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1 Introduction

In the last few years, it is well known that the synchronization problem of complex net-
works [1, 2] has captured much more attention from researchers at various fields, such as
physical science, natural science, mathematics, communication, and engineering. More-
over, a multitude of latent applications of synchronization in different engineering do-
mains have been discovered, for instance, image processing systems [3], biological sys-
tems [4], and secure communications [5]. Hence, many diverse kinds of synchroniza-
tion have been examined, incorporating cluster synchronization [6—11], projective syn-
chronization [12—14], lag synchronization [15], generalized synchronization [16], com-
plete synchronization [17], anticipating synchronization [18], phase synchronization [19],
etc.

In the real world, on account of specific goals, many biological, social, and technological
networks are functionally divided into several groups (also called communities or clus-
ters), and the nodes belonging to the same group reach complete synchronization, but
there is no synchronization between any two different groups, which is called cluster syn-
chronization. Owing to its essentiality in communication engineering and biological sci-

© The Author(s) 2019. This article is distributed under the terms of the Creative Commons Attribution 4.0 International License
(http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in any medium, pro-

L]
@ Sprlnger vided you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and

indicate if changes were made.


https://doi.org/10.1186/s13662-019-2031-6
http://crossmark.crossref.org/dialog/?doi=10.1186/s13662-019-2031-6&domain=pdf
http://orcid.org/0000-0001-9320-4528
mailto:ganqintao@sina.com

Xiao et al. Advances in Difference Equations (2019) 2019:93 Page 2 of 21

ences, much achievement has recently been devoted to studying the cluster synchroniza-
tion problem of complex dynamical networks, and many remarkable consequences have
been established [20-22].

Therefore, cluster synchronization is investigated in this article, which means that nodes
can achieve synchronization in each identical group; however, no synchronization arises
among nodes in diverse communities. To be more specific, if the nodes can be separated

into n nonempty groups, namely

{L,2,...,N} =G UGy U---UGp, 1)

where G; ={1,2,...,¢1},Goy={c1 + 1,...,¢},...,G,, = {c;u_1 + 1,..., N}, then the nodes can
be synchronized in the uniform community, but no synchronization appears among the
unlike communities. When 7 = 1, among others, the cluster synchronization is equivalent
to the complete synchronization.

For the past few years, progressive control methods, such as pinning control [6-9, 15],
adaptive control [23], impulsive control [24, 25], intermittent control [6, 9, 25, 26], and so
on, have been proposed to accomplish the synchronization of a complex network. In par-
ticular, pinning control is one of the valid schemes in the cluster synchronization control
of a complex network, which is economy, simplicity, and practicality. However, as far as
we know, it is very tough to accomplish the finite-time cluster synchronization. Therefore,
in this paper, by using a pinning control scheme for reference, a kind of new finite-time
hybrid controller has been projected to command the complex networks and accomplish
the finite-time cluster synchronization.

It is well known that time delay [6-9, 11, 23, 25, 27] is a highly widespread phenomenon
in actual complex network systems. Accordingly, it is essential to investigate the incidence
of time delay on the cluster synchronization of a complex network. Ma and Lu [7] inquired
into the cluster synchronization of complex network models without time delay. The clus-
ter synchronization of linearly coupled systems was examined by Liu et al. [6] with just a
single time delay.

In realistic situations, nevertheless, much intricate and changeable information ex-
change in complex network is subsistent and time delay is not simply like x;(t — 7). For
this reason, Wang et al. [8] investigated the cluster synchronization of a dynamical com-
plex network with time-varying delays [9], which is more close to actuality. Throughout
this paper, the complex networks model is also used for reference, see Wang et al. [8].
However, the cluster synchronization of a complex network is frequently accomplished in
finite time [13, 25, 26, 28—33] in practical application. Namely, characters are expected to
achieve the cluster synchronization of time-delay complex network as quickly as feasible
in reality and the purpose of finite-time synchronization is the optimality in convergence
time. It is remarkable to investigate the finite-time cluster synchronization of a complex
network in practice. Therefore, many scientific and technical works have been joining the
studies for finite-time synchronization of complex networks. Nevertheless, Wang et al.
[8] just investigated asymptotic stability of the cluster synchronization. Jiang et al. [13] in-
vestigated cluster general projective synchronization of complex networks in finite time
without time delay.

