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1 Introduction
In last few years, some physical phenomena were described through fractional differen-
tial equations and compared with integer order differential equations which have better
results, which is why researchers of different areas have paid great attention to study frac-
tional differential equation. Fractional differential equations arise in the mathematical
modeling of systems and processes occurring in many engineering and scientific disci-
plines such as physics, chemistry, polymer rheology, control theory, diffusive transport
akin to diffusion, electrical networks, probability, etc. For details, see [14-16, 22, 23, 27,
29, 37]. In the last few decades, fractional-order differential equations equipped with a
variety of boundary conditions have been studied. The literature on the topic includes
the existence and uniqueness results related to classical, periodic/anti-periodic, nonlocal,
multi-point, and integral boundary conditions; for instance, see [1, 3,6,7,9, 11, 17, 19, 24,
26, 28, 30, 34, 36] and the references therein.

The existence and uniqueness of positive solutions for such problems have become an
important area of investigation in recent years. Ahmad and Nieto [6] investigated the exis-
tence and uniqueness of solutions for an anti-periodic fractional boundary value problem

“Dx(t) =f(t,x(t)), tel0,T],1<q<2,T>0,
x(0) = —x(T), ‘DPx(0)=-D’x(T), O<p<l,

where °D? denotes the Caputo fractional derivative of order ¢, f is a given continuous

function.
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Liu and Liu [24] investigated the existence and uniqueness of solutions for fractional

differential equations with fractional non-separated boundary conditions in the form of

D*x(t) :f(t,x(t)), tel0,T],1<a<2,T>0,

ax(0) + bix(T)=c1,  ax(“D"x(0)) + by(‘D'x(T)) =ca, O0<y <1,

where °D* denotes the Caputo fractional derivative of order «, f is a continuous function
on [0, T] x R and a;, b;, ¢;, i = 1,2 are real constants such that a; + by # 0 and b, # 0.

The system of fractional differential equations boundary value problems has also re-
ceived much attention and its research has developed very rapidly; see [2, 4, 5, 8, 10, 12,
13,20, 21, 25,31-33, 35]. Recently, Alsulalt et al. [13] established the existence and unique-
ness results for a nonlinear coupled system of Caputo type fractional differential equations
supplemented with non-separated coupled boundary conditions.

In this paper, motivated by the aforementioned work, we consider the existence and

uniqueness of solutions for a coupled system of fractional differential equation

Dy u(t) =f(t,u(t),v(t), 0<t<l,

5 1)
Dy, v(t) = g(t, u(t),v(t)), 0<t<l1,
subject to the fractional non-separated coupled boundary conditions
u(0) = Av(1), ‘Dy.u(l) = A°Dy,v(E), O0<y<l, @

v(0) = wiu(l),  “Dyv(l) = uoDyu(§), 0<y<l,

where o, 8 € (1,2], £ € (0,1), °D§. and CDg+ are the Caputo fractional derivatives of order
a and B, respectively, f,g € C([0,1] x [0, +00) x [0,+00),[0,+00)) and A;, ;, i = 1,2 real
constants with 1111 # 1 and par 2077 £1,

This paper is organized as follows. In Sect. 2, we recall some basic definitions of frac-
tional calculus and present an auxiliary lemma, which plays a major role in obtaining the
main result. In Sect. 3, we established the existence and uniqueness results for a nonlin-
ear coupled system of fractional differential equation (1)—(2). Finally, as an application, we

give two examples to illustrate our results.

2 Preliminaries
Let us now recall some basic definitions of fractional derivative [37] and prove a lemma
before stating our main results.

