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1 Introduction

Since the first mathematical model for predator—prey was developed independently by
Lotka [1] and Volterra [2], the predator—prey models in ecology have received great atten-
tion [3-7]. Researchers studied the predator—prey models by analyzing their life history.
In the natural world, species can be divided into two stages: immaturity and maturity.
Therefore, the predator—prey models with stage structure are more reasonable than the
ones without stage structure. With the prey species as immature individual organisms,
we suppose that they are not attacked by predators, but as mature individuals, in order to
reduce their rate of encounter with predators, prey refuges play an important role in af-
fording the prey some degree of protection from predation. Kuang [4] showed that a time
delay could destroy the stability of the positive equilibrium and cause a Hopf bifurcation.
The delayed predator—prey models with stage structure or refuge have been studied by
many authors, see [8—12]. Especially, Wei and Fu [13] investigated Hopf bifurcation and
stability of a delayed predator—prey model with stage structure for prey incorporating prey
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refuge,

%1(t) = axy(t) — bx1 (t) — oxy (8),

B1=m)xz(£)y()
xz(t) lel(t) — sz(t) dx2(t) m, (11)
_ _ dB(l-mxs(t=1)y(t-1)
y( ) a1+b1 (1-m)xo (t—1)+c1y(t-1) ry(t)

where x; (¢), x,(¢) and y(¢) denote the densities of immature prey, mature prey and predator
at time ¢, respectively. m is a refuge parameter with 7 € [0, 1), T > 0 is the time delay due
to the gestation of the predator.

Prey refuge can protect the prey from the attack of predators in some degree. What will
happen if the predators cannot eat the prey? Now, additional food is very important for the
predators. In fact, additional food is an important component of most predators. Recently,
the effects of the additional food to predator in prey—predator models were investigated
[14-19]. Srinivasu et al. [14] reported the dynamics of prey—predator system in the pres-
ence of additional food for predator and discussed the effect of quality and quantity of the
additional food. Ghosh et al. [18] considered a predator—prey model with logistic growth

rate and prey refuge in presence of additional food for predator

\ _ c1(1 J )e1 NP
N(t)—rlN(l )_m, (12)
[ _ bi1[(A-c)eiN+epA'1P .
P(t) = TaihyeyAlthietN }"P,

where N (¢) and P(¢) represent the densities of the prey and predator at time ¢, respectively.
The parameters ¢’ is a refuge parameter with ¢’ € [0, 1).
Motivated by the above work, we propose a delayed predator—prey model with stage

structure for prey incorporating refuge and providing additional food to the predator,

x1(2) = axy(£) — bx1 (t) — oxy (8),

. Jy(1—
&a(£) = cuxn (£) — cxa(t) — dacd () — L=z, (1.3)

o\ _ kal(1-m)eyxy(t-1)+epA'ly(t=1)
y(t) - ay+hoeyA’ +hye1xa(t-7) - I"y(t),

where x1(£), x2(¢) and y(¢) denote the densities of immature prey species, mature prey
species and predator species at time £, respectively. a is the intrinsic growth rate of the im-
mature prey species. b, ¢ and r denote the death rates of immature prey, mature prey and
predator, respectively. « is the transformation rate from immature prey to mature prey. d
is intra species competition rate of mature prey. m is a refuge parameter with m € [0, 1),
k1(1—m) is the capturing rate of the predator. k; is the conversion rate of nutrients into the
production of predator species. T > 0 is the time delay due to the gestation of the preda-
tor. /1; and e, respectively represent the handling time of the predator per unit quantity
of mature prey, ability of the predator to detect the mature prey. s, and e;, respectively,
represent the handling time of the predator per unit quantity of additional food, the ability
of the predator to identify the additional food. A’ represents the biomass of the additional

food. All the parameters are nonnegative constants.
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Define k; := %, ky = %, ap = B= h1’ n= 82. The model (1.3) can be written as

61h1’

x1(8) = axy(£) — bx1 (£) — ax1 (2),
&a(£) = cuxn (£) — exa(t) — dacd () — S0, (1.4)

ko [(1=m)xg (t—1)+nA'ly(t-7)
(t) ay+pnA’+xo(t-1) ry(t)'

