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Abstract

This paper regards function matrix projective synchronization of two different
non-dissipatively coupled complex dynamical networks for different dimensions and
different nodes. In this kind of complex dynamical networks the internal delays are
different from the coupled delays. By using Lyapunov stability theory, using
mathematical induction, two different hybrid feedback controllers are built to realize
the function matrix projective synchronization. Compared with the existing results,
the coupling matrices do not need to be symmetric or diffuse. By giving a numerical
simulation we explain the validity and appropriateness of our conclusion.

Keywords: Function matrix projective synchronization; Complex networks; Hybrid
feedback control; Time-varying delays

1 Introduction

Lots of large systems in the real world, for example, biological neural networks, social
networks, food chains and food webs, can be depicted by complex networks. The com-
plex dynamical networks are composed of coupled nodes, in which all the nodes form the
edge-connected nonlinear dynamic system. In recent decades, the research of complex
networks (CNs) has drawn wide attention from scholars of various fields [1-6]. Especially,
synchronization as an important dynamic property of the coupled nonlinear systems has
been extensively studied in [7-11].

In recent years, a novel synchronization, called function projective synchronization
(FPS), was proposed and studied [12—15]. FPS is the coupled drive and the response sys-
tems could be synchronized to the scale function matrix. Therefore, FPS is a generalized
synchronization of chaotic systems. Obviously, FPS includes complete synchronization,
anti-synchronization and projective synchronization. If the scale function matrix is a unit
matrix or a constant, we can obtain projective synchronization, complete synchroniza-
tion or anti-synchronization. In the function matrix projective synchronization (FMPS)
approach, the uncertainty of the scale function matrix can improve the security of com-
munication [16, 17], therefore, FMS aroused wide interest of scholars.
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For example, based on adaptive control, the function projective synchronization for a
kind of chaotic system was considered in [18]. The function projective synchronization of
complex networks by a hybrid feedback controller was proposed in [19]. Additionally, fur-
ther consequences as regards the generalized matrix projective synchronization for gen-
eral complex networks were studied in [20]. Even though synchronization of the complex
networks for the same and different dynamic systems has been widely researched, the
premise is that the dynamic dimensions of the nodes are the same. Actually, most systems
are based on nonlinear dynamics, so the interactions between them may be completely
different. On the other hand, during the information transmission process, because of the
spatial and temporal characteristics of CNs, the time delays present in a single system and
the coupled delays between the nodes may differ at different times.

Inspired by the discussion of the above issues, by constructing a Lyapunov function,
applying mathematical induction, and using the matrix theory to study the complex net-
works for nonidentical nodes and different dimensions, we realize the function matrix
projective synchronization by the hybrid feedback controller. It is worth noting that the
coupling matrix is not required to obey symmetry or diffusion conditions. At last, a nu-
merical simulation is given to explain the validity and appropriateness of our conclusion.

Notation: In this paper, | - | respects the absolute value. [, denotes the #-dimensional unit
matrix. R” is n-dimensional Euclidean space, R"*” respects the set of the # x # real ma-
trices. A > B (A > B) denotes the matrix A — B is positive definite (nonnegative). diag(- - -)
means the block diagonal matrix. Amin(A) and Apax(A) are the minimum eigenvalue of
A and the maximum eigenvalue of A, respectively. The symmetric terms in a symmetric
matrix are respected by . || - || respects the Euclidean norm. If not clearly stated, all the

matrices of this paper are assumed to have compatible dimensions.

2 Preliminaries
A typical complex dynamical networks consisting of N dynamical nodes with different

intrinsic and coupled delays is described by

N
,(t) = fi(xi(®), x:(t - p(2))) + & Zci/Qijxj(t - (1)), 1)

j=1

where x;(£) = (%1 (2), %i2(8), .. ., i, (£))T € MW" stands for the state vector of the ith node, i =
1,2,...,N.fi(-,-) € W" is the vector-valued function. ¢ > 0 denotes the coupling strength,
p(t) and t(t) are the intrinsic time-varying delay and the coupled time-varying delay, re-
spectively. Q; € R stands for the inner coupling matrix, j = 1,2,...,N. C = (cj)nxn
represents the outer coupling matrix which satisfies c; # 0, if there exists a connection
from the ith to the jth node (i #); otherwise c; = 0.