Definition 2.1 The fractional integral of order g with the lower limit zero for a function
f:10,00) = R is defined as

1 fe)
qu(t)_m/() mds, t>0,qg>0,

provided the right hand side is point-wise defined on [0, 00), where I'(-) is the gamma
function, which is defined by I'(¢) = [~ t7 e dt.
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Definition 2.2 The Riemann-Liouville fractional derivative of order ¢ >0, n—1<g<n,

n €N, is defined as

1 a\" [t
Dg.f(1) = m(ﬁ) /0 (t—9)"T"f(s)ds,

where the function f(£) has an absolutely continuous derivative up to order (n — 1).

Definition 2.3 The Caputo derivative of order ¢ for a function f : [0, 00) — R with f(¢) €
C"[0, 00) is defined by

¢ 1 AUS) e £
qu(t):r(n_q)/0 (t—S)q“—”dS:[ qf()(t), t>0,n-1<g<n.

Furthermore, we noted that the Riemann—Liouville fractional derivative of a constant is

usually nonzero which can cause serious problems in real world applications. We have

N S .0
DIO=Taa )y Gosri

n-1 (k) 0
P03 g

k=0

n-1 (k)
:Dq|:f(t) —Zf kf())tk} t>0,n-1<qg<n
k=0 ’

So, we preferred to use Caputo’s definition which gives better results than those of

Riemann-Liouville.

Lemma 2.1 Let A = 1 — Ao 2VY) 40 and Ay # 1. Let ¢, € C([0,1],R). Then the

solution of the linear fractional differential equations:

DL u(t) =), tel0,1],1<a<?2,

’ 3)
‘Do.v(t) =v(t), te[0,1],1<B<2,
supplemented with the boundary conditions (2) is given by
F-y)[M(uirg” +1
i) = 12 ( J/)[ 1(u1ra§" 7 + )+12§1_yt:|A3
A 1-2im1
F2-y)[r(uirg7 +1
A J/)[ (1228777 +1) +}L2§1_yt]33
A 1-21p
Ml 2=y) [ + €'
+ +t|B,
A 1-Awm
re- 1=y
PQ-p) [ Ml +mE™) 4,
A 1-2m
A t (t—S)a_l
— (A +B —_— d 4
s B+ [ e ds @
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and

1-
o) = Mzr(z—)/) [Ml()l»lj)ii Y) +t:|A3

_Fﬂ—w[muudﬁhm+4&

A 1-2w
. Ml 2=y)[ (g™ +1)
A 1-2m

F-y)[ m(ip" +1)
A 1-2m

+ szlyf]Bz

+ szlyt]Az

(tS)ﬁ1

(Ay + 21By) / V(s)ds, (5)

1M11

where

(1-s)t (1-s)f1
/ T P99 / T VO

(L9t s)”‘ y-1 [ E st
f s0ds B [ S v ds

(& - s)ayl _ [t
b [ s e [ v

Proof 1t is well know [22] that the general solution of the fractional differential equations
in (3) can be written by

_ o)1
(t)—co+clt+/ (tr(s)) #(5) ds, ©)

(t-s)f!
rp)

v(t) =do + dit + / Y (s) ds, (7)
0

where ¢;, d;, i = 0,1 are arbitrary constants. Since

-y
‘D'k =0 (kis a constant), ‘DV't= —, DYIy(t) = IV y(t),
re-y)

from (6) and (7), we have
tl—y t (t _ S)a—y—l
+
re-y) Jo I'le-y)

£ Ct-s)f !
re-y) )y TE-7

‘D’ u(t) = 1

@(s)ds,

D'w(t) = d;

¥ (s) ds.
Using the boundary conditions in (6), we have

u(0)=xv(l) = co=rildo+di+B),

v(0) = piu(l) = do=pilco+c1+ A1)
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Using the boundary conditions in (7), we have

‘D'u(l) =rD'v(E) = c1=rE Vdi+T(2~-y)[ABy - Asl,
D'v(1) = uyD’u(€) = di=paEVer - I'(2—y)[u2As —Bs).

From the last two relations we find

r2-y) - _

€1 = T[)»2M2§1 Az = 1€V Bs + JaBy — Ay,
r2-y) _ -

dy = Ty[ﬂzAS — B3 — 112E "7 Ay + oo By .

