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Abstract

This paper is concerned with an optimal control problem for a linear stochastic
differential equation (SDE) of mean-field type, where the drift coefficient of
observation equation is linear with respect to the state, the control and their
expectations, and the state is subject to a terminal constraint. The control problem
cannot be solved by transforming it into a standard optimal control problem for an
SDE without mean-field term. By virtue of a backward separation method with a
decomposition technique, one optimality condition and one forward—backward filter
are derived. Two linear-quadratic (LQ) optimal control problems and one cash
management problem with terminal constraint and partial information are studied,
and optimal feedback controls are explicitly obtained.

Keywords: Feedback control; Filter; LQ optimal control; Necessary condition; SDE of
mean-field type

1 Introduction

One begins with a complete filtered probability space (§2, F, (F;)o<t<7,P), on which are
given an F;-adapted standard Brownian motion (w, @) with value in R? and a Gaussian
random variable & with mean o and covariance oy. (0, ®) is independent of &. Let T >
0 be a fixed time horizon, let R” be the m-dimensional Euclidean space, and let f, be
the partial derivative of f with respect to x. If x : [0, 7] — R is uniformly bounded, one
writes x € L*(0, T;R). If x : [0, T] — R is square-integrable, one writes x € L2(0, T;R). If
x:[0,T] x £2 — Risan F;-adapted, square-integrable process, one writes x € L%_-(O, T;R).
One also adopts similar notations for other filtrations and Euclidean spaces.

Consider the linear SDE

d.x; = ((ltxr + thEx: + btvt + LtEVt) dt + Ct dwt + Et d&)t,

xy =&,

where E is expectation, and v is a control process. Since Ex; and Ev, appear in the equa-

tion, one calls it an SDE of mean-field type. Assume that the solution x" to the equation is
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observed through

dy! = (fix! + fiEx! + g, + g Bv,) dt + h, déy,
Yo = 0.

The cost functional is
T
Jv] = E[/ I(t, ), Bxy, v, Ev,) dt + q’)(x"T,]Ex"T)]
0
Here v, is required to be o {y!;0 < s < t}-adapted and to satisfy

E sup [ve|? < +00
0<t<T

and
Eg(x7, Ex}) = 0;

the functions a, a, b, b, ¢, &, f, f» & & h, I, ¢ and ¢ will be specified in Sect. 2. This is a
partially observable optimal control problem with terminal constraint. This problem can
reduce to an optimal control problem with certain additional control domain constraint,
but it cannot be studied by classical control theory for SDE without mean-field term. From
this viewpoint, this problem extends some standard optimal control problems and covers
a few financial models.

Classical variation provides an effective tool for studying optimal control problems.
However, it is not always valid for partially observed optimal control problems. A main
reason is there is a circular dependence between the control v and the observation y".
In 2008, Wang and Wu [1] originally proposed a backward separation method. In 2018,
Wang coauthored their monograph [2], where the backward separation method was sys-
tematically introduced and was regarded as one of most important tools for studying par-
tially observed optimal control problems. Combining the backward separation method
with Girsanov’s measure transformation, the circular dependence between v and y" was
decoupled in Wang et al. [3], and then a necessary condition for optimality was derived.
Along this line, Zhang [4], Ma and Liu [5] extended [3] to the case of correlated state
and observation noises, and the case of risk-sensitive control, respectively. Buckdahn et
al. [6] studied an optimal control problem for SDE of conditional mean-field type. One
emphasizes that [3-5] and [6] are based on the assumption that the drift coefficients of
observation equations are uniformly bounded with respect to their components, which is
restricted in some applications. Using the backward separation method with an approxi-
mation technique, Wang et al. [7] generalized [3—-6] in the sense that the drift coefficient
of observation equation linearly grows with respect to the state, and for any £ > 0, the con-
trol v satisfies E sup,_, 1 |v¢|* < +00. Note that [7] did not study the case of mean-field and
terminal constraint.

Clearly, the control problem in this paper does not satisfy the assumptions above, and
then the foregoing techniques are not valid. To overcome the difficulty caused, one will
adopt a decomposition technique introduced in Wang et al. [8, 9], where a partially ob-
servable forward—backward stochastic control system without mean-field term and/or
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terminal constraint was considered. Combining the decomposition technique with the
backward separation method, one solves the control problem. The contributions of this
paper are as follows.