By denoting u; (¢) = 2=, uz(t) =23 v(t) = =a1d, & = the model (1.4) reduces
to the following form.

i (£) = auy(t) — buy (¢) — aun (2),

i2(8) = o (£) — cun(t) — dyud(t) — S (1.5)

1+B&+ua(t) ’

o) = keld-mus(t-1)+&]v(t-1)
V(t) - 1+BE +uy(t-1) - VV(t),

where the term f and & are the parameters which characterize the “quality” and “quantity”
of additional food, respectively. The initial conditions for model (1.5) take the form

u1(6) = ¢1(0) > 0, u(6) = ¢2(0) > 0, v(0) = ¢3(6) > 0,
0 €[-7,0), ¢1(0) >0, ©2(0) >0, ©3(0) >0,

(1.6)

where (¢1(0), 92(6), 93(0)) € C{[-7,01,R3}, R3 = {(u1,u2,v) : 1 > 0,15 > 0,v > 0}.

From the fundamental theory of functional differential equations [20], the model (1.5)
has a unique solution (u; (¢), u2(£), v(¢)) satisfying the initial conditions (1.6). It is easy to
show that all solutions of (1.5) with initial conditions (1.6) are defined on [0, +00) and
remain positive for all £ > 0.

The main contributions of the present paper are: (1) A stage-structured predator—
prey model incorporating refuge for prey and additional food for predator is formulated.
(2) The existence and local stability of equilibria and the existence of Hopf bifurcation of
the model are given. (3) The direction of the Hopf bifurcation and the stability of bifur-
cating periodic solutions are obtained by applying the center manifold theorem and the
normal form theory. (4) Numerical simulations are illustrated to show our main results.

In this paper, we assume the following conditions hold.

(Hy) aa-(b+a)c>0; (Hy) aa-(b+a)c<0;
(Hsz) 7+ (rB -ko)& >0; (Ha) 7+ (rB ko) <0;
(Hs) k(l-m)—r>0; (He) ko(1—m)—r<0;

(Hy) 0<u <@ -(brak
di(b +a)

(Ho) (b+a)c<an < (b+a)(c+2diub); (Hio) (b +a)(c+2diul + A) < ao;

; (Hg) (b+a)c<aa<(b+a)(c+2d1u;+A);

where u3, A can be found in Sect. 2 and Sect. 3, respectively.

Now we give the biological interpretation of the conditions (H;)—(Hjo).

From (H;), we have ac > (b + a)c, which means that the prey species keeps a linear net
growth without the predator species. The condition (Hs) can be rewritten in the form

Page 3 of 20
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r> llffgg . It means that additional food cannot ensure the survival of the predator species

without the prey species. The condition (Hs) is explained that prey species can ensure the
survival of predator species without additional food even if the prey species have refuge.
It is clear that the conditions (H;), (H4), (He) have opposite interpretation with (H; ), (Hs),
(Hs), respectively. The term ”Zl’((f:z))” in condition (Hy7) is the ratio of net growth with their
own retarded growth of prey species. This ratio is a critical value for 7. The condition (Hg)
can be simplified as 0 < ax — (b + a)c < (b + a)(2d 45 + A). It implies that on the one hand
the prey species keep linear net growth and on the other hand this growth is limited by
some value. Obviously, if (Hy) holds, then (Hg) holds. The condition (H;o) shows that the

linear net growth of the prey species is higher than the limit value.

2 Equilibria of the model (1.5)
In order to obtain the equilibria of the model (1.5), we consider the prey nullcline and
predator nullcline of this model, which are given by

au, —bu; —ou; =0,

2 (-muyy _
auy — cup — dius; — T = 0,
—-rv=0.

ka[(1—m)up +&v
1+BE+uy

Obviously, the model (1.5) always has a trivial equilibrium E((0, 0,0).
If the condition (H;) holds, then the model (1.5) has a predator-extinction equilibrium
il iy, O whete i = 525, 7, - e

If the conditions (H;), (Hs), (Hs) and (H5) hold, which imply

,3>&—§, and 0<m<min{1_i,1_i_d1[7+(’”/3—k2)§](b+01)}’

r k2 k2 Olkz((l - C) —bc

then there exists a unique coexisting equilibrium E,(u}, u3, v¥) of the model (1.5), where

