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1 Introduction
Let g > 3 be an integer, and let x be a nonprincipal character mod g. Then for any integral
coefficient polynomial f(x), we define the character sum of the polynomial as

q
NGGfig) =Y x(f(@).
a=1

This sum plays an extremely significant role in analytic number theory, so they have
aroused the interest and favor of a great deal of number theorists. A lot of works con-
nected with N(x,f;¢q) can be found in [1-9] and [10-12]. In fact, the sums N(x,f;¢g) are
a particular case of the general character sums of the polynomials

N+M

> x(f@),

a=N+1

where M and N are any positive integers. If ¢ = p is an odd prime, then Weil (see [2] and
[6]) obtained following significant conclusion:

Suppose that y is a gth-order character mod p and f(x) is not a perfect gth power mod
p- Then we have the estimate

N+M

3 x(fw) < p? np, (1)

x=N+1

where the constant in “<” depends only on the degree of f(x). The estimate in (1) is the
best possible.
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Now for any odd prime p and any nonprincipal character x mod p, we consider the
following problem: for any positive integers k and /, let

p-1 p-1 p-1

Mi(h, x5p)= DD -+

x(ai+ai+---+al)
a1=0az=0 ar=0

and

Nk(h’ X’p) = Mk(h: X;P) +Mk(h)7;p)'

We inquire if there exists an accurate computational formula for Ny (4, x; p)?

About this contents, from our personal perspective, it appears that none had researched
ityet; at least so far, we have not seen any related results before. The problem is meaningful,
since it can help scholars to find out more exact information of the character sums.

In our paper, applying analytic methods and the properties of the classical Gauss sums,
we researched the problem of calculating Ni(%, x;p) and obtained a significant linear re-

currence formula for it. We will prove the following:

Theorem 1 Let p be an odd prime, let h be a positive integer, and let x be any Dirichlet
character mod p such that x" # xo, the principal character mod p. Then for any positive
integer k, we obtain the identity

p-1 p-1 p-1

Ni(h, x;p) = Mi(h, x;p) = ZZ

x(at+al+-- +dl)=o0.
a1=0ay=0 ar=0

Theorem 2 Let p be an odd prime with p =1 mod 3, and let x be any third-order char-
acter mod p. Then we have the identities

NiB,x;p) =2 -1 No@Bsp)=p-1d; N33, x;p) =6plp-1)
and
Ni(B3, x3p) = 3p - Nia(3, X5 p) + dp - Ni-3(3, X3 )
for all integers k > 4, where d is uniquely determined by 4p = d* + 27b* and d =1 mod 3.

Theorem 3 Let p = 8h + 5 be a prime, and let x be any fourth-order character mod p.
Then we have the identities

Ni(4, x;p) =2(p-1), No(4, x;p) = —4(p — Do,

Ns(4, x;p) =2(p - 1)(p - 2012)

and

Niea(d x5 p) = =2pNiaa(4, x5 p) + 8paNi,1 (4, x5 ) — p(9p — 4®)Ni(4, x5 p)
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forall k > 0, where No(4, x;p) =0, = >_ % (“’#), (;) denotes the Legendre symbol mod p,
and aa=1 mod p.

Theorem 4 Let p =8h + 1 be a prime, and let x be a fourth-order character mod p. Then
we have the identities

Ni(4,x:p)=2p-1), Noldx;p)=4p-Do, N34 x;p)=2(p - 1)(22*> - p)

and

Niia(4, X3 p) = 6pNis2 (4 x5p) + 8paNii1 (4, x;p) + p(4a® — p)Ni(4, x5 p)

for all integers k > 0, where Ny(4, x;p) = 0.
From the methods of proving the theorems, we can also infer the following:

Corollary 1 Let p be a prime with p =1 mod 3, and let x be a third-order character
mod p. Then for any integer k > 0, we have the identity

p-1 p-1 p-1 p-1

ZZZZ}((a3+b3+c3+d3)

a=0 b=0 c=0 d=0

=p-1)p- v +4d%.