— One new necessary condition for optimality is derived. The condition together with
forward—backward filter provides an effective method for studying stochastic optimal
control with terminal constraint and incomplete information.

— Three LQ examples with terminal constraint and partial information are solved, and
optimal feedback controls are obtained by accident.

— An SDE of mean-field type naturally arises from the study of standard LQ optimal
control driven by SDE without mean-field term. This interesting contribution can be
found in Example 4.2 below.

The control problem is also related to those of Meyer-Brandis et al. [10], Elliott et al.
[11], Yong [12], Hafayed and Abbas [13], Ni et al. [14] and Hafayed et al. [15]. Specifically,
[10, 15], respectively, studied a mean-field type control problem with partial information,
where neither noisy observation nor filter is studied. The other work investigated mean-
field type controls with complete information.

The rest of this paper is organized as follows. In Sect. 2, one reformulates the con-
trol problem and provides preliminary results. Section 3 derives one optimality condition
and one forward—backward filtering equation of mean-field type. In Sect. 4, one explicitly
solves three LQ optimal control problems with terminal constraint and partial informa-

tion. Finally, in Sect. 5, one gives some concluding remarks.

2 Problem formulation and preliminary
Define x° and ° by two SDEs

dx? = (a2 + a,Ex?) dt + ¢ dw, + ¢y oy,

1
. 1)

and

ay? = (fix + fExO) dt + hy dévy,

2)
Yo = 0;

where a,a,¢,5,f,f,h € L*(0, T;R). Assume that the control v € L%(0, T; R). Define x"!

and y"! by
;‘crvl = atx;”l + ZztExr’l + b, + bEy,, 3)
xg’l =0,

and
gt = falt + LExPY + g + g vy, 4)

7 =0,
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where b, b, 2,2 € L*(0, T;R). It is clear that Egs. (1), (2), (3) and (4) have unique solutions,
respectively. Set

v_.0 v,1 v _ .0 v,1
X =x, +x, and y =y, +y;. (5)

It follows from Itd’s formula that x” and y” satisfy

dx; = (atxl[/ + ZztEx}’ + btvt + thVt) dt + Ct dwt + Et d(Z)t’

xp=£,
and

dy! = (fix! +]?zExZ +gve + @ Bv) dt + hy day, )
Yo =0,

respectively. For any v € L%-(0, T; R), one introduces a constraint condition regarding the
terminal state and its distribution

Eg(x7,Ex}) = 0. (8)
Let
ftyO:U{)’gioisft}, ff’vza{y;’;OSSEt},
and let U be a nonempty convex subset of R. Define three admissible control sets

0
Ul = {V‘Vt isan F, -adapted process with value in I/ and satisfies

E sup [ve|? < +oo},
0<t=T
0 - 5
Uag = {v|v €U,y isan F; -adapted process},
and
= {vlv € U,q satisfies terminal constraint (8)}.
It is easy to see that the inclusion relationship among them is
Uy 2 Una 2 Uy
With (5) and the definition of U4, one proves the equality
5 _ °
]:t :]:t , VEUyg.

In fact, since v, is F; 0—adapted, then it follows from (3) and (4) that y)"' is F, 0—adapted,
and thus y! is also F} 0—adapted by using the second equality in (5). This implies that F; ' c
Ftyo, v € Uyq. In the same way, one gets fjvv D) }"tyo, v € Uyq. Then one draws the desired
conclusion.
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The cost functional is in the form of
T
Jlv] = E[/ I(t, ), Bx;, v, Ev,) dt + ¢(x"T,]Ex"T)], 9)
0

where /: [0, T] x R? x U x R — R and ¢, ¢ : R — R are continuously differentiable with
respect to (x,x,v,v) and (x, X), respectively, and there is a constant C > 0 such that

¥ %)| < C(1+ |2+ |%),
[V (0, %) < C(1 + |x] + |%]),
|1t 2,%,v,9)| < C(L+ x> + & + P + [91),

|1, (& 2,%,v,9)| < C(1+ |x] + |%] + V] + [7]),

with ¢ = ¢, ¢ and x =x,x, v, V.
Then the optimal control problem with terminal constraint is restated as follows.

Problem (TC) Find a u € U, such that
Jlu] = inf J[v]
vEM§d

subject to (6), (7), (8) and (9). Any u satisfying the equality is called an optimal control of
Problem (TC), and x* is called the optimal state corresponding to u.