S e a o u*_r+(rﬁ—k2)§~‘

V" pra? 27 k(l-m) -7’

. l[ac — (b +a)c—di(b+ a)u3](1 + BE + uj)
N 1-m)b+a) ’

3 Local stability of the equilibria

Let E(u1,u,,v) be any arbitrary equilibrium, then Jacobian matrix at E is given by

-b-o a 0
(A-m)(1+BE)v _ (-muy
Sz = * —¢—2duy - (1+B& +up)? 1+B& +uy
0 ka[(1-m)(1+pE)—E]ve T kl(-muy+£le™™
(1+BE+up)? 1+BE+uy

(a) Trivial equilibrium point: At the trivial equilibrium point E((0,0,0), the Jacobian
matrix is given by

-b-a a 0

J0,00) = o —C 0 ,

koEe T
0 0 21+f3§
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and the characteristic equation at Ey becomes

(A+r—k2$eM)[)L2+(b+oz+C)A+C(b+a)—aa]=0 (3.1)
1+ pE ’ '

then the equation
Mrbra+or+ceb+a)—an=0
has two roots, and we have A1 + Ao = —(b+a +¢) <0, LAy = c(b + ) — aa.

If (H;) holds, then A1, < 0, that is, Ey is an unstable saddle; If (H,) holds, then A1, > 0,
that is, Re(%;) < 0, i = 1,2. Another root of (3.1) is determined by the equation

—AT
Aaro g (3.2)
1+ pB&
Denote
. kage ™
) =A+r- TR

If (H,) and (H3) hold, we claim that Ej is locally asymptotically stable. Otherwise, there
is a root A satisfying Re(1) > 0, it follows from (3.2) that

k:
i “TReX cos(tImA) — r <

Re(1) = ; < ko
+ B§ 1+ B¢

-r<0,

which is contradiction. Hence the equilibrium Ej is locally asymptotically stable.

If (Hy) holds, it is easy to show that, for real A, f1(0) = r — 11?55 <0, and

Alim fi(x) = +o0.

Hence, f1(A) = 0 has a positive real root.
From the above discussions, we can get the following theorem.

Theorem 3.1 For the model (1.5):
(i) If (Hy) or (Ha) holds, then the trivial equilibrium Ey(0,0,0) is unstable.
(ii) If (Hy) and (Hs) hold, then the trivial equilibrium Ey(0,0,0) is locally asymptotically
stable.

Remark 3.1 It is easy to understand Theorem 3.1 from the biological meaning of (H;)-
(Ha).

(b) Predator-extinction equilibrium point: At equilibrium point Ej (i1, i3, 0), the Jaco-
bian matrix is given by

-b-« a 0
- (1-m)ix
Sy i 0) = o —¢—2d,iiy - 1+ﬂ§+1222 )
0 0 kol(-m)iy )™ _

1+BE+uy
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and the characteristic equation at E; becomes

( ko[(1 = m)iy + Ele™T
A+r— -
1+ B8E+u

=0, (3.3)

>[A2 +(b+a+c+2diu)rh + (b +a)(c+2diuy) —aa]

then the equation
2+ (b+a+c+2diip)h+ (b +a)c+2dii) —an =0
has two roots, and

M+Ay==(b+a+c+2diu) <0,
MAz = (b +a)(c+ 2diitn) — aa

=ax —cb+a).

If (H;) holds, then A;A, > 0, that is Re A; < 0, i = 1, 2. Another root of (3.3) is determined

by
oy Rl =mis rE] 69
1+ B&+u
Denote
fz()x) “A+7— M(f”.

1+ BE+u
If (H4) and (Hs) hold, it is easy to show that, for real A,

_ kol(1 - m)ii +£)

RO ==
1 _
= m[r(l +ﬁ§)-k2§ + [r—kz(l—m)]uz]
<0,

and lim;_, , f2(X) = +00. Hence, f,(1) = 0 has a positive real root.
If (H3) and (Hg) hold, we have f,(0) > 0. We claim that E; is locally asymptotically stable.
Otherwise, there is a root X satisfying Re A > 0. It follows from (3.4) that

hall = )ity + 1 _cges
1+ BE + iy
- ko [(1 = m)ity + €]
_— 71
1+ BE + i
= —£2(0) <0,

Rel = cos(tImA) —r

which is a contradiction. Hence, when (H3) and (Hg) hold, then Re A < 0.
Based on the above discussions, the following theorem can be obtained.
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Theorem 3.2 Suppose that (Hy) holds. For the model (1.5), we have:
(i) If (Hq) and (Hs) hold, then the predator-extinction equilibrium E;(ity, U, 0) is
unstable.
(i) If (Hs) and (He) hold, then the predator-extinction equilibrium E;(ity, U, 0) is locally
asymptotically stable.