Corollary 2 Let p = 4k + 1 be an odd prime, and let x be a fourth-order character mod p.
Then we have the identity

-1

]

-1

AN

x(a* +b%)

0

=2(p-1)Jp.

i
(=]
ol
Il

Corollary 3 Let p = 4k + 1 be an odd prime, and let x be a fourth-order character mod p.
Then we have the identity

1

]

1
X (a4 +b* 04)

—
N
AN

=@-1p.

ﬁ
o
Nl
Il
(=}
o
1l
(=]

Corollary 4 Let p = 8k + 5 be an odd prime, and let x be a fourth-order character mod p.
Then we have the identity

]

-1 p-1

—_
]

-1

N
]

X(a4+b4+c4+d4)
0

=4(p-1)p-+/p+8a2

Q
il
o
Nl
Il
(=]
o
Il
(=]
QU
il

Corollary 5 Let p = 8k + 1 be an odd prime, and let x be a fourth-order character mod p.
Then we have the identity

X(a4+b4+c4+d4)
0

=4(p-1)p-/9p + 1602

Q
Il

o
T
(=]
o
Il
(=}
QU
Il
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2 Several lemmas

In this section, we give several lemmas, which are essential in the proofs of our theorems.
Hereinafter, we are going to use some properties of the classical Gauss sums, which can be
found in some analytic number theory books, such as [13]; so we will not repeat them here.
For convenience, first, we give the definition of the classical Gauss sums t(x) as follows:
for any integer g > 1, let x be any Dirichlet character mod g. Then the famous Gauss sum
7(x) is defined as

q
r(x):Zx(a)e(b—j,
a=1 q

where e(y) = ™. With this mark, we have the following:

Lemma 1 Given p be an odd prime with p=1 mod 3, and let \ be any third-order char-
acter mod p. Then we have the identity

?(Y) + T (¥) = dp,
where d is uniquely determined by 4p = d* + 27b* and d =1 mod 3.
Proof See Lemma 3 of [9] or references [14] and [10]. O

Lemma 2 Givenp be an odd prime with p =1 mod 3, and for any integer b with (b,p) =
let U(b,p) = Z ). Then we have the identity

U (b,p) =dp +3p - U(b,p),
where d is the same as in Lemma 1.

Proof Let x be any third-order character mod p. Then x2 = ¥, and from Lemma 1 and

the properties of Gauss sums we have

- E() e $5()

a=0
p1 ba
1+ (1+x(ﬂ)+x(a))< )
a=1 p
p-1 p-1 ba
() e S+ Sxe()
a=0 a=1 p
=x®B)t(x) + x (B)T(X) (2)

Note that x = xo and 7(x)7 () = p, so from (2) we immediately infer that

UP(b,p) = (x(B)T(x) + x (B)T (X))’
= 230 + 3t )T OO (XB)T(X) + x (B)T (X)) + >0

Page 4 of 12
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=°(x) + () + 3p - U(b,p) = dp + 3p - U(b,p).
This proves Lemma 2. g

Lemma 3 Given p be an odd prime with p =1 mod 4, and let W be any fourth-order
character mod p. Then we have the identity

p-1 —
22(Y) + T2(F) = /p- Z(“;“) -2/p-a,
a=1

p-lo
where a =y 2 (“p#), (;) denotes the Legendre symbol mod p, and a denotes the multi-
Pplicative inverse of a mod p, that is, aa =1 mod p.
Proof 1In fact, this is Lemma 2.2 in [15]. Therefore we omit its proof. d

Lemma 4 Let p be an odd prime with p =1 mod 4, and for any integer b with (b,p) = 1,
let A(b,p) = Zi;(l) e(b%*). Then we have the identities

A*(b,p) = 2p(C(p) + 2)A2(b,p) + 8paA(b, p) + dpa’ — C*(p)p?,
where C(p) = -3 ifp=8k+5and C(p)=1ifp =8k + 1.