Substituting ¢; and d; in the first two relations, we find

A
Co = ———[uic1 + Ay +dy + By
1-2m
_ Al T2 -y)ua(uiraE77 + I)A B 2 -y)(u1rE7 + I)B
1— A A 3 A §
re- + €Y r2-y) + W€
_TQ2-y)(ps + paf )A2+ (2= p)ha(pr + a2k )Bz+M1A1+Bl
A A
and
d() = 7'[/“ [)lel + )LlBl +C +A1]
11—
_ o [Tyl +2aE™) | T2-y)0a+hd)
1— At A ? A }
r2-y)x =r 41 T2 = y)ha(par E7Y +1
B 2-yX 1AM25 )A2+ 2-y) 2(22 18 )Bz+)»131+A1]'

Inserting the values of ¢;, d;, i = 0,1 in (6) and (7), we get solutions (4) and (5). The converse
of the above proof is as follows.

For any ¢ € [0, 1], taking the y -fractional derivative for (4) and (5) yields

-y
‘D'ult) = A (1242877 A3 — MaE' 7V By + 2yBy — Ay |

and

-y
‘Drv(t) = A (1243 — B3 + Ao 7V By — sV Ay |

L—s)fr-t
- ds.
+/0 TGy V%

Checking the first boundary condition, we see that

u(0) = )\11/(1), CDg+ M(l) = )VZCD(); V(E)

Page 5 of 14
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Moreover, in checking the second boundary condition we get
v(0) = (1),  °Dyv(1) = uoDip u(§).
Taking the a-fractional derivative and B-fractional derivative yields
Dul®) = ¢ Dyv(e) =¥ (@),
which is what we set out to prove. 0

3 Main results
Let X = {u(t)|u(t) € C([0, 1], R)} denote the Banach space of all continuous functions from
[0,1] into R equipped with the norm | u|| = sup{|u(¢)|,¢ € [0, 1]}. Obviously, (X, | - ||) is a
Banach space. Then the product space (X x X, ||(&,v)]|) is also a Banach space equipped
with the norm ||(x, V)| = ||u]| + |||

In view of Lemma 2.1, we define the operator Q: X x X — X x X by

Q(M: V) = (Ql (I/t, V): QZ(M’ V))

Here
ol (2= y) [ M (i ho817 +1) -
,VIE) = A Yt|A
Q1(u,v)(t) A T + A6 3f
2 -y)[A(uirE7 +1) 1
- A Yt|B
A |: 1 —)\flll«l + 2%- 3g
F-y)[r(ur +pg')
- +1t Azf
A 1-2m
Ml 2-y) [+ paé)
+ +|By
A 1-2m
)\,1 t (t S)a_l
M LA+ B =y -
+1_M1/\1(m 1f +Big) + ) f (s, u(s), v(s)) ds
and
pal (2= y) [ ma(hy + 2267)
] t) = tA
Qa(u,v)(2) A o +1|Asf
F'2-y)[ wi(rs +212877)
- +t ng
A 1-2A1m1
FQ2-y)[ mripE7 +1) -y
- t|1A
A [ T + U2k 2
Ml Q2=y)[ (g™ +1) 1y
t|B
+ A 1 —)\flll«l +/'L2%- 2g
75 (t—s)P!
——(MB A . s ds.
1z MM( 1Big +Ayf) + / %) ————g(s,u(s),v(s)) ds
Here