Remark 3.2 1t is easy to understand Theorem 3.2 from the biological meaning of (Hsz)—
(He).

(c) Co-existing equilibrium point: At the coexisting equilibrium point E, (4}, u%, v*), the
geq p g eq p 1 U3
Jacobian matrix is given by

-b-« a 0
o « _ (=m)(1+BEW* _ (omyus
Jt wg vy = o ¢~ 2dyui; (1+pE +145)? L+BE+u; )
0 lollmpe) £ e Kollmugrle™
(1+ﬂ§+u§)2 1+BE+uj

and the characteristic equation at E; becomes
Mt (b+a+c+2diuy+A+r-BeT)A?
+ [(b +a)(c+2dvus + A) - aa

+(r=Be?")(b+a+c+2diul + A) + Me‘“}k

1+B&+u;

koyC(1—m)(b ;
+ (r —Be_“)[(b + a)(c +2du3 +A) - aa] + aC(L=m)(b + @Ju; e =0, (3.5)
1+BE+u;
_ (1=m)(1+BE) % _ kol-muz+€] B EvF
whereEA— per? ¥ >0,B= W —r>0,andC—A—m > 0, when m <
l-wp:
One can rewrite (3.5) so that it has the following form:
A+ (b+a+c+2diuy +A+r)A’
+[(b+a)(c+2dvus + A) —aa +r(b+ o +c+2dyuy + A) |
+7[(b+a)(c+2diuh + A) - aa]
kyC(1 — m)u}
+e | At + ke ClL = )iy —r(b+o+c+2dyuy+A)|A
1+B&+u;
kC(1—m)(b :
2C0—m)(b + @) —r[(b+a)(c+2d1u§ +A) —aa] =0. (3.6)
1+BE+u;

Let

Pi=b+a+c+2dius+A+r,
Pg=(b+a)(c+2d1u§+A)—aa+r(b+a+c+2d1u§+A),

Ps=r[(b+a)(c+2diuy + A) - aa],
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_ kC(A-mu;
YTl BEru
ke CA-m)(b+a)u;

- 1+ & +u}

—r(b+a+c+2diul +A),

Py

r[(b + a)(c +2dqu; +A) - aa].

Equation (3.6) can be written as
AP+ P1A% + Pyh+ Py + €77 (=rA? + Py + Ps) = 0. (3.7)

Case3.1.7 =0.
Equation (3.7) turns to

A.3 + (P1 - r)A2 + (P2 + P4))L + (P3 +P5) =0, (38)
then

Pi-r=b+a+c+2dius+A+r—-r=b+a+c+2diu;+A>0,

kC(1—m)(b+ a)us
1+BE+u;

P+ P5 = r[(b+a)(c+ 2du; +A) —aa] +

- r[(b + a)(c +2dyu; +A) - aa]

ke C(1-m)(b+a)u;
N 1+ BE+u;

(P1 —1)(Py + Py) — (P3 + Ps5)

=(b+oa+c+2diu} +A)[(b+a)(c+2d1u§+A)—aoz

kC(1 — m)us

b 2dul + A
+r(b+a+c+2duy+A)+ YT

—r(b+a+c+2diu} +A):|

ko C(1 —m)(b + a)u
1+B&+u;
ko C(1 — m)u
1+B&+u;

= (c+2dyuj + A)
+ (b +o+c+2du; +A)[(b+a)(c+ 2du; +A) —aa].