Considering (1) as the drive system, then the response system under the controller can
be written as follows:

N

yi(t) = g (i), yi(t - p(2))) + & Z dyGyy;(£ = T()) + ui(2), (2)
-1

where y;(£) = (yi1(£), y22(£), - . s Yirm, (£))T e R stands for the state vector of the ith node, i =
1,2,...,N. g(-) € W" is a vector-valued function. ¢ > O represents the coupling strength.
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u;(t) is the controller. G;; € W™ stands for the inner coupling matrix, j = 1,2,...,N.
D = (dj)nxn denotes the outer coupling matrix which satisfies d;; # 0, if there exists a

connection from the jth node to the ith node (i #}); otherwise dj; = 0.

Definition 2.1 The function matrix projective synchronization between the drive system
(1) and the response system (2) is realized, if there is a matrix M;(¢t) € N> which is a

continuously differentiable scaling function such that
lim [yi(6) - Mi()x:(2)| =0, i=1,2,...,N.
t—00

Remark 2.1 By using different special expressions for the scaling function matrix, the
function matrix projective synchronization will be transformed into the complete syn-
chronization, the anti-synchronization, the hybrid synchronization and the projective

synchronization.

Definition 2.2 If for a continuously differentiable scaling function matrix M;(£) € R <",
such that ||y;(¢) — M;(£)x:(2)|| < Me™*, then the exponentially FMPS between the drive
system (1) and the response system (2) is called an implemented function matrix projective

synchronization with the exponential rate «, where M, € i*.
Assumption 2.1 For different time-varying delays, p(¢) and 7(¢) are differential expres-
sions and satisfy 0 < p(t) < p, 0 < 7,(t) < 7;, p(t) < p <1 and 7(¢) < u < 1, where p and 7;

are two constants.

Assumption 2.2 For the functiono(-,-) € R” is called to satisfy the QUAD condition, that
is, to say 0 € QUAD(L, A), if there are two diagonal matrices L > 0 and A > 0 hold on

=" (003 -0(,9) < (w=2"Llx~y) +E@-5)"AG-7),
for Vx,y,%,y € R".
Lemma 2.1 For Vx,y € W and a matrix R > 0, we have 2xTy < xTRx + y' Ry,

3 FMPS of non-dissipatively coupled CNs via linear and nonlinear feedback
control

In the following, we will give a linear and nonlinear feedback control methods to realize

the FMPS.

The error state vector is
e;(t) = yi(t) — M;()x;(8), (3)

where M;(£) € W™*" is the time-varying scaling matrix.



Shi et al. Advances in Difference Equations (2019) 2019:198

Then, from (1)—(3), the error system (EDS) would be deduced
éi(t) = 3i(t) — My()xi(t) — My(O):(t)

N
=gy, yi(t—p®)) +& Y dyGyy;(t - T(®))
j=1

+ 1 (8) — Mi(t)xi(E) — M), (2),

i=12,...,N. (4)
Next, the hybrid controller is considered as
ui(t) =ui () +ui(t), i=12,...,N, (5)

where
1 (£) = My(0)i(8) + Mi()xi(t) — g (M), Mi(t = p(8))x:(t = p(2)))

N
—e Y dyGyMy(t - T()x(t - T(2)),

Jj=1

ui(t) = —Biei(2),

and B; > 0 is the feedback gain. #{(t) is the nonlinear controller, while #{(¢) is the linear
feedback controller.
Thus, the SDE can be rewritten by

N

éi(t) =§i(ei(t),ei(t—p(t))) +SZGU(6j(t—T(t)) —,Biei(t), i= 1,2,...,N, (6)

j=1

where gi(ei(t), ei(t — p(1)) = g(yi(), yi(t - p(2))) — Gi(Mi(£)xi(8), Mi(t - p(&))xi(t — p(2))), Gy
dijGi].