Proof Let ¥ be a fourth-order character mod p. Then ¥/ = x; (the Legendre symbol mod
p), and by the properties of Gauss sums we get

p-1 p-1
A(b,p) = Ze(b—f}) =1+ Ze(b?f)
a=1

a=0 p

p-1 b
=1+ Z(l +Y(a) + xa2(a) + Y (a))e ( ;)
a=1

So1) 5 e 2) 5 ae(22) - S )

a=0

= 0BT () + Y (B)T (W) + Y (B)T (). 3)

Note that Y2 = §” = x2, t(¥)t(¥) = ¥ (-1 (¥)7(¥) = ¥(~1)p, and 7(x) = /. Combsin-
ing (3) and Lemma 2, we have
A2(b,p) = (2(B)T () + T (BT (W) + Y (B)T (W)’
= p+ 200VBFOTW) + Y O)T() + O)(2W) + 2())
+2t(Y)T ()
=p +2x2(b)/pA(b,p) = 2p + x2(b)2/p - o + Y (-1)2p
= C(p)p + 2x2(b)PAb, ) + 12(b)2/p - @

where C(p) =-3if p=8k+5and C(p) =1ifp =8k + 1.

Page 5 of 12
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Now, according to (4), we have

(4%(b,p) - C(p)p)* = AX(b, p) — 2C(p)pA*(b,p) + CX(p)p*

= (2J/PAb,p) + 2/p - @)’ = dp(A%(b,p) + 20A(b,p) + &?).

Applying (5), we immediately deduce that

A*(b,p) = 2p(C(p) + 2)A2(b,p) + 8paA(b, p) + dpa’ — C*(p)p*.

This proves Lemma 4.

(5)

O

Lemma 5 Letp be an odd prime with p =1 mod 3, and let x be any third-order character
mod p. Then we have the identities

My(3, x;p) =

and

M3, x:p) =

-1
p-1 M2(3,X;P)=‘UT-T3(X); Ms3(3, x;p) =3p(p—1)

3p - Mi2(3, x;p) + dp - My_3(3, x; p)

for all integers k > 4, where d is the same as in Lemma 1.

Proof 1t is obvious that M;(3, x;p) = p — 1. According to (2) and the properties of Gauss

sums, we get

M2(3r X5P) =

M3(3, x;p) =

p-1 p-1 p-1
LS {ﬂé;fg
I(X) b=1 c=0 d=0 p
1 1 2
e XB)(x(B)T(x) + x(B)T(X))
X b=1
1
e X (B) (XD T (x) + 20 + x*(B)T* (X))
X b=1
2
OO RRSYIS nk BT
(%) p
1 S RS @b )
—— Y% e(——————)
t(X) %1: ZO: d=0 e=0 p
1

(6)
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For any integer k > 4, according to Lemma 1, we have

1 24 Pl bad g
M(3,3P) = 7= > %) (Ze(7>>

7 b=1 a=0

1 = - k-3 3
T X()U (b, p)(t°(x) + T°(X) + 3pU(b, p))

b=1
S )+ S o)
t(X) 45 T 4 ’
= 3pM2(3, x;p) + dp - Myx—3(3, X; p)- 8)
Now Lemma 5 follows from (6), (7), and (8). O

Lemma 6 Let p = 8h+5 be a prime, and let x be any fourth-order character mod p. Then

we have the identities

M4, x;p)=p-1;

) _ _2p-1)
(%) JP
v pol
) T

M4, x;p)=2(p-1)/p- T2 (x);