One also introduces an auxiliary problem without terminal constraint.

Problem (A) Find a u € U,q such that
Jelu] = Vérllzdlk [v]

subject to (6), (7) and

T
J[v] = E|:/ l(t,x‘t’,IEx‘t’, Vt,EVt) dt + ¢>(xVT,Ex"T) + K(p(x"T,IEx"T)], ke ACR. (10)
0

In what follows, one provides two preliminary results, whose proofs can be found in the
Appendix.

Proposition 2.1 For any k € A, one has

inf ]K[v’] = ing Jelvl.

J
V'elad velly

Proposition 2.2 Suppose that, for any k € A, u, is an optimal control of Problem (A).
Moreover, suppose that there exists ko € A such that

o(x7°, Exy®) = 0.

Then u = u,, is an optimal control of Problem (TC).
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Proposition 2.1 reveals the equivalence between Problem (A) and the problem of min-
imizing J, [v] over Z/Ifd. Proposition 2.2 together with Proposition 2.1 shows that one can
obtain an optimal control of Problem (TC) by the following procedures: (1) to derive all
optimal controls u, of Problem (A); (2) to find u,, satisfying Ego(x;K",Ex';KO) = 0. Then
such u,, is exactly an optimal control of Problem (TC). Clearly, it is a more convenient
approach in at least some detailed cases. See, e.g., Sect. 4 for more details.

This remark shows that the second procedure above can easily be finished in general,

and thus it is enough to study Problem (A).

3 Optimality condition of Problem (A)
Forany v, v; € Usq, let x” and x”/ be the solutions to (6) corresponding tovand vj,j = 1,2,....

For simplicity, we set

(Tf) = (t, x) + Q(xrj - x}’),E(x;’ + B(x:/ - x;’)), Ve +0(vj, — vt),E(vt +0(vj - Vt))),

(©7)

(14 B 20 E), (57) = (4B,
where A =v, u,, v, j=1,2,....

Theorem 3.1 If u, is an optimal control of Problem (A), then the backward stochastic
differential equation of mean-field type

—Apiy = [Atprcs + lx(@:uk) +E(@pe, + lk(@tu’( M dt — qe,dw, — G dioy,

(11)
Pt = 0(E7) + k() + E(pz(E7) + kpz(E77)),
has a unique solution (p,qy, i) € L(0, T; R?) such that for any v € U
E[(Hv(@?K;PK,n qk,tr é}(,t)
+ EH&(@?K;PW: Y.t él{,t))(v - uk,t)|-r.ty K] >0, keA, (12)

where the Hamiltonian function H is defined by
H(t,x,%,v,v;p,q,q) = (awx + a;x + byv + b)p + cq + g + Ut %, %, v, V).
Proof If u, is an optimal control of Problem (A), Proposition 2.1 implies that

]K [MK] = inf ]K [V]

0
vellyy

Foranyv e Z/Iaod, let x***¢¥ be the solution to (6) corresponding to u, + v, where 0 < g < 1.

Introduce the variational equation

kl,t = ﬂtxl,t + thEXLt + tit + thVt,

x1,0 =0,
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which admits a unique solution x; € Lff(O, T;R). It follows from Holder’s inequality that

2

limE su lx"””"—xuk —x1¢ =0.
t t 1t

e—0 0<t<T &

Combining the limit with the optimality of u, one derives the first-order variational in-

equality

0< lim Jle + ev] —J[u,]
e—0 &

T
= E/ (L(O7 ) %1 + (O ) Exry + L(Of v, + (O )Evy) dt
0
+E[(0x(EF) + k@ (E7) )11 + (82(EF) + kz(EF))Exy, 1]
On the other hand, once x* is determined by (6), (11) admits a unique solution (p, g, gx)

in L%.(0, T;R3). Using It0’s formula to x1p, and inserting it into the variational inequality,

one gets

T -
E / [b1pes + 1(O) + E(bupes + (02 )) v dt = 0.
0
Duetou, € Z/{fd and the arbitrariness of v, one deduces
]E{ [btp,(,t + ZV(G);‘”) + E(l_otp,(,t + l;(@f‘“))](\) - u,(,t)|]-'tyo} >0, foranyvel.