Hence, enlightened by the above papers, in this article we aim to achieve the finite-time
cluster synchronization of complex networks with time-varying delays via hybrid control.
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Figure 1 A BA scale-free network with three clusters consisting of 19 nodes

By precedence controlling some key nodes in the ¢;th cluster, which has direct connection
with the nodes in other clusters, some sufficient conditions are derived to guarantee the
cluster synchronization of networks in finite time as shown in Fig. 1 [13, 14], where the
key controlling nodes are Nos. 3,4, 5, 6, 7, 8, 13, 14, 15.

The work is organized as follows. In Sect. 2, the complex network model is presented,
together with some necessary assumptions and lemmas. In Sect. 3, some sufficient crite-
ria for finite-time cluster synchronization are given, and controlled-nodes schemes which
comprise undirected network and directed network are proposed in the remark. Numer-
ical simulations are shown in Sect. 4 to check the effectiveness of the theoretical conse-

quences. Ultimately, the paper is concluded in Sect. 5.

2 Problem description
In this section, we think about an undirected complex network composed of N nodes

with each being an #-dimensional dynamical system. The complex dynamical network is

depicted by
N
J'C,'(t) :fqbi (fyx,'(t),xi(t - T¢i(t))) +C1 Zaij[‘lx,»(t)
j=1
N
+Cy Z bijfzxj (t — Ty, (t)), (2)
j=1

where x;(£) = (x1(£), x2(8), ..., %, ()T € R” is the state vector of node i, i = 1,2,...,N.
Jfo : R x R” x R” — R” depicts the dynamics of nodes in the ¢;th cluster. 74, (t) repre-
sents time-varying delays in the complex network. ¢; > 0 and ¢, > 0 are coupling strength.
A = (a;j)nxn (B = (bjj)nxn) is the outer-coupling configuration matrix that stands for the
complex network topological structure. Provided there is a connection from j to node

i(j # i), then a;; = a;; > 0 (b; = bj; > 0), or else a;; = a;; = 0 (b;; = bj; = 0). The diagonal entries
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of matrices meet the diffusive coupling conditions as follows:

N N
aj=— Z aj; (bii =- Z bji)' (3)

joLji =1

I'' e R and I, € R™" describe the inner-coupling matrices among the clusters.

The complex network has m (2 < m < N) clusters and {1,2,...,N} = GiUGyU---UG,,,.
Provided node i is geared to the jth cluster, then let ¢; = j. Utilize fi(-) to stand for the
partial dynamics of all nodes in the ith cluster. Let s;(t) be the solution of the network
system S, (£) = f3, (£, 5i(2), 8:(t — 74,(£))) (i = 1,2,...,m) with lim,_, o ||s;(£) — s;(¢) | # 0 (i #}).

The controlled complex network in regard to the complex system (2) can be depicted as

follows:

N
Q'Ci(t) :f¢i (t,xi(t),xi(t - T¢i(t))) +C1 Za,'jflxj(t)

j=1
N

+cszijF2xj(t—r¢i(t)) +u(t), i=1,2,...,N, (4)
j=1

where u;(t) (i =1,2,...,N) represents the hybrid controllers.
Define the error variables as follows:

ei(t) = x;(t) —s4,(t), i=1,2,...,N, (5)

where $g4,(£) = fy,(£,5:(£), si(t — 74,(£))) symbolizes the local dynamics of the nodes in the
¢:th group. Hence, when lim,_,, |le;(t)| =0 (i = 1,2,...,N), the complex network (4) can
achieve finite-time cluster synchronization.

Next, some indispensable assumptions and lemmas are given to demonstrate our pri-

mary consequences.

Assumption 1 ([8]) Assume that there exist constants ¢y, > 0 and 6y, > 0 for Vi, y € R”
and ¢ > 0 such that the vector-valued function fy, (¢, x:(¢), x:(t — 74,(¢))) satisfies the semi-
Lipschitz condition:
(x:(6) = 35(0) " (s (&1, i (£ = 74,(0)) =i (£, 7608, 3 (2 = 7,8)))
< 5, (5:(8) = 3:(0)) " (x:0) = 31(0)) + B0 (et — 7, (0)) — 31t~ 7, ®))) "
X (x:(¢ = 10,(®) = yi(t - 74,(8))), i=1,2,...,N. (6)

Assumption 2 ([8]) Assume that the time-varying delay 7,,(¢) is a differential function
and 0 < 7y, () <e < 1.