M3(4, x;p) =

For every integer k > 0, we obtain the fourth-order linear recurrence formula

Misa(4 x5 p) = =2PMii2(4 x5 p) + 8paMis1 (4, x5 p) — p(9p — 40® ) My (4, x5 ),
where My(4, x;p) = 0, and « is the same as in Lemma 3.
Proof Let p be an odd prime with p = 8% + 5, and let x be any fourth-order character mod

p- Then this time we obtain C(p) = —3. For any integer k > 0, according to the properties

of Gauss sums and Lemma 4, we get

1 p-1 p-1 p-1 4 2 4
1 & b(x] +x5+ - +x;.,)
M) = ;5 3+ 3 R0 o PR )
=1

1 p-1 , p-1 bx4 k+4 1 p-1 k4b
= — X _ = — AJr 3
( )%X()<Ze(p>) 7; bp

= —2pMp2(4 x5 p) + 8paMi1 (4, x;p) — p(9p — 4a®) Mi(4, x;p),  (9)

where My(4, x;p) = 0.

Page 7 of 12
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Suppose that y is a fourth-order character mod p. Then we get

My x,p) =) x(a* Zx“(a) =p-1 (10)

Note that 7(6)(2) = x(b), so from (4) and (3) we get
Ml 150) = = S50 (pzlje(b—’ﬁ)y
" 7 S HO( B2PAb) ¢ 62 pe)

- S L H )

"t x(0)(x2(b) /2 + Xx(B)T(x) + x (B)T(X))

-T2 (x). (11)

1 p-1 r-1 b 3
M x3p) = > %) (Ze(—))
b=

7 1 x=0 p
1
"0 D X B) (x2(b) /P + X (B)T(X) + X (B)T (X))
b=1
3p p—l_ 1 p-1 ; 3 p-1 ,
=— b)x(b — —
e ;x( A O+ = ) 00+ 3 7()T*(X)
-2 . Lo, (12)
Combining (9)-(12), we immediately obtain Lemma 6. O

Lemma 7 Letp =8h+ 1 be a prime, and let x be any fourth-order character mod p. Then
we have the identities

M4, x;p)=p-1;

(X
(X

_2p-1)
P

M4, x;p) =2(p - T (x);

—~|
~ [~

Mol xip) = 2= 24(x),

For every integer k > 0, we have the fourth-order linear recurrence formula

Mpsa(4, x5p) = 6pMpsa(4, x5p) + 8paMis1 (4, x5p) + p(4a® — p)Mi(4, x; p).

Page 8 of 12
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Proof If p =8k + 1, then from Lemma 4 we have

A R g b(x}+x3+ - +xt,)
Myoald x5p) = —— ZZY(b)e( : Zp k*“)

1 &
"0 X (B)AX (b, p)(6pA* (b, p) + 8paA(b,p) + p(4a’* - p))
b=1
= 6pMys2(4, X3 p) + 8paMis1 (4, X3 p) + p(4a® — p)Mi(4, x; p). (13)

It is not complicated to prove that
p-1 p-1
M, p) =Y x(x*) =) x*@=p-1. (14)
x=0 x=0

Note that Y(b)(ﬁ) = x(b), T(x)r(X) = p. By the method of proving (11) we have

p-1 p-1
Ma(4, x3p) = %27 ( e(bx ))

*M

2T, 2p-1)
= w ;1_ 7 *(x). (15)

b=1 x=0
3 —
S EW L ey (16)
T(X)
Now Lemma 7 follows from (13)—(16). O

3 Proofs of the theorems
In this section, we complete the proofs of our theorems. First of all, we prove Theorem 1
by mathematical induction. If k = 1, then note that x” # xo. According to the properties

of character sums mod p, we obtain the identity

-1 p-1
x(a x"(a) = (17)

a=1

N

Q
Il
(=]

Suppose that the conclusion holds for an integer k = m > 1, that is,

-1 p-1 p-1
x(at+ai+-.-+d)=0. (18)

0ay=0 a;,=0

]

)

1
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Then for k = m + 1, combining (17) and (18) with the properties of the complete residue

system mod p, we have

p-1 p-1 p-1  p-1

N
o
I
o
)
[ %)
I
=}
Q
3
I
=}
Q
3
3
=
S

a
=
I
(=]
)
)
I
=]
R
3
I
(=]

h h

= Xal+a2+~

X(&li’+ﬂg+

b
 dyy + )

ho, _h
ctap tan,)

p-1

. +afn + 1) Z " (Gms1)

am+1=1

Thus the conclusion is also correct for k = m + 1. This proves Theorem 1.