Theorem 3.1 Under Assumptions 2.1-2.2, for the considered synchronization scaling
Sfunction matrix M;(t) € R™i>*"i, if

N
€ = = oy
Ekmax (12_1: thGZ;> + (1 - ;0) 1eapamax + Emax

N
& ar+a_</3i’ i=12,...,N, (7)

-t T2

then the drive system (1) and the response system (2) can realize FMPS by linear and non-
linear feedback control.

Proof Build a Lyapunov functional as follows:

Vier) = Viler) + Valey), (8)
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where

Vile,) = Z el (Dei(t),

Va(e,) = Z/ el (s)e”“ D Pe;(s) ds + Z/ el (s)e” D Rie;(s) ds,
T(t)

where P; > 0 and R; > 0 are the diagonal matrices which can be determined below.
The differential of V(e;) is obtained along the track of system (5), as follows:

N

Vile) =) el (t)ei®)

i=1

N N N
= el Oz (eit),e(t-p@) +e Y > el (Gye(t-7(8))

i=1 i=1 j=1
N

= Biel (Deild), )

i=1

N
Va(e,) = —a V(e + Z HPei(t) — (1 - p(2)) ’“"(t)eiT(t - p(0))Pie;(t - p(1))]
i=1

N
+> el ORes(t) - (1- (@) e Ve] (£ 7(t)) Ries(t - T(1)) ]
i=1
N N
<Y el O@+R)et) = (1= p)e” Y e (¢ - p(0)Piei(t - p(0))
i=1 i=1
N
—(1-p)e ™Y el (t- (@) Riei(t - 7(2)). (10)
i=1

It is worth noting g;(, -) satisfies Assumption 2.2. Accordingly, there are matrices L; > 0
and A; > 0, and we have

el ()i (ei(t), ei(t - p(1)))
<el (t)Liei(t) +ef (t - p(t)) Ajes(t - p(2)), (11)

where Li = diag(lil, l,’z, ey limi)’ Al' = diag(Bil, (sl'z, ooy (Sim,'): i=12,... ,N.
By Lemma 2.1, it is calculated that

N N .
ey > el ()Ge(t—(2)

Nlm

i=1 j=1
e NN f NN
522 GUG ei(t) + EZZ@, e, t—t(t))
i=1 j=1 i=1 j=1
N N N
=52 ¢
i=1 j=1

(t)G,,Gyrei(t) + %Ne Z el (t—t(®))ei(t - T(2)). (12)
i-1
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Then, according to (8)—(11), it follows that

Vie) +aV(e)

<— ZeT(t)el(t) + ZeT(t)L ei(t) + Ze p(®) Aei(t - p(t))

N N
%ZZe?(t)Gijégel(t + Naz (t—t(@®)e(t - 7(0)
i=1 j=1
N N
+ ZeiT(t)(Pi +Ry)ei(t) — (1 - p)e™™” Z el (t—p(t))Piei(t - p(t))
i=1 i=1
N N
—A-we Y el (t- @) Re(t—T(t) - Bi Y _ €] (Deilt). (13)
i=1 i=1
Let P =(1-p5)"'e* A, R; = 8 D”Im, then
. N P Ne
Vie) +aVie) < ;eiT (t) |:Li + /Xl: GGl + (1= p) e A + T

(_ - :31) ml:|ez(t)