Lemma 1 ([34]) Suppose that there exist any two vectors x and y and a matrix S > 0 with

appropriate dimensions such that

2Ty <xTSx +yTS1y. (7)
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Lemma 2 ([25]) For x1,%3,...,%, € R*, and 0 < q < 2 is a real number, the following in-

equality holds:
2 2 2\4/2
et 7+ flaea |7+ -+ flacu T = (lloea 1+ Nloea I + -+ [l 1) (8)

Lemma 3 ([35]) Assume that there exists an indeterminate vector parameter o« which is
norm bounded, i.e., ||| < w, where w is a known positive invariable, and | - || represents

matrix 2-norms, then we have || —a| < ||@| + l«|| < ||&|| + .

Lemma 4 ([13]) Suppose that a continuous, positive definite function V(t) satisfies the
following inequality:

V(t) < -pVEi@E), VE>t,V(K) >0, )

where p >0, 0 < £ <1 are two constants. For any given time ty, V(t) satisfies the following
inequality: V75 (t) < VI75(t)) —p(1 — )t —to), to < t < t; and V(t) =0, Vt > t*, with t*
given by t* =ty + V175 (to)/[p(1 - £)).

3 Main results

In this section, our main results are described to make the complex network (4) realize the
finite-time cluster synchronization via pinning control. The synchronization errors are
represented by e;(£) = x;(t) — s4,(¢) (i = 1,2,...,N). Then, on the basis of complex network

(2), the synchronization error system can be obtained as follows:

N

éi(t) =j¢i (t,xi(t),x,»(t — Ty; (t))) +C1 Zaijl“le,(t)

j=1

N N
+eo Z byTei(t — t4,(0)) + &1 Z a;Tysy,(2)

j=1 j=1
N

+e3 ) byl (t—14,(8) +ui(t), i=1,2,...,N, (10)
j=1

where fj, (6,%:(0),x:(t — 74,®)) = fi,(6,%:0), (8 — 74,())) — fi, (510, 5:(E = 74,(8))) (i =
1,2,...,N). In order to accomplish the cluster synchronization in finite time, the hybrid

controllers are contrived as follows:

~giei(t) —ai(t), i €]y

ui(t) = -~
_wi(t)» i e]d),‘ \](15,"

(11)
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thereinto

a;(t) = kSign(ei(t)) ‘ei(t)‘u

—-
=

+

+ k(kl /t eiT(s)e,-(s) ds) N v (ei(t), e(t) H),
t—t¢i(t)
w;(t) = kSign(ei(t)) ‘ei(t)‘u (12)
+ k(kl /t eiT(s)e,-(s) ds) ’ lI/(e,'( t) H)
t—t¢i(t)
+ 2k (gl /tl eiT(s)e,'(s) ds) N llf(ei(t), e(t) ),

where i = 1,2,...,N; k is a tunable constant, g; is a positive constant denoting the con-

trol strength, and & is a positive constant; if |e(f)| # 0, ¥ (e;(¢), |le(®)]]) = ‘2, or else

W (ei(2), lle(®)|l) = 0. Besides, J,, represents all the nodes in the ¢;th group and ]¢i denotes
the nodes in the ¢;th group which is directly connected with the nodes in other groups.

Remark 1 By using the pinning control method for reference, a finite-time hybrid con-
troller u;(¢) has been designed. The structure of the hybrid controller is the same as the
one of the pinning controller, i.e., they both divide the nodes into two parts. Thereinto,
inie jdw the nodes are key controlling nodes, which means they will be controlled pref-
erentially. As we all know, the pinning controller is just appropriate for accomplishing
asymptotic or exponential synchronization of complex networks. Therefore, there are few
literatures to investigate finite-time synchronization by pinning control, not to speak of
finite-time cluster synchronization. For the purpose of realizing the finite-time cluster
synchronization of complex dynamical networks, the hybrid controller is contrived by us.