11 _ -l 11 _ op-1
A1f=/0 %f(s,u(s),v(s))ds, Blg:./o %g(s,u(s),v(s))ds,
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A /l (1 _S)aiyilf( ( ) ( ))d B /$ (é _S)ﬂ7y71 ( ( ) ( ))d
= ————f(s, u(s), v(s)) ds, = ———g(s, u(s),v(s)) ds,
=)y Ty %)y re-n ¢
FE -5t PA-g)frt
A =/ ———f(s,u(s), v(s)) ds, B =/ —————g(s,u(s), v(s)) ds.
¥ 0 F(Ol—)’)f( ) % o I'B-vy) g( )
We use the following notations for convenience:
Al P @2=y) [ Ial(mallral€7 + 1) -y §%7
o= me + ol | o
[1—Aapua§ 27| 1211 Ia-y+1)
r2-y) [IMI(IMI + | pal€17) ]
11— Aopa&2-7)| [1— A Fla-y+1)
[ [A1llpe1] ] 1
+ +1 ,
11— p12q] I(a+1)
Al (2~ y) [IMI(IMHIMISI'V) ] gPy
Op = +1
11— Aopa€21-7)| [1—Aqpql rg-y+1)
re- A Aol +1 1
.\ ( );)1 [| U(pallAalE7 + )+|)L2|$1_y]
11— Ao pua€20-7)| [1—A1pusl r-y+1)
[A1] 1
11— paha| F(B+1)
2l P @=y) [ lral(dl + [22])E7) &%
03 = 2=y +1
[1—Aopa§21-1)] 11— Aqpql Fla@-y+1)
I'(2-y) la (A2 E17 + 1) -y 1
+ o il | —————
1= Aopa§2U-7)] 1 -2l Fla-y+1)
1l 1
11— pid| Do +1)°
Pl @-y) Tlual(rallmelE7 +1) 1-y gl
o4 = o +lalg |
[T = Aopua == [1—Aqp1] rg-y+1)
r2-vy) L |12 + Aol E177)
+
1 — Ao pup€20-7) [1— A rg-y+1)

[ [Allerl ] 1
+ +1 .
|1 — 2] rg+1)

Now we are in a position to present our main results. The methods used to prove the
existence and uniqueness solutions of boundary value problem (1)—(2) go via Banach’s

contraction principle.
Theorem 3.1 Assume that:

(H1) f,g:10,1] x R x R — R are functions and there exist positive constants l; and I,
such that, forall t € [0,1] and x;,y; € R, i = 1,2, we have

[t x1,2) = f (&, y1,92)| < L(l1 = 1l + %2 = 32l),

lg(t,x1,%2) = g(t, y1,92)| < b (%1 = y1] + %2 = 21).

If (o1 + 03)l1 + (02 + 04)l5 < 1 then system (1)—(2) has a unique solution on [0,1].
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Proof Define sup, (o, f(t,0,0) = p1 < 00 and sup, (o1, &(¢,0,0) = py < 00 and r > 0 such that

(01 +03)p1 + (02 + 04) P2
1— (o1 +o3)l1 — (02 + 0a)ly

We show that Q(B,) C B,, where B, = {(u,v) € X x X : ||(u,V)|| < r}.
By assumption (H1), for (u,v) € B, t € [0, 1], we have
If (& u(®), v(®))| < | (£ u(®), V() - £(£,0,0)| + |£(£,0,0)|
L(|u@)| + |v@®)|) + o1

<h(llull + vl) + o1 < hr+ p1,

IA

and |g(¢, u(t), v(t)| < L(lull + |vI]) + p2 < lor + py, which leads to

|Qi(u, ()|
ol P2 = y) [l lAalE7 +1) L e
A YV ——(1
=1 = aggaaE )| TE R M et A
r2-y) [Iaal(uallrlg +1) . 1
A Y — (1
Toime | Lol 2T s, )
r@-y)  [Pallml+lulg') } L e
TSy ET] T [(a—y+1)
Ml @=p) [l + |aal&7) ghr
21) + (lar + p2)
|1 — Apua&21-1)| [ [1—Arpl r-y+1)

[A1l [l 1 1
T |:F(a +1) (hr+ p1) + 71“(,3 N 1)(12'"+ ,02)] + 71,(0[ A 1)(l1r+;01).