Ui 0
Recalling for any u, € Uyq, ]—'f' = }"ty , then one draws the desired conclusion. O

According to (12), one needs to compute the optimal filters of (11) and (6) depending
on F; " in order to compute u,. For this purpose, one denotes by

B, =E[@,|F] | with @, =a0,x!,v € Usq
and
'f/t = ]E[th]:g/ K] Wlth lp[ =pl(,t7 x?’(p,(,t, étuk
the filters of @, and ¥, respectively. Moreover, one denotes by
v an\2
X, =E(x} - %))

the mean square error of X}, v € Uyq. Using Theorems 2.1 and 2.2 in [2] to (6), (7) and (11),
one derives the filters £/ and p,; of x/ and p,., with respect to F; .

Theorem 3.2 For any v € Uy, the filters x, and p,; satisfy

Az} = (a&) + @ Bx) + b, + bBv,) dt + (C + Zofihi;t) dévy, 13

oV
x() = Mo,

Page 7 of 17
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and

—dpey = lapey + BULOMF" ) + E@pe, + (01} dt — Q. déy,

u (14)
Pt = Elpu(E7°) + kpu(ET)F7 1+ E(px(ET) + k0x(E79)),
respectively, where X is the unique solution to
2t —2a; %+ (¢, + Etftht_l)z —(c + 5t)2 =0, (15)
Z‘0 =00,
t -
@y = / it dy? - (20 + fExD) ds], (16)
0

is a standard Brownian motion with value in R, and
Qe =2/ + (% Py — 3/ D )fih;
One emphasizes that (13) with (14) is a forward—backward stochastic differential filter-
ing equation of mean-field type, which has a unique solution (x*, p,., Q) € L;W (0, T;R3)

for given u,. It shows that Theorem 3.2 is different from the usual filtering theories. See,
e.g., Xiong [16].

4 Three LQ cases of Problem (TC)
In this section, one aims at illustrating Theorems 3.1 and 3.2 by three examples. For conve-

nience, one still adopts the state equation, the observation equation, and the correspond-
ing assumptions introduced in Sects. 2 and 3 unless noted otherwise.

Example 4.1 Find an admissible control to minimize
1 T 2 = 2 -
T = EE{/O [A/(x})" + A (Ex})” + B,v; + By(Ev,)*] dt
D) + D(ExVT)Z} 17)
over U, with U = R and the terminal constraint
Exr =y, veR (18)
subject to

dxr = (ﬂtx;/ + ZztEx}’ + tit + thVt) dt + Ct dwt + Et d(Z)t,

xp =&,

(19)

and

dy; = (fix] +ﬁ]Ex}’ +gve + @ Bvy) dt + hy déoy, (20)

y0=0,

Page 8 of 17
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where A,A,B,B € L*(0,T;R), A; >0, A, + A, >0,B;>0,B, +B;>0,D>0,D+D>0,
b#0and b+b #0.

Define an auxiliary cost functional without terminal constraint
Telvl =Jelvl -y

with
1 g W2, a1 v\2 2, D 2
Je[vl = EE / [Ac(x))” + Ar(Ex})” + Byv; + By(Ev,)*] dt
0
+D(xy)” + D(Exy)? + 2KxVT}, K €A. (21)

Since both « and y are constants, it is enough to minimize (21) over U,q subject to (19)
and (20). One will use three steps to explicitly solve the example.
Step 1 Candidate optimal control of the auxiliary problem without terminal constraint.
With the data, the Hamiltonian function is

H(t,%,%,V;pe, e i) = (@ + @ik + by + B)p,c + i + &
1 - -
*3 [Ax® + A(%)> + By? + B,(v)?],
where (py, g« q,) is determined by the Hamiltonian system

dx' = (' + a,Ex’™ + by, + bBue,) dt + ¢, dow, + & déy,
_dpl(,t = [ﬂtpk,: + Atxtu + E(Eltpk,t + Atxtu)] — Yt dw; - ZIK,t ddy, (22)

xp< =&, per=Dxy +DEx} +k.
If u, is an optimal control of the auxiliary problem, then it follows from Theorem 3.1 that
Bithey + bipes + BiEu,; + bEp,; = 0.
Solving it, we get
ey =Bt {btio,(,t + [1_9[ —By(B; +B,)}(b, + E,)]Ep,(,,}. (23)

Step 2 Feedback form of (23).
Inserting (23) into (22) and taking expectations, one gets an ordinary differential equa-
tion

LBy = (a, + a)Ex — (B, + B) " (by + b)*Epes,
LEpes = —(A + AEXS — (a; + 3)Epe, (24)
Exi = o,  Ep,r = (D + D)Exy + k.