Theorem 1 Under Assumption 1, Assumption 2, and Lemma 3, if the following conditions
hold:

(1) n2+%—%k1<0,

(2) M+ c1hmax(Q) + 362*Amax (PPT) + 2ky — g1 <0,
where n1 = Gy, >0, 12 =04, >0, Q=AR® I', and P = BQ I, then the complex network (2)
under the hybrid controllers (11) can achieve cluster synchronization in finite time:

1-pn

(2Vit) 7, (13)

h<t<t'=tH+ !
(1 -k

where

Vitp) = Z (to) + klZ/ s)e;(s)ds

Lo— Tp; to

@y > / " eT(s)ei(s) ds. (14)

- Ji
9i=Liey\Jg, "

Moreover, e;(ty) and t4,(ty) are original constant values of e;(t) and t4,(t), respectively.
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Proof A Lyapunov—Krasovskii functional is constructed as indicated below:

V() = Z (Dex(t) + klzf (s)ei(s) .
ET¢

i=1

e Y [ e ds 15)

¢l l€]¢ \]¢

Calculating the derivative of V/(¢) in relation to time ¢ along the solutions of system (10)
outputs the following:

N
V) =) e () |:f¢i (&, 2:(8), %i(t = 79,(8))) =i, (&5:(0), 53 (¢ = 74,0)))

i=1

N N
+ Zaljﬂej(t) + ¢ Zbijl“zej ‘C¢t(t)) +u; () :| + =ky Ze (t)e;(t)

j=1 j=1

_1- ”" kz (£ - 14,(0))es(t - 74,(2)) glz Y e ®e.  (6)

¢i=1 L€]¢ \]¢

Inserting hybrid controllers (11) into V(£) and in the light of Assumption 1, we get

N N
Ve)<m Y el (Bet) +m2 ) ef (=, 0))eit = 4,(2)

-1 i-1
+crel (A ® I)e(t) + e’ ()(B® Dy)e(t — 14,(t))

+ l<1 Ze (t)e;(t) - %’ k Ze t r¢l(t))e,(t Ty, (t))

i=1

—Z Y qelBeilr) - Zzgle (Dei(t) - kZeT(t)

9i=Lic), g, =Liely,

X |:(k1‘/.t el-T(s)ei(s) ds> i lI’(ei
t—‘L’¢i(t)

_2/<2m: > e?(t)[(glftlel«T(s)ei(s)ds)Tlp(ei( ,

#i=1 i€]¢l. \j¢i

, e<t>||)+sign(ei<t>)|e,-<t>|“}

)],

where e(t) = (ler (D], le2@) ..., llex(®)])T; constants 11 > 0 and 7, > 0; and ® bespeaks
the Kronecker product of two matrices.
Let Q=A® I'], P=B® I, and from Lemma 1, we have

V(t) < me' (t)e(t) + nae™ (t - 74, (0))e(t — 74, (2))
+ cleT(t)Qe(t) + czeT(t)Pe(t - r¢i(t)) + %kleT(t)e(t)

_ %@'(t)kleT(t - Tdn(t))e(t _ %(t)) —g1eT(t)e(t)

Page 7 of 21
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-k Z e; (t) |:(k1 / T(s)e,'(s) ds) N ' (e,-
t To; (t)
+ sign(e;(t)) |e;(t)| i| ZkZ Z e} (t)

¢i=1 i€ ]¢z \]¢z

Je®])

1+p

X [(glfle?(s)ei(s)ds> ’ llf(e,» , e(t)H)]

< mel (De(t) + me" (£ — 74, (1))e(t - 74, (1)) + cre” ()Qe(t)

+ ;Cz eT(t)PPTe(t)+ el (t—14,(8))e(t — 74,(2)) + %kleT(t)e(t)

L0011 (e~ 1y 0)e(t - o) — 1T Ok 3 €0
- ke (£ -ty (0)e(t - 7, ) —gie' (t)e(r) — e;

i=1

X |:(k1/ ()eiT(s)ei(s) ds) i lI/(ei(t), He(t)H) +sign(e,-(t))‘e,»(t)‘“]
t—rq)l, t

_2ki Z e,»T(t)I:(gl /tl eiT(s)e,-(s)ds)Tu/(ei( ,

41 iy Vi

)|

< (772 ‘ % - 8k1> Tt = 14,(0))e(t — 74,(0) + (m + C1Amax (Q)

N
1 1
+ 500 hmax (PPT) + S ki —gl)eT(t)em - k;e?(t)

1
t 2
X |:(k1 / eiT(s)ei(s) ds) lI/(e,»
t—t¢i(t)
1+

—Zki Z e,T(t)[(gl /tl e;F(S)El'(S)dS)TW(ei( ,

$i=1je Jo; \j¢i

[e®]) + sign(ei<t>)|ei<t>|“]