If the condition (Hg) holds, then (P — r)(Py + Py) — (P5 + Ps) > 0. By the Routh—Hurwitz
criterion, we see that the coexisting equilibrium point E, is locally asymptotically stable.
Case3.2.7 > 0.
Let A = iw (w > 0) be a root of (3.7), then

? +iwP; + Py — P1?) + (cos ot — isinwt) (iPsw + ro* + P5) = 0. (3.9)

(—ia)
Separating real part and imaginary part of (3.9), we have

Pywcos ot — (ro® + Ps) sinwt = «° - Pyo,
4

Pywsinot + (ro” + Ps) coswt = Piw® - Ps,
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that is,
_ (rP1+Py)w*—(rP3+PyPy—P1 P5)w*~P3Ps
coswt = (Pa) 2 +(Py +ra?)2 ’
. - _ 2 _
sinwr = = +(P1P5—P5+rPy)w”+(Py Pg P3P4)a).

(Pyw)2+(P5+raw?)?

Taking the square on both sides of (3.10) implies that
@° + (P} - 2P, - r*)o* + (P; - 2P\ P; — P} - 2rP5)w* + P - PZ = 0.
Suppose v = ?. Then (3.11) becomes
V2 + (P} — 2P, — r*)v* + (P — 2P\ P3 — P} — 2rPs)v + P; — P2 = 0,
where

P2 2Py —1* = (b+a+c+2dis + A+r)° —2[(b+a)(c+2dyuil + A)
—aa+r(b+a+c+2diul +A)] -1
= (b+a)* + (c+2dyuj + A)” + 2aa > 0,
P2 —2P,P; — P2 - 2rPs
= [(b+a)(c+2diuss + A) —aa +r(b+a +c+2diu + A)]°
—2r(b+a+c+2diuy +A+r)[(b+a)(c+2diu} +A) —aa

|:sz(1 -m)(b + a)ub
- 2r -r
1+ P& +uj

[(b+a)(c+2diul +A) - aa]]

ko C(1 — m)ul 2
- M—r(b+a+c+2d1u§+A) .
1+ P& +uj
. % ko C(1-m)uy
Denoting m; = b+ «, my = c+ 2duy + A, m3 = TipEar o Ve have
2

P35 —2P,P3 — P§ — 2rPs
= [mlmz —ao +r(my + mz)]2 —2r(my + my + r)(mymy — aa)

- 2r[m3(b +a) —r(mymy — aa)] - [mB —r(my + W12)]2

= (mymy — aa)? + 2rmz[my + my — (b + a)| — m3

= [(b+a)(c +2d1uj + A) —aoe]2

ko C(1 — m)u

1_ *
2r(c+2dyuy + A) - ke CL = )iy
1+ B&+uj

1+ B&+uj
= [(b + a)(c+ 2du’ +A) —aa]2

ko, C(1 — m)u; [2k2[(1 —m)ul + €]
1+ B& +uj 1+B&+u;

=[(b+a)(c+2dyus + A) - zzoz]z

kyC(1 - i
(c+2diuf +A) - w]

1+BE+u;

Page 9 of 20
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(3.11)
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k3C(1 — m)us

1- ok
1+ B8 +ub X |:(C+2d1”§)[2(1—m)u§+5]+5V*+ w}

(1+ BE +u3)?
>0,
P; — P? = (P3 + P5)(P; — Ps)
ke CA-m)(b+a)u;
1+B& +u;
~ kC(1 = m)(b + a)u
1+BE+u;
ke C-m)(b+a)u; |:/<2C(1 —m)(b + a)u}
1+ BE+u; 1+BE+u;
s 2k (1 — m)us [(b + a)(c + 2d1u3) — aa]
1+ B&+uj
260+ a)(c+ 2d1uy + A) —aa]  kyE(1—m)(b + a)usv*
* 1+ BE+uj " (1+ BE +us)? ]

|:r[(b +a)(c+2d1us + A) — aa

+r[(b+a)(c+2diuy +A) - aa]i|

If (Ho) holds, then we have aa < (b + a)(c + 2d, uj + A). Obviously, if (Ho) holds, it implies
that P2 — PZ > 0, and (P — r)(P; + P4) — (P3 + Ps) > 0, then (3.11) has no positive real roots.
Therefore, by Theorem 3.4.1in [10], all roots of (3.11) have negative real parts forall > 0,
which implies that the positive equilibrium E, (17, &5, v*) is locally asymptotically stable for
allT > 0.