Hence,

||Q1(M; V)” < (o1l1 + o2ly)r + 01p1 + 02 02.
In the same way, we obtain

||Q2(M; V)H < (o3l + o4ly)r + 03p1 + 04 02.

Consequently,

||Q(M» v) || = [(Ul +03)ly + (03 + 04)12]7” +(01+03)p1 + (02 +04)p2 <.
Now, for (uy,v2), (41,v1) € X x X and for any ¢ € [0, 1], we get

| Q1 (042, v2)(8) = Qu (1, v1)(2)|

lual (2 -y) |:|)~1|(|M1||)\2|§1_V+1)
T 1 = Ao uE201)) [1— A1l
97

_ S _ _
XF(a—y+1)1(Hu2 uill + llva —v1ll)

+ w&”]
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re-y [|)»1|(|M1||)\2|51_y+1)

+ leEl_y]
11— Aopa&20-7)) [1—Ayprl

- _ _
XF(,B—y+1) 2(Iluz — wr ]| + [lva = vall)

re-y) [|}»1|(|,U«1| + [ 2|E7) . 1i|
11— Aopa&20-7)) [1—Aip1]

! Ll -+ 1l )
X — Uy —Uu + [|Vy —V
F(a—y+1) 1 2 1 2 1
A2l (2 -y) [|)»1|(|M1| + | p2lE17) . 11|
11— Ao 21-7)| [1— Ay
gﬁ—y ( )
X ——————D (|l — w1 || + [v2 — v1l
rg-y+1
[A1l
+ L(llg — urll + llva — 1]
[1— 1| T(B+1) ( )
[A1llpea] 1

Ll = ur |l + lva =1l
[1—pir] o +1) ( )

1
+ ————h (a1l + [[va = w1 l)

I'a+1)

= (o1l + 0ola) (lua — wa || + [[va = w1 l),

and consequently we obtain

1 Qu (22, v2) (@) = Qu (w1, v1)(®)|| < (01ly + 1) (e — wa || + v — w1 l). (8)
Similarly,
Q2 (s2, v2)(8) = Qa(ur, vi)(@®) | < (03l + 0ula)(lln — wa || + lIva = w1 ). )

It follows from (8) and (9) that

1Qu2, v2)(8) = Qur, v1) | < [(o1 + 03)ly + (02 + 08)la ] (luz — wa || + v — w1 ]).
Since (071 + 03)l1 + (03 + 04)l < 1, Q is a contraction operator. So, by Banach’s fixed point
theorem, the operator Q has a unique fixed point, which is the unique solution of problem
(1D)-(2). O

The second result is based on the Leray—Schauder alternative.

Lemma 3.2 (Leray—Schauder alternative [18]) Let F : E — E be a completely continuous

operator (i.e., a map restricted to any bounded set in E is compact). Let
e(F) = {x € E:x=MAF(x) for some 0 < A < 1}.

Then either the set €(F) is unbounded or F has at least one fixed point.
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Theorem 3.3 Assume that:

(H2) f,g:[0,1] x R x R — R are continuous functions and there exist real constants
ki,y; >0(i=0,1,2) and ko > 0, yo > 0 such that Vx; € R (i = 1,2), we have

[f (1, %2)| < ko + k|1 | + kol ],

lg(t,x1,%2)| < vo + milwil + alwal.

If (01 + 03)k1 + (02 + 04)y1 < 1 and (01 + 03)ka + (02 + 04)y2 < 1 then system (1)—(2) has at
least one solution on [0, 1].

Proof First we show that the operator Q: X x X — X x X is completely continuous. By
the continuity of functions f and g, the operator Q is continuous.