)]

According to the conditions of Theorem 1, Lemma 2, and Lemma 3, we can acquire

N P L
V() < —kZeiT(t)[(kl / eiT(s)ei(s) ds> llf(e,- , e(t)||)

i=1 t—T¢i([)

+ mgn(el t) |el(t :| ZI(Z Z T(t

$i=1 l€]¢L \]¢L

(o[ F0ews) vl

N 144 N t “TM
< —kZ !el.T(t)ei(t)|T - kz (k1 f e} (s)ei(s) ds)

i1 i=1 =79, (1)

1+p

2

_2/<Z > ( / ! iT(S)el'(s)ds)

¢i=1 l€]¢ \]¢

Page 8 of 21
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t'[¢£

<24} S0 450 [ dveva

1+p
2

+kZ Z glf e el(s)ds>
¢i=1 l€]¢ \]¢

1+p

1+p
=-272 kV72 (t).

On the basis of Lemma 4, for any initial values, the synchronization error system (10) can

be obtained by the global stabilization in time b<t<t'=ty+ (2 V(to)) =" . When the

(1- M)
initial time £y = 0, we have t* = =) k(2V(O)) =", and we can know that the synchronization
time of network counts on value of the constants k(k > 0) and n0=<pc< 1) Denote T'(k) =
- u)k (2V(O)) . If we fix the u, then we get T'(k) = — k2 (2V(0)) =" < 0; therefore,

T(k) is the thoroughly monotone diminishing functlon. Namely, the more sizeable the
tunable constant & is, the shorter time is needed to achieve synchronization. Accordingly,
the complex network (2) can achieve the cluster synchronization in finite time z. This

completes the proof. O

Remark 2 In this section, we recommended the finite-time hybrid control method to
synchronize the complex dynamical networks with time-varying delays. There is a large
amount of consequences concerning asymptotic and exponential cluster synchronization
via pinning control [6-9, 15]. Nevertheless, so far as we know, there are few published
papers dealing with the finite-time cluster synchronization. And compared with the tech-
nique of asymptotic and exponential cluster synchronization for complex dynamical net-
works with time-varying delays, our consequences are capable of shortening the cluster
synchronization time.

In the following, we will give a simple pinning controller to achieve asymptotic cluster
synchronization of the complex networks (2) and compare their difference in time of ac-
complishing synchronization in numerical simulations. The pinning controller is given as

follows:

-giei(t), ie j¢i,

u(t) = , N
0, IAS ]¢i Vd’i’

(17)

where i=1,2,...,N; g is a positive constant denoting the control strength.

Theorem 2 Suppose that Assumption 1, Assumption 2, and Lemma 3 hold. If the following
conditions hold:

1) m+3 -5k <0,

(2) M+ c1hmax(Q) + 32 Amax(PPT) + 2ky — g1 <0,
where n1 = Gy, >0, 12 =04, >0, Q=AR® I', and P = BQ Iy, then the complex network (2)

under the pinning controller (17) can achieve asymptotic cluster synchronization.
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Proof A Lyapunov—Krasovskii functional is constructed as indicated below:

ZeT(t)e,(t)+ klz / e/ (s)ei(s) ds

£T¢t

@y, Y, / leiT(S)ei(s)ds. (18)

¢i=1 i€]¢i \j¢i ¢

Calculating the derivative of V(¢) in relation to time ¢ along the solutions of system (18)

outputs the following:

N
V) =) e () [fax (& 2:(8), %i(t = 79,(8))) = fi, (£ 5:(0), 53 (¢ = 74,(0)))

i=1

N N
+c Zaijflej(t) + ¢ Zbijfzej(t — 14, (¢ )) + u(¢) :| +=ky Ze (t)e;(t)

Jj=1 Jj=1

T@ 1-%@®, Ze — 74, (0)e(t - T4, (1)) glz > el®e®.  (19)

¢i=1 i€ ]¢z \]¢z

The process of proof is similar to that in Theorem 1:

N N
Ve <m ) el (Be®) +m Y e} (t—14,(8))ei(t - 74,(2)

i=1 i=1

+eet (A ® M)e(®) + 2" ©)(B® Dy)e(t —t4,(0))