If (Hio) ac > (b + a)(c + 2d1u; + A) holds, which implies that

koC(1 = m)(b + o)u
B 1+ P& +uj

P;—P5 = 27[(19 + a)(c +2du +A) - aa] <0,

then P2 —Pg < 0. Hence, there exists a unique positive root wy satisfying (3.11). From (3.10),

we get
(rP1 +Pg)wi—(rP3+Py Py—P1 P5)w3—P3 P
COSWwyT = e e (RCE
(Pgwo)*+(P5+raxg)
5 2
. —rw]+(P1P5—P5+rPy)ws +(Py P5—P3Py)w,
sinwyT = 0 115 522 0 2225 354 0.
(Pawp)*+(Ps+rag)
Denote
(}’Pl + P4)wfj - (VP?, + P2P4 - P1P5)a)(2) —P3P5 2nmw
T, = — arccos +—1 n=0,1,2,....

N (Pyo)? + (Ps + rapg)? o

Taking 79 = min{t,: n=0,1,2,...}, we see that £iwy is a pair of purely imaginary roots of
(3.7) with t = 7,,. Differentiating the two sides of (3.7) with respect to t, it follows that

di d). d.
(BA*+2P1A + Py) — +(=2rh + Py)e " — + (—rA> + Pah + Ps) [ —te™*" — —1e™*" | =0,
dr dt dt

then

<dk>‘1 _ 3)242PIA+ Py ~2r). + P, T
=7

_ + p— _,
dr A+ PiA2 + Pod+P3)  A(=rA2+Pyh+Ps5) A
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(7).
dt A=iwy

360% - P2 - 2iP1a)0 P4 — 2irw0 T

= + —_—
iwo(~iw§ + iPywo + Py — P1a])  iwo(rwl + Ps + iPywo)  iwg

[(Bw} — Py) (@} — Pywo) — 2Py (Ps — P1wd)] + i[-2P (@) — Pawo) + (3w — Py)(Prwd — P3)]
wo(@} — Pawy)? + (P3 — P1})?]

[—P2wo — 2rwo(Ps + rad)] — i[Pa(Ps + rwd) — 2rPywl]  t
' wol(Pso)? + (P5 + raR)?] " i
E +iF E —iF T
) wol(w§ — Prwy)? + (P3 — P1wd)?] " wol(Pawo)? + (Ps + rw?)?] wy

where

E= (36!)(% - Pz)(a)g —Pzwo) - 2P10)0(P3 —Pla)(z,),
F = 2P wo (0 — Pywo) + (3wj — P2) (P1owg — P3),

E' = —Pjwo - 2rag(Ps + ray),  F' =PuPs — Py,
Since
((,()g —P2w0)2 + (Pg —Pla)(%)z = (P4(,()0)2 + (P5 + ra)(z))z,

we have

(dx)‘l ~ 1[ E+E +i(F-F) r:|
dr * wo | (Pawo)? + (Ps + rad)? iy |’

r=iwg

By simple computation, we derive that

con | 4RE — conl Re[ -t
s dt L=iwg 8 dr A=iwg

1 E+F
=Sgny —
g wo (Pywp)? + (Ps + rw(z))2
3wg + 203 (P? — 2Py — r?) + (P3 — 2P, P3 — P; — 2rP5)
= Sgn
& (Pawo)® + (Ps + r})?
> 0.

Therefore, the transversal condition holds and a Hopf bifurcation occurs at @ = wy, T = .
In conclusion, we have the following results.

Theorem 3.3 Assume that (Hy), (Hz), (Hs), (H7) hold and m < 1 — IET For the model
(1.5), we have:
(i) If (Ho) holds, then the coexisting equilibrium Ey(u¥, us,v*) is locally asymptotically
stable for all T > 0.
(ii) If (Hao) holds, then there exists a positive number vy, such that Eq(uf, ul, v*) is
locally asymptotically stable for 0 < t < 1y and unstable for T > to. Furthermore, the
model (1.5) undergoes a Hopf bifurcation at E; when t = 1.
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4 Stability of bifurcated periodic solutions
In this section, we will establish the direction and stability of periodic solutions bifurcating
from the positive equilibrium E,, and we shall derive explicit formulae for determining the
properties of the Hopf bifurcation at 7y by using the normal form theory and the center
manifold theorem introduced by Hassard et al. [21].