Ne .
- |: max (Z GlIGzl) ) €™ 8 max + Lmax + me
a N
+ (E - ﬁi):| Zé’iT(t)ei(t), (14)
i=1

where 8ax = max{d;}, £max = max{l;},i=1,2,...,N,j=1,2,...,m,. O

4 FMPS of non-dissipatively coupled CNs via nonlinear and adaptive feedback
control

Next, we put forward a nonlinear and adaptive feedback control methods to achieve
EMPS. The hybrid controller is considered as

wi(t) = ul(0) + ul(t), i=1,2,...,N, (15)
where
uf () = Mi(0)%() + Mi()xi(2) — gi(Mi(0)i(8), Mi(¢ = p(8))xi (¢ = p(2)))
—¢ i dyGyM;(t — ©(0))a;(t — T(0)),
=

ui(t) = —Bi(t)ei(?),
Bi(t) = kie] (tei(),

Page 6 of 12
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and k; is positive constant, «{(¢) and u{(t) are the nonlinear controller and the adaptive
feedback controller, respectively.

By a similar analysis to above, one has

&it) = i) — Mi(@)xi(£) - Mi(£)x:(2)

N
=gi(et),ei(t - p(0)) +¢ Z Gi(ei(t - 7(®) — es(t — (1)) - Bi(t)es(D),
j=1
i=1,2,...,N, (16)

where g(e;(£), ei(t — p(£))) = &i(i(®), yi(t — p(©))) - i (M(0)xi(£), Mi(t — p(0):(t - p(2))), Gy =
d;Gy.

Theorem 4.1 Under the Assumptions 2.1-2.2, for the considered synchronization scaling

Sfunction matrix M;(t) € X", if there is a sufficiently large constant 8* > 0, satisfying

N
& = =T ~_1 N8 *
E)\max <;: szGij) +(1=0)" Omax + fmax + m <B 17)

then the drive system (1) and the response system (2) can realize FMPS under nonlinear
and adaptive feedback control.

Proof Build a Lyapunov functional as follows:

Viey) = Vile) + Va(ey), 18)
where
Ly 1L (Bilo) - B
Vi(er) = ) ;e?(t)ei(t) t3 ; —

N t N t
Vale) =y / el (s)Piei(s)ds + Y / el (s)R;ei(s) ds,
i-1 t—p(t) i-1 t—t(t)

where 8* > 0 is a constant. P; > 0 and R; > 0 are the diagonal matrices which can be deter-
mined as below.

The differential of V(e;) is obtained along the track of system (5), as follows:
N N
Vile) =Y el (&) + Y (Bilt) - B)e] (Dei(t)
i=1

i=1

N N N
=Y el Og(et),e(t—p@) +e Y > el (Gye(t - (8))
i=1 i=1 j=1

N
=Y Bl (D)eid). (19)
i=1

Page 7 of 12
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Then, similar to the proof of Theorem 3.1, and letting P; = (1 - 5)"'A;, R; = 2(11\]—_811)1,,,[, we
get the following result:

N N
Vie) <) el () [L,- + g D GG+ -p) A+ L, - ﬂ*[ml.:|ei(t)
i=1 j=1

Ne
2(1-p)
s N
=< |:§)Lmax (Z é;’IIG;) +(1- :5)718max + €imax
j=1
Ne * N T
i B } ;ei (t)ei(t), (20)

where 8max = max{8;;}, €max = max{/;},i=1,2,...,Nandj=1,2,...,m;.

In view of condition (16), one has V(e,) < 0. Let e(¢) = ef@),el(t),...,.ek )T, B=p*-
(%)\m%x(Z;\il Gljég) + (1 - ﬁ)_lamax + Emax + %); since V(et) > O; we have fot ,8~ ||e(s) ”2 ds =
- f(; Ves)ds < V(ep) — V(er) < V(eop). From (18), it is clear that V/(eo) is bounded. Then, by

Barbalat’s lemma, we have lim;_, ||e(£)||> = 0, which means the FMPS is realized. (|

5 Numerical example
A numerical simulation is provided to explain the validity and correctness of the theoret-
ical results we have given.