R 1-14() —
+ ok ;e?(t)ei(t) - %/q D el (t—ty0))ei(t - 14,(8))

i=1

=30 el ety - YD ae] (edlt)

¢i=1 icly; \jdh' ¢i=1 iei(i)t
< met()e(t) + e’ (t — Ty, (t))e(t - r¢i(t)) +cret (£)Qe(?)
+ ;cz e ()PP e(t) + e (t Ty, (t)) (t — t@(t)) + %kleT(t)e(t)

_ 1_%‘z’i()klel"(t - t,pi(t))e(t —_ (t)) —gleT(t)e(t)

< (772 * % - 1;8k1>eT(t- Ty, (0))e(t — 7,(2)

1 1
+ (771 + Cl)\max(Q) + ECZZAmaX(PPT) + Ekl _g1>eT(t)e(t)

<O0.

The proof of Theorem 2 is completed. Therefore, the complex network (2) can achieve

asymptotic cluster synchronization via the pinning controller (17). O
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Remark 3 In the hybrid controller, the methods of selecting key controlling nodes come
from the pinning controller. As everyone knows, in the pinning control technique of com-
plex dynamical networks, how to select nodes as pinned nodes is a crucial, significant,
and interesting problem. In references [36—38], we can see that when a coupling matrix of
nodes is undirected, the authors can choose the highly connected nodes as pinned can-
didates, and when a coupling matrix of nodes is directed, they select the nodes whose
out-degrees are larger than in-degrees as controlled candidates. In this article, the nodes
can achieve cluster synchronization in each community by the hybrid control method,
whereas no synchronization arises among nodes in varying communities. We make those
nodes in the ¢;th group which are directly connected with the nodes in other groups to
be key controlling candidates.

Using the method of designing controller and constructing Lyapunov function in this
paper, three complex network models derived from system (2) deformation are presented
to realize finite-time synchronization respectively.

(1) When the cluster synchronization of complex systems (2) is changed into complete

synchronization as indicated below:

N
&) =f (L2 xi(t - 11(®)) + 1 Y aglix(t)

j=1
N

+e Yy bihxi(t-n), i=12,...,N. (20)
j=1

Construct the Lyapunov—Krasovskii functional as shown below:

V() = —Z el (t)ei(t) + /qZ/ el (s)ei(s) ds
+ kZZ/ e} (s)ei(s) ds + g1 Z/ e] (s)ei(s) ds. (21)

=1t i=l+1

Therefore, the finite-time hybrid controllers are redesigned as follows:

—giei(t) —ai(t), 1<i<l],
w(t) = gie;(t) — a;(t) i (22)
—w;(t), [+1<i<N,

in which

—-

i

/: " s)e;(s) ds) N ¥ (ei(t), |e®)]),

1+

t 2
f eiT (s)e;(s) ds) ' (ei
t—7r(t)
L
2

+ 2k (g1 /tl eiT(s)ei(s) ds) llf(ei

o;(t) = k51gn(e,(t ’el t)! kZ

(s
(+

2
r=

2
wi(t) = ksign(e(0) le(®)] + k>

r=1

el

Je@]).

Page 11 of 21
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Moreover, according to the proof of Theorem 1, the following conditions need to be
satisfied:

1 1 1
(1) m+ Cl)\max(Q) + Ecgkmax(PPT)ikl + §k2 41 < 0,

@ m-—tk <0,
2
1 1—82
3) - - ky <O.
() 5 ) 2 <

Then the complex dynamical networks (21) can achieve complete synchronization

in the finite time #; < ¢ + m(ZV(to)) T,

(2) When time-varying delays 7y (¢) are reduced to a positive constant v > 0 in complex
systems (2) as follows:

N
xi(t) = fy, (t: xi(t), x:(t — T))Cl Zﬂijplxj(t)
=1
N
+e ) byhx(t-1), i=12,...,N. (23)

Jj=1

The Lyapunov—Krasovskii functional is translated into
1 1, [t
(CREPSCLECEETDY [ deewe

tay, > /t lel-T(s)ei(s)ds. (24)

¢i=1 iefy \Iy,

Hence, the finite-time hybrid controllers are redesigned as shown below:

~giei(t) —ai(t), i€y,

ui(t) = .
—w;(2), i €Jp:\g;»

(25)

in which

1+p

o;(t) :ksign(e,»(t))’e,'(t)w+k<k1 /t eiT(s)ei(s) ds) ’ lI/(e,-(t),

e(t)

)7
1
¢ et

a)i(t)=ksign(e,»(t))|e;(t)’“+k<k1/ e?(s)e,»(s)ds) ’ lI/(ei(t),

-T

e®])

1+p

+ 2k<g1 /tl eiT(s)ei(s) ds) ’ lI/(e,-(t),

e(t)

)

and the following conditions need to be satisfied:

1 1
(1) m+ Cl)\max(Q) + Ecgkmax(PPT) + Ekl &1 < 0¢
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1 1
(2) 7’]2+§—§k1<0.