Now, we are going to prove Theorem 2. From Lemmas 1 and 5, noting that by definition
Ni(h, x5 p) = Mi(h, x5 p) + Mi(h, X5 p), we get

N1(3>X5l7) = 2(19— 1)»
p—

No(3, x5p) =

and

Nk(31 X;P)

B+ L=

NS(SI X»P) = 6[7([7 - 1))

(@) =dp-1)

=3p - Ni2(3, x;p) +dp - Nk3(3, x5 p)

for all integers k > 4. This proves Theorem 2.

Suppose that p is an odd prime with p = 8% + 5 and that x is a fourth-order character

mod p. Then applying Lemmas 3 and 6, we have

Ni1(4, x;p) =2(p - 1);
2p-1)

N/

No(4, x;p) = - (x) -

(19)

2(p—1) 2
N/

22(30) = —4(p-1) - (20)

By the identities t()()2 =12(0), T2 ()% (%) = 12()()1()()2 =p?, and

() + T30 = (20 + T2(0)” = 202 (072 (X) = dpa® - 27,

we have

Na(d, xip) = L2

Ty
p

(%)

_ _%(mz ~2p?) = 2(p-22%)(p - 1). 1)

Page 10 of 12
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For every integer k > 0, we get the fourth-order linear recurrence formula

Ni+a(4, x5p)
= —2pNis2(4, x5 p) + 80N (4, x;p) — p(9p — 4®)Ni(4, X3 p), (22)

where Ny(4, x;p) =0, and « is the same as in Lemma 3.
Now Theorem 3 follows from (19)—(22).
In the same way, using Lemmas 3 and 7, we can also deduce Theorem 4.

To prove Corollary 1, applying Lemma 5, we get

M3, x5p) =3(p - 1)T°(x) + dp(p - 1).

Then from this formula and Lemma 1, by the identities |7 (x)| = \/p and 73(x) = 3 (%) we

have

—

p-1 p-1 p-1 p-

ZZZZ}((a3+b3+c3+d3)

a=0 b=0 c=0 c=0

= 3p= 1)P3(x) + dp(p—1)|
= (p—D)[3T3(x) + dp| = (o - D[9 + 3dp(T(x) + (D)) + d*p?]

1
=(p- D[’ +3d°p* +d’p*]* = (p - V)p - /9p + 4d>.

This proves Corollary 1.

Corollaries 2 and 3 follow from Lemma 6 and the identity |t (x)| = ./p.

Next, we are going to prove Corollary 4. If p = 8k + 5, then noting that T)()2 =12(x) and
lo + BI% = || + aB + @B + |B|%, from Lemmas 6 and 3 we have

|Ma(4, x:p)| = [44/p(p - DT*(x) + 8pa(p - 1))
=4./plp- 1)|7-'2(X) + Zﬁa|
=4./p(p - 1)“192 +4pa’® + Zﬁa(tz()() + 7:2(7)) ’%

=4¢ﬁ(p—1)|p2+8pa2|% =4p(p—-1)-/p+8a?. (23)

In the same way, if p = 8k + 1, then from Lemmas 7 and 3, by the method of proving (23)

we have
|Ma(4, x5 p)| = |124/p(p - 1)7%(x) + 8pa(p - 1)
= 4p(p - D|37%(x) + 2/pe|
=4./pp - 1)|9” + 4pa® + 6. /pa(t*(x) + T*(X)) |%

1
=4,/p(p-1)|9p* + 16pa’®|* =4p(p - 1) - /9p + 1602 (24)

Combining (23) and (24), we complete the proofs of Corollaries 4 and 5.
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