Consider the drive network as follows:

2
&i(t) = fi(xi(0), x:(£ — p(2))) + € Z i Qyx; (£ — T(0)), (21)

j=1

where x;(t) = (Xiny, %iny) T, i = 1,2, m = 3, nmy = 4, p(t) = (1i—[et)’ 7(t) = 1 — 0.2cos(2%),
filxi(@), x:(t — p(2))) = filwi(2)) + % sin(x; (£ — p(t))). Here, we consider the nonlinear functions
fi(x;(t)) which are composed of the hyperchaotic Rossler system and the Lorenz system

with nonidentical nodes:

36(x12(2) — x11(2))
Ax(®) = | 20w12(8) - 211 (O)x13(0) |
| —3x13(2) + %11 (£)x12(8)

10(x22(2) = %21 (2)) + %24(2)
2811 (£) — %22 () — %21 (£)x23(¢)
%21 ()% (2) — Sx03(2)
1.3x24(t) — %21 (£)%23(2)

So(%2(2)) =

The coupling matrices of system (20) are defined as

03 —09 04 -02 03
C:( ’ ) Qu=|02 -03 o04],

01 04
03 02 0.1
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02 -0.1 03
02 0 03 -05 0 03 on
=01 -03 04 o0 |, = ' -1,
Q2 Q=104 02 o1
03 02 01 -02
01 -02 05
01 -02 03 01
0|04 03 0 02
271203 02 -01 o1
0 02 01 -02

The response system with controller u;(¢) is described by

2
3i(8) = g (i), yi(t - p(8)) + £ Y dy Gyt = T(0) + mi(2),

j=1

(22)

ui(t) = ul (t) + u;(¢), (23)

where

U (£) = My(0):(8) + Mi(O)xi(t) — g (M%), Mi(t - p(®))x:(t = p(8)))
N
—& ZdijGiij(t - T(t))x]'(t - T(t)),
j=1
u;(t) = —Bi(t)ei(?),

Bi(t) = kel (ei(t), i=1,2,

g i(0),y:(t — p(2))) = Byyi(t) + %(cosz(yi(t)) —5;(t — p(t))), and the parameters of system
(21) are given by

1 =2 3 1
4 3 -1 2 o 1 -2 05 0
Bl = ) BZ = -3 -1 2 ) D= ) 3
3 2 -1 1 03 04
0 1 -1
0 2 1 -5
04 0 0 -01 02 01 0.1
01 03 0 -02 01 0 -01
G11 = ) G12 = )
0 0 01 0 01 01 0.1
01 01 -02 05 0 -02 01
01 01 0 -01 01 01 0
Gu=|l0 01 -01 02|, Gpu=| 0 -03 o1
0 -01 01 0 02 0 -01

Thus, we give the time-varying scaling matrices,

0 0 1
Mi(6) = 0 0.5sin2¢ -1
ne 2cost 0 1 ’

0 0 1-sint
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Figure 1 The state tracks of drive system (21)
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Figure 2 The state tracks of response system (22)
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The other parameters are taken as € = 0.5, k; = ky = 5, B1(0) = 8,(0) = 0.5. The initial
values of the state variables are random. Figures 1 and 2 demonstrate the state tracks of
the drive system and the response system, respectively. From Fig. 3, we know the state
tracks of the drive system and the response system can be realized as a function of matrix
projective synchronization with the hybrid controller (23). In addition, Fig. 4 demonstrates
the track of the adaptive feedback that obtains for §;(¢).

6 Conclusion

This paper studies the problem of the function matrix projective synchronization for dif-
ferent coupled complex networks for the nonidentical nodes and the different dimensions.
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et

Figure 3 The tracks of synchronization errors e;(t)

30

25 b

20 b

Figure 4 The tracks of adaptive feedback gains B;(t)

In order to obtain the FMPS in which the internal time delays are different from the cou-
pled delays, the hybrid feedback controller is given, by utilizing Lyapunov stability theory
and mathematical induction. The coupling matrices are not required to satisfy the sym-
metry and the diffusion conditions. Finally, through presenting a numerical simulation we

display the validity and appropriateness of our given scheme.
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