Note that the first equation and the second equation in (24) are coupled. Since

—(By + Bt)il(bt + [-9:)2 <0,
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the assumption condition of Theorem 2.6 in Peng and Wu [17] is satisfied, and hence (24)

has a unique solution (Ex*, Ep, ). Noticing the terminal condition of (24), one sets
Ep.: = a,Ex?" + Bets (25)

where o and g, are deterministic and differential functions such that «7 = D + D and

Be,r = k. Using the chain rule for computing the derivative of (25), one has

d s d_. ., .
EEPW = o B + atE]Ext“ + Bt

= [Olt + (ﬂt + th)ott — (Bt + Bt)_l(bt + Et)zoltz]Ex?K

+ BK,t — oy (B + Bt)_l(bt + Bt)zﬂk,t'

Comparing the equality with the second equation in (24), one deduces

dt + 2(ﬂt + l_lt)olt — (Bt + Bt)_l(b[ + Bt)za? +At +At = 0,

_ (26)
or = D+ D,

and

3, a, — (B; + B,) 1 (by + b)) B = 0,
By +las+as— By + By) ™ (b + b)) B 27)
,BK,T=K~

It is easy to see (26) and (27) admit unique solutions, respectively. Inserting (25) into the
first equation of (24), one derives

%]Ex?“ =[a;+a,— (B + Bt)_l(bt + l;t)zat]ExtuK
—(Bi +B)7 (b, + Et)zﬁi(,t, (28)
Exg‘ = Mo.

Using Theorem 3.2 to (22) with (23), one gets a forward—backward stochastic differential
filtering equation of mean-field type,

Azl = [a &Y — BB Py + aBxl — (B, + B,) ' (b? + 2b,b; — B;'B;b?)Ep, ;] dt
+(C + Dl doy,
) (tAutfttA) t_ o A 029)
—dpyy = [Atxtk + aiPit t+ E(ﬂtpx,t + Atxtk)] dt — Q. day,
X< = o, Por =D + DExY +kc,

where X and & satisfy (15) with (16), and Ex** and Ep, solve (28) and (25), respectively.
Since b # 0, (29) admits a unique solution (X%, p,., Q) € Li—‘y”’( (0, T; R3) by Theorem 2.6 in
[17] again. Similarly, let

Dy = DAY + LER + Ay, (30)
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where I', I" and A, are three deterministic and differential functions satisfying I'r = D,

I'r =Dand A, 1 = «. It follows from It&’s formula that

APy = LAY dt + T, d3 + LERYS dt + T, dERY + A, dt

= (I} +a. I} - By b TR dt

+ {ft + [ﬂt +ay — 2(B; + B) by + [;t)zn]I;t — (B + By (be + I;t)zftz

- (Bt + Bt)_l (5? + 2bt5t — B;lBtb%) [}2 + El[[‘t}]E;CtMK dt
+ {AK,t — (I + I1)(Be + B) ' (b + Bt)2AK,t} dt

+ (S + Zifih; ') dédy.
Comparing it with the second equation in (29), one deduces
Iy +2a,: 0T —By'D2T? + A =0,
FT = Dl

f't +2[a; +a,— (B, + Bt)_l(bt + Et)zpt]ﬁt — (B + Bt)_l(bt + Bt)zft2
— (B; + B,)"M(b? + 2b,b, — By'B,b))I? +2a, T, + A, = 0,
fT = D;

and

Ak,t +lag+a,— (I + I;t)(Bt + Bt)fl(bt + l;t)z]AK,r =0,

AK,T = Ky
which admit a unique solution, respectively. Plugging (30) into (23), one gets

U = —Bt_l{btrtfctuk + [btft + (B, + Bt)_l(Btl;t —Btbt)(rt + I;t)]EfCtuK

+By(B; + By) M (be + l;t)AK,t},
where I', I, A, and 3% solve (31), (32), (33) and

dxl = {(a; — b2B; T)RY + [a, — (B; + B) ™ (b, + by)*T,
— (B; + B)"\(b? + 2b,b, — B;' B,b?) I |E&}*
— By +By)M(by + b)* Ay} dt
+ (¢ + ZyfihY) davy,

AU,
xo’( = Mo,

respectively.
Step 3 Optimal control of Example 4.1.
Solving (27) and (28), one gets

T
,Bl(,t — Keft Ps ds,

(31)

(32)

(33)

(34)

Page 11 of 17
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t
- - T
B3 = poeli %~ / (By+ By) 7 (by + by)els ki ondr s,
0

with
pr=ag+a;— (B + Bt)_l(bt + Z’t)zat'
Recalling the terminal constraint (18), it yields

poel Pty
Ko = T = — T .
Jo (Be+B) (b, + by)2e )i rss dt

(35)

Then Proposition 2.2 implies the desired conclusion. The above deduction is summarized

as follows.

