(a+) = u; implies that

U;
O

Vi= —/————.
Y T(e-i+1)

3 Main results
Theorem 3.1 Suppose that there exists i € C[J,R*] such that, for any x1,%,, ..., Xkrms2: Y15

Y25+ s Ykems2 € E, we have

“f(t:xlixb e :xk+m+2) _f(t’y17y2r oo ’yk+m+2) ”

k+m+2

<u® Y lx -yl (3.1)

j=1

Then IVP (1.1) has a unique solution in Cg.

Proof Define an operator A : C(J,E) — C(J,E) by

n

(Au)(t)= Y vt —a)*7

j=1

' / (6= (5, u(s), (DL (5D ..., (D410) ),

(Tow)(s), (TDLu)(s), ..., (TuDY7 1) (s)) ds. (3.2)

Page 6 of 10
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It follows from (3.1) that

k+m+2

|V(t:x1:x2:uka+m+2)” Sﬁ)(t) + M(t) Z ”xj”,
j=1

Vvt e],xl,xz,...,xk+m+2 eE. (33)

For any u € Cg, by (3.1)—(3.3) and Lemma 2.4, we get

Jan®| < | Y ve-ar
j=1
bt / =5 o) + 1) ||u<s>n+in<nﬁau><s>||
F(a) 0 j=1
+ [ (Tow) )|+ (T;DZ’;M)(S)IIH ds
j=1
< ;v,(t—a)“" +F(a)¢(t)

al
+(k+m+2)- %2‘% (NT(@) lullor 7 (£)e**®

n
Z vi(t —a)*”
j=1

1
I'(x)

1 ot2
D) + 27D |lullpr 7 (), Vte],

+

then Au € Cp,50A:Cp — Cop.
On the other hand, for any u,v € Cg, by (3.1) and Lemma 2.4, we have

| (Aw)(@) - (AN |

t t k
< /0 % fo (t-5)! [u(s)<||u(s>—v<s>|| +§||(D§’;(u—v))<s)||

(T + SN @D - ) ”)} s

j=1

<(k+m+2)- ﬁzf% (NT(@) ™ || -v) |{¢)\”72 ()e**

2w - )| T 0P, vee),

1
then ||Au—Av|l¢ <2 % ||u—v| . Thus the Banach contraction mapping principle implies

that A has a unique fixed point in Cy. This completes the proof. g

Page 7 of 10
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4 Example
Consider the problem

(D%, u)(£) = 2 In(u2(t) + u(t) + 1) + sin(e! (D, u(?)) + 2¢)
2 Y 3
gt fat (TDZ;;?F)H ds, tej, (4.1)
(D% u)(a+) =w;, i=12,...,n.

Let E = R, then (4.1) can be considered as an IVP of the form (1.1) in E, where n = —[—«],
te]=la,+00), uy,us,...,u, €ER,0< B <a,0<y <, and

(Tu)(t) = /tk(t,s)u(s) ds,

where k(t,s) € C[D,R], D = {(t,s)|la <s < t<o0}.
Let

S (&x1(0),%2(8), x3(2)) = £ In(7 (¢) + %1 (£) + 1) + sin(e"xa(¢) + 2¢)

t 3
2 x3(s) +s
+é *1/ — ——ds,

a S+1

then, for any x1, %2, %3, y1,2,¥3 € C[0, +00), we have

3
(& %1, 20, 3) = (30,92, 93)| < @) D I =y,

j=1

here u(£) = 262 + ¢ + e *1(¢ — a).
Obviously (3.1) holds, all the conditions of Theorem 3.1 are satisfied. Using Theorem 3.1
we can conclude that IVP (4.1) has a unique solution.

5 Concluding remarks

In this paper, we establish the conditions for the existence of a unique solution for problem
(1.1), which is indeed an important and useful contribution to the existing literature on
the topic. We emphasize that our method of proof is completely different from the ones
used in [12-32].
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