Then the complex networks (23) can achieve cluster synchronization in the finite
time £, < fy + m(z\/(to))%”

(3) In case of cluster synchronization without delays, the complex system (2) is
translated into

xi(t) =f¢i (t,xi(t)) +C Zuijflxj(t), i=1,2,... ,N. (26)
j=1

Construct the Lyapunov function as shown below:

V(e) = Z e a3 Y f T (S)ei(s)ds. 27)

¢i=1jc /¢L \]¢L

Hence, the finite-time hybrid controllers are changed into

wie) = —-giei(t) —o(t), i€y, ) (28)
—w;(t), i € Jp\gp»
a;i(t) = ksign(e;(2)) |es(£)[",

w;(t) = ksign(e,«(t)) |ei(t)|”“ + 2k<g1 /tl el-T(s)elf(s) ds) ’ lI/(ei(t), H

)

and the following condition needs to be satisfied:

(1) m + Cl)\max(Q) _gl <0.

Then the complex networks (26) can achieve cluster synchronization in the finite
time £3 <fo + u)k (2V(t0))

Remark 4 From the above consequences, it is clear that the pinning scheme in the hybrid
controllers are different between cluster synchronization and complete synchronization.
Furthermore, as is well known, the time-varying delays should meet 0 < 74,(f) < & < 1.
However, when delay is constant delay, it just satisfies T > 0. Of course, without time de-
lays, constructing a Lyapunov function and designing a finite-time hybrid controller is
more simple and brief.

4 Numerical simulations
In this section, we show numerical examples to certify the correctness and effectiveness
of the proposed finite-time cluster synchronization approach.

In the first instance, consider a delayed neural network with three communities as fol-
lows:

x(t) = f3, (6, 2(0), 2(t - 14,(2)),  ¢i=1,2,3, (29)

Page 13 of 21
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where x(t) = (x1(£), %2(2), %3())", fi (£, 2(8), (¢t — 71(£))) = D1x(£) + g11 (x(2)) + g1 (x(t — 71(1))),
S2(&,%(8), (£ = 72(2))) = Dox(2) + g21(x(2)) + g22(x(t — 72(2))) + H, and f3(¢, x;(£), (¢ — 71(2))) =
D3x(t) + g31(x(£)) + gz (£ — 73(2))).

In the numerical simulation, we select g1;(x) = (0, —x1x3,%1%) T, g12(%) = (0,6x,,0)7,
21(%) = (0,0,21%3)", gna(%) = (%1,0,0)", ga1(x) = (3.247(|x1 + 1| = [x1 - 11),0,0)", gaa(x) =

(0,0,-3.9065in(0.5x1))", H = [0,0,02]T, 11(t) = %%, 1,(t) = 2, ws(t) = 125, D, =
~1010 0 0-1 -1 -2.169 10 0

[284 0],D2=[10.2 o]andDS:[ 1 -1 1 ]
o o0-§ 00 -12 0 1953 -0.1636
The network model (29) with the above coefficients exhibits chaotic behaviors as shown

in Figs. 2—4, with original values x;(s) = 0.2, x;(s) = 0.4, and x3(s) = 0.5, Vs € [-2,0].