Proposition 4.1 The optimal feedback control of Example 4.1 is given by (34) with k being

replaced by (35).

Example 4.2 In particular, if one lets the coefficients of (17), (19) and (20)A=B=D=a =
b=c=f=f=g=g=0on [0,T], then Example 4.1 is reduced to an LQ optimal control

with terminal constraint and complete information. Further, let v € L2(0, T;R). Since v is

deterministic, Proposition 4.1 implies that the optimal feedback control is

—1 Ui
Upot = _Bt bt(a[]Ext + IBK(),t))
where «, B, and x*o satisfy

dt + 2@0[,5 —Bt_lb?a? +At =0,
ar :D)

T 1,2
as—B; bias)ds
Byt = oelt (@s7Bs bias)ds,

and

Hic Hicq 17,2 Hico —-17,2 P
dx; = (awx; ° — B, by Ex; ° — B, by By, ¢) dt + ¢ d vy,

with

Lhoe L (@B b2ay) dt

= T —1,2 ’
foT Bt—l bf e2Ji (as=B3'bias)ds gy

Ko

respectively.

(36)

Note that (36) is an SDE of mean-field type. It shows that one begins with a classical

control system without mean-field term, but one ends up with a control system of mean-

field type. This is a very interesting phenomenon indeed.

Page 12 of 17
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Example 4.3 One denotes by v the rate of capital withdrawal or injection of a firm, and by
x” the cash-balance process on [0, T']. Assume that the liability of the firm is governed by

—dz: = tit dt + Ct da)t + Et d&’)t,

where ¢; dw, and ¢, d®, describe the liability risk. Assume that the firm owns an initial
investment £, and only invests in a money account with compounded interest rate a. Then
the cash-balance is denoted by

t
x) = efot“"ds<§ —/ e‘fga’drdZ;/),
0

whose differential form is the same as (6) with & = b = 0. Due to the discreteness of the
account information, the firm partially observes the cash-balance by the corresponding
stock price

dsy = S!(fix} + g + %h?) dt + h; day],
Sy =1.

Set
y; =log§;.

It follows from It&’s formula that y” is governed by (7) with £, = g, = 0. The firm hopes to
find a suitable v such that

T
Jv] = %E[/o vf dt + (xVT — Ex"T)z]

is minimized over U{;; with terminal constraint (18). The model implies that the firm wants
to minimize the risk of x. and v under a fixed terminal cash-balance level. Since

By - Eay)” = E(xp)” - (Bap)’,

Example 4.3 is also a special case of Example 4.1. The following result is an immediate
one of Proposition 4.1.

Corollary 4.1 The optimal rate of capital withdrawal or injection of the firm is
Alky Al
U = —by (D%, + LEZ, + Agyr),
where I', I", A and 20 are the solutions to

Iy +2a, T, -b>T? =0,
I'r=1,

[y +2(a - b2 - B2 =0,
I;T = _11




Zhang Advances in Difference Equations (2019) 2019:160 Page 14 of 17

AKo,t + [at - (1—} + f't)b?]AKo,t = 07

Ao, T = Ko,

and
dz, = [(a; — B*I)R; = B2TEZ, — B> A ) dt + (& + Zifih; V) day,
?ACZKO = Mo,

with

T
joelo “d —y

Kog= —————.
[ e il ads gy

One remarks that the model in Example 4.3 is inspired by Huang et al. [18], where the
variance of v does not enter the performance functional.

5 Concluding remarks

This paper has studied an optimal control problem driven by SDE of mean-field tpye,
where the drift coefficient of observation equation is linear with respect to the state, the
control and their expectations, and the observation equation is explicitly dependent on the
control. This framework covers many more financial models including [18], but it causes
trouble in addressing the control problem. This trouble has been solved by the backward
separation method with a decomposition technique. The results obtained here partially
improve those of [3-6].