Let 2 C X x X be bounded. Then there exist positive constants K; and K; such that
If (&, u(t).v(e)| < Ki, |g(¢, u(t).v(t))] < Ky, V(u,v) € £2. Then, for any (4, v) € §2, we have

|Ql(u$ V)(t)|
re- A AolEY 41 oy
- lal I ( 211/) |:| (gl A2l + )+|}L2|§1_y:| § K
11— Ao g 21-7)| 11— A1p] Ioa-y+1)
re- [|A AolETY 41
( 7;)1 A l(pallA2]E777 + )+|)L2|$1_y] X
11— Aopo820-1)| | [1— Ayl rg-y+1
re-y) [lal(pl + palgt7) } 1 K
1
11— Aopa& 21| | [1— il Fa-y+1)
Ml 2-y) [lal(pl + u2lE7) :| gy K
2
11— Aopo§20-1)| | |1 — A1l rg-y+1)

[A1] |: [l

1 1
K; K —Kj,
=kl [T+ TE+D 2}+F(o:+1) :

which implies that ||Q;(u, v)|| < 01K1 + 02K,. Similarly, we get ||Qz(u, v)|| < 03K; + 04K
Thus, it follows from the above inequalities that the operator Q is uniformly bounded,
since [|Q(u, V) || < (01 + 03)K1 + (02 + 04) K.

Next, we show that Q is equicontinuous. Let £, £, € [0, 1] with #; < £,. Then we have

|Q1 (u(t2), (1)) = Q1 (u(tr), v(t1)) |

£ pallnalg I (2-y)

< K; th—t
R P R TS SN 7 B
K 1 |/\2|51_VF(2—V)(t £)
T By 1) T sgmeXin| 271
B-y+1) | 24426 |
1 r2-y)
+I(1F ~ Dil-x 201=7) (tg—tl)
(a-y+1)| 2M2E |
B-y Mol (2 =
LK, & A2 (2-y) (t— 1)

F(B-y+1) |1 - hyu§21-7)|

1 g -1 1 i a-1
m/o‘ (t2—S) ds — m/o (tl—S) ds

vV lallAal§7 (2= y)
Fla-y+1)  [1-2u820-7)

+ [(1

<K;

(—t1)
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1 holETY (2 -
LK, [Aal& ( J/)(tz—tl)
F(B—y+1) [1-Aourg20-7)]
1 I'(2-
+ K @-7) (b —t1)
Fa—y +1) [1 - AgpupE21-7)]
B-v Ao (2 =
it Jalr@=y)

By +1) 1 - Aour£20-7)]

2 (t —s)*? 0ty — ) = (8 — )
——d
/tl ra /o

I'(a)
Evr lallAal §7Y (2 - y)
Fla—y+1)  [1=2iyu £20-1)]
1 A6 T (2-y)
F(B-y+1) [1-Aourg20-7)]
1 re-y)
Fa—y +1) [1 - AgpupE?1-7)]
gy A2 (2-y)
TF(B-y+1) 1 - Aour£20-7)]

+ K ds

+ 1(1

<K (tr—t)

+ K, (a—t)

+ ](1 (t2 - tl)

(t5 — 1)
Ta+1)

+ 1(2 (tz - tl) + I(l

Analogously, we can obtain

|Qa (u(t2), V(1)) — Qa(u(tr), v(t1)) |
§%7 |2l I'(2 - y)
Fa—y +1) [1-AgppE?1-7)|
1 r'2-vy)
Ty D a0
1 a2l L (2 - y)
F(a—y+1) [1-Aurg21-7)]

EFY | ollral€ Y T2 - y) & -t}
TRy D) Il -mmetn] 2=+ lpg s,

<K

(&2 —t1)

)|(t2—t1)

+ K (tr—t)

+ I(Z

Then we can easily show that the operator Q(u, v) is equicontinuous. As a consequence of
steps together with the Arzela—Ascoli theorem, we find that the operator Q(i, v) is com-
pletely continuous.