100
X3

50

100

Figure 2 The chaotic state of the first cluster

10000
8000
6000

X3
4000

2000

0
1000

X2 -2000 100

Figure 3 The chaotic state of the second cluster
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Figure 4 The chaotic state of the third cluster

Then we consider a complex dynamical network with 19 nodes, and there are three
groups in Fig. 1. The network is represented as follows:

N
~Q'Cl‘(l') :f¢i (t,xi(t),xi(t - T¢i(t))) +C1 Za,'jflxj(t)
j=1
N J
+C Z bijfzxj(t — Ty, (t)) + Mi(t), i=12,...,19, (30)
j=1

where I = I, = diag(1,1,1),¢1 = 10,c, = 1,6 =0.1, A=Y 1 4y, B=Y 1 by, N =19,k = 2,
ki = 1.4, and g = 41.4. After a simple calculation, we get Apax(A) = Amax(B) = —0.0456,
Amax(Q) = —0.0456, Amax(PPT) = 75.3617, ny = 3.4707, ny = 0.1, and V(0) = 7.677. The
above parameters are substituted into conditions (1) and (2) of Theorem 1, which are met
after computing. Next, we can see from Figs. 5-8 that the complex dynamical networks
with time-varying delays achieve cluster synchronization in finite time by hybrid control.
The following quantities are applied to measure the course of cluster synchronization:

Ei®) = [ gcr IO - 51011,
Ex(0) = /o0 I0) 52001,
Es(0) = |/ gycs 10) — 55011,

(31)
E13(t) = min [lx;(¢) =D, ¢i=1,¢=2,
Eq3(t) = min [|x;(t) - %), ¢i=1,¢;=3,
Ep3(t) = min [lx;(¢) — (D), ¢:i=2,4;=3,

where E;(¢), E2(t), and Es(2) signify the synchronization errors of each community of the
complex networks. E15(t), E13(t), and Ep3(£) symbolize the errors of the complex networks
between two diverse communities. The cluster synchronization is accomplished if the syn-
chronization errors E; (t), E»(t), and E5(£) converge to zero and E1,(£), E13(t), and Ep3(£) do
not when ¢t — t;. As shown in Fig. 5, it is clearly known that the nodes have achieved
finite-time synchronization in the identical group, but there is no synchronization among
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Figure 5 The synchronization errors in the same group and among the different groups

the varying groups. After computing, the finite time satisfies £ < 1.959. Figure 6 shows the
time evolutions of nodes of each cluster, which also illustrates that the complex networks
(4) can achieve cluster synchronization in finite time.

Compared with asymptotic cluster synchronization, the settling time of finite-time clus-
ter synchronization is bounded. It is shown that the convergence rate of finite-time clus-
ter synchronization is faster than that of asymptotic cluster synchronization. As shown in
Fig. 7, where line a represents the finite-time synchronization errors and line b represents
the asymptotic synchronization errors, line a converges to zero earlier than line b.

As pointed out in Sect. 1, for the sake of improving synchronization efficiency, we need
to select the nodes in the ¢th group to be the key controlling nodes, which has direct
connections with the nodes in other groups. Namely, the key controlling nodes are Nos.
3,4,5,7,8,13, 14, 15 in Fig. 1. It is shown that the selection method of controlling nodes
is more efficient than another hybrid controller which selects nodes (Nos. 1, 2, 9, 10, 11,
12,16, 17, 18, 19) as key controlling nodes. As shown in Fig. 8, where line a represents the
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Figure 6 The time evolutions of nodes of three clusters

hybrid controller (11) and line b represents the another hybrid controller, line & converges

to zero earlier than line b.
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Figure 7 The finite-time synchronization errors and the asymptotic synchronization errors

Remark 5 We can realize that, from the above numerical analysis, our hybrid control
method for achieving finite-time cluster synchronization of complex networks model is
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Figure 8 The synchronization errors under different controllers

effective, practical, and economic. In order to achieve cluster synchronization, we first

should observe the cluster framework of complex networks. Then, the controller could be
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concluded and designed by this explored cluster structure as well as the controlled nodes
could be selected. Finally, the cluster synchronization will be achieved below appropriate
coupling strength.

5 Conclusion
In this paper, the finite-time cluster synchronization for time-varying delayed complex
dynamical networks via hybrid control has been investigated. Sufficient conditions are
concluded via formation of the Lyapunov—Krasovskii functional and designing the finite-
time hybrid controller with time-varying delays. Hybrid control plans are presented to
make the complex dynamical networks achieve cluster synchronization. Eventually, nu-
merical simulations have substantiated the correctness and availability of achieving the
finite-time cluster synchronization of complex networks with time-varying delays by the
hybrid control technique.

Furthermore, in the coming research, we will consider how to broaden the condition
¢ < 1in Assumption 2 and investigate the finite-time cluster synchronization with adaptive
coupling strength c(¢) via intermittent hybrid control.
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