The traditional separation principle method is also applicable to study Problem (TC).
However, the traditional method cannot offer a valid way to derive an optimality condition
of Problem (TC). The reason is listed below. Let o(t,x) be the conditional density of x},
given the observable filtration JF, " Similar to Theorem 2.3 in [2], one gets

do(t,x) = {(3(c? + E?)%Q(t, x) + [aco(t, ) + (acx + @ Exl + by, + bEx}) L o(t,x)]} dt
+[fo(t,x)(x - [7 xolt, x)dx) - & ot x)]h, day,

_ (-pg)?

00,x)=—L—e 2% , (t,x)e[0,T] xR,

2moq

where
t 1 +00 -
D = / o [dy§ - / (fSX + fiBx + govs +§5EVS)Q(S’ x)dx ds:|
0 s -0

isan ] -adapted and R-valued standard Brownian motion, and hence, the cost functional
(9) is rewritten as

T p+o00
Jvl = E[/ / l(t, x, Ex}, vy, Evt)g(t, x) dt + q)(x, IEx"T)Q(T, x)].
0 —00

This is an optimal control problem driven by stochastic partial differential equation with
complete information. To obtain the optimality condition of the control problem, lots of
stochastic calculuses on partial differential equation should be needed. Then it seems that

the traditional method is not as effective as the case of Sects. 3 and 4 in this paper.
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Appendix
One presents three lemmas first, and then one gives a proof of Proposition 2.1.

Lemma Al For anyv; € L%(0, T;R), j = 1,2, there is a constant C > 0 such that

T
2
E sup |x —x|" < CE / Vi — vl dt.
0

0<t<T

Proof The estimate is obtained by Itd’s formula and Holder’s inequality. The details of the

proof are omitted to save space. O

Lemma A2 Forany v,v; € Usg,j=1,2,...,
hm ]K [V/] = ]K [V]
j—+00
Proof Using Taylor’s expansion, Holder’s inequality and Lemma A1, one gets
T T
‘E [ o [ e dt’
0 0
Tr pl y 1 y
_ ‘IE / [ [ rtyaoe! -y v [ (r)domte) - x)
o LJo 0
1 1
+/ lv(Tte) do(vj, —vi) +/ lV(Tf)dGIE(vj,t —vt):H
0 0

T
< C]E/ (1+ |x:’| + |x¥| +E|x:j| + E|x‘t’| + [Viel + vl + Elvje| + Elv|)
0

X (’x? —x¥| + |Ex:’ —IEx‘t” + Vi = vel + |Evj, — Eve|) dt

T
< C\/E/ (1 + ’xﬂz + |x¥‘2 + IEJ|x:"|2 + ]E’x}’!z + [Vel2 + [vel2 + Elvj|? + E|vt|2) dt
0

T
; 2
X < E sup ’xr’—xr + E/ |v}-,t—vt|2dt) -0
0<t<T 0

as j — +00. Here C > 0 is a constant which can be different from line to line. Similarly, one
has

Ep(5)) = E¢(8)),  Ep(8])— Ep(&})
with j — +00. Then the proof is complete. d
Lemma A3 U, is dense in U2,.

Proof For any v € U2, one defines a family of controls by

v, for0<t<g,
it -t ) .
5 f(i—l)a, veds, foris;<t<(i+1);
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where v € U, i, j are natural numbers, 1 <i <j—1, and §; = T/j. Similar to [8], one proves
that (i) v; € Uyq for any j, and (ii) v; — v as j — +o0 in Li__yo (0, T; U). Thus the proof is
complete. O

Proof of Proposition 2.1 From the definition of decision set, it is easy to see

inf J[v]= inf J[v].

/ 0
V'elaq VEZ/[ad

Then one only needs to prove the reverse inequality. Since v; introduced in Lemma A3 is
an element of U,q,

]K [V]] > inf ]K[V/]r

v Euad

and, consequently, it follows from Lemma A2 that

Je [V] = lim J, [Vj] > inf ]K[V,]'

j—+00 Veldyq
Then the arbitrariness of v implies the desired result. O

Proof of Proposition 2.2 According to the definition of optimal control and value function,
the desired conclusion is drawn by using the idea introduced in Chap. 11 of @ksendal [19].
One drops the details of the proof for saving space. d
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