Finally, it will be verified that the set ¢ = {(&,v) € X x X|(»,v) = AQ(u,v),0 < A < 1} is
bounded. Let (u,v) € ¢, with (4,v) = AQ(u, v). For any £ € [0, 1], we have

u(®) =AQu(w,v)(©),  v(t) = AQx(u,v)(?).
Then
|u()| < o1 (ko + kulu| + ka|v]) + 02 (vo + yalul + yalvl)
= o1ko + 020 + (01k1 + o21)|u| + (01K + 0272) V]
and

[v(t)| < o3 (ko + kilul + ka|v]) + oa(yo + y1lul + y2lv])

= 03ko + ouyo + (03k1 + ouy)|ul + (o3ks + ouys) |V,
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which implies

lull + IVl < (01 + 03)ko + (02 + 04)y0 + [(01 + 03)k1 + (02 + o)1 ] |

+[(01 + 03)ka + (02 + aw) ]IV

Consequently,
k
||(u, V) ” < (01 +03)ko + (02 + 04) Y0
[o0]
where
oo = min{1 - (o1 + 03)k1 + (02 + o)1), 1-[(o1 + 03)ka + (02 + 04)12 ]},

which proves that ¢ is bounded. Thus, by Lemma 3.2, the operator Q has at least one fixed

point. Hence, the boundary value problem (1)—(2) has at least one solution. d

4 Some examples

In this section, we will present some examples to illustrate the main results.

Example 1 Consider the following system of fractional boundary value problem:

3/2 _é s2ult) | 25(v(®))
‘Doru(t) =5+ =5 + 10+rv(t)\ , te(01),

3/2 L+sin® (u(t)) [v(®)| 1
Dyt v(t) = Yoo + WL t 1 t€(0,1),

u(0) = 59(1),  “Dyu(l) = 3°DyPv(1/4),
v(0) = 2u(l),  °Dy2v(1) = 2Dy2u(1/4).

Here o = 8 = %, y = %, A= %, Ay = %, U1 = %, Wy = %, &= %. By simple calculation,, we
found that o7 = 2.755358, 0, = 2.847316, 03 = 2.10908, 04 = 2.49716. Note that

1
lf(t ui, uz) - f (¢, V1,V2)|SE|M1 M2|+E|V1—V2|,

|g(t,u1,uz) —g(t>V1,V2)| < —|M1 — U] + i|V1 -1l
~ 18 18

and (o1 + 03)l1 + (09 + 04)lh =~ 0.56716 < 1. Thus all the conditions of Theorem 3.1 are
satisfied.

Example 2 Consider the following fractional boundary value problem:

CDgizu(t) = M su(t) + 53 sinv(t) +1, t€(0,1),
DYPv(t) = s1n(27tu(t)) +5v()+1, te(0,1),
w©0)=3v(1),  DyPu(l)= %”Dm (1/5),

v(0) = 2u(l),  °DyPv(1) = 2Dy3u(1/5).
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1
g)}"Zz

[S2]]9%}

s 11 =32, 1y = 2, & = 1. Note that

N

Herea=f=3,y =1, =

(6 200,52)| <14 = rl + = |,
- 32 32

lg(t,x x)|<1+1|x|+1|x|
g,1,2_2 321322'

We get ky = %, ko = :%2’ Y = 3L2’ Vo = 3—12 By simple calculation, we found that o7 = 2.14850,
0y = 2.1845, 03 = 2.10890, 04 = 2.32131, then we have (o1 + 03)k; + (02 +04)y1 = 0.27386 < 1
and (o1 + 03)ky + (02 + 04)y» < 1. By Theorem 3.3, the coupled boundary value problem has
at least one positive solution.

5 Conclusions

In this work, we have established the existence and uniqueness results for a nonlinear
coupled system of Caputo type fractional differential equations supplemented with cou-
pled fractional nonlocal non-separated boundary conditions by using the Banach contrac-
tion principle and the Leray—Schauder fixed point theorem. Finally, we give examples to
demonstrate our results.
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