For the model (1.5), expanding the nonlinear part by Taylor expansion, we rewrite (1.5)

in the following form:

i1 (t) = anui(t) + annus(t) + f1,
iy (t) = aziu1(£) + anuy(t) + axv(t) + fo, (4.1)
V(E) = as1v(t) + baua(t — T) + by v(t — 1) + f3,

where
v (1-m)(1+ BE)
an =—(b+a), a =d, ds =, ay =—c—2duy — ————— >~
11 12 21 22 14y (L+ E + )
(1 -m)u; ky(1 — m)v*(1 + BE) — k& v*
azs = 11 BE+ asy = -, b3 = "2 ,
+ BE +uj (1+ BE +u3)
ka[(1 — m)u; +&]
byp= —— == =0,
2 1+ BE+u; S

fo = a0ty (t) + arsua (E)V(E) + aseuy(£) + aryus(OV(E),
fz= aggu%(t —T)+azu(t—-1)v(t—1)+ u34u§(t - 1),

w(A-mspE)  (L-m)(Ls pE)
(1+BE +uz)? BT A+ BEvwy)?
40 - m)(1 + pE)

Ay = —2d1 +

v (L-m)(1+ BE)

oS T T A e T T e ey

. _ 2k[(1-m)(1 + BE) - E]V* . ka1 -m)(1 + pg) - &]
327 (1+BE +u3) ’ B (1+ BE +u3)? ’
_ 6ky[(1-m)(1 + BE) - E]v*

aszq = — .

1+ BE +u3)*

The linearized model (4.1) is

i1 (£) = ayui (t) + arpuy(2),
() = anui(t) + anus(t) + axsv(t), (4.2)

V(t) = 6131V(t) + b31142(t - 'L') + bgzl/(t - 'L').

Let T =19+ i, u € R, t =57, u1(st) = 211(8), us(sT) = 115(s), v(st) = ¥(s), denote u; = i1y,

Uy = lly, v =V, then (4.1) is transformed into the model

i1 (8) = (v + w)anur(t) + annux(t)],
uo(t) = (vo + )@ (£) + anua(t) + axnv(t) + for ()], (4.3)
U(t) = (1o + w)az1v(t) + baus(t — 1) + baav(t — 1) + f33(2)],
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where

So2(t) = arati(8) + assua (O)V(E) + aseuy () + azyusy ()V(E),

fas(t) = agzug(t — 1) +asux(t— vt -1) + a34u§(t -1).
Denote CK[-1,0] = {¢|¢ : [-1,0] — R3}, each component of ¢ has a Kth-order continuous

derivative. Let ¢(8) = (¢1(8), $2(8), ¢3(9))T € C[-1,0] be the initial data of model (1.5).

Define the operators
Ly =(t0+w)[A'¢(0)+ B'o(-1)],  f(u,¢) = (0 + )0, foa, f33),
with

an ap 0

A= dy1 dy a4z |,
0 0 asy
0 O 0
B=l0 o0 0
0 b3 by

and L, : C[-1,0] = R3,f: R x C[-1,0] — R3. Then (4.3) can be rewritten as u, = L, (u;) +
S uy).

By the Riesz representation theorem there exists a function 1(6, ) of bounded variation
for 6 € [-1,0] such that L,,¢ = f_ol dn(@, w)@(0), for 6 € [-1,0]. In fact, we can choose

00, 1) = (to + L)A'8(6) + (o + w)B'8(6 + 1),

where §(0) is the Dirac function.
For ¢ € C1[-1,0], define

), 0 €[-1,0),
(A.0)60) =1 4
f_l d’l(e, M)(f’(g)’ 0 =0,

and

0, 9 €[-1,0),
(R, 9)(6) =
f(u,0), 6=0.

The model (4.3) is equivalent to u; = A, u; + R, u;, where u; = u(t + 9), 6 € [-1,0].
For ¢ € C1[-1,0], define

_d¢(s) 0 1]
A* — ds ’ se ( et
( w)(S) f,ol d’lT(S’ 0)¢(_5)’ §= 07
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and the bilinear inner product

- 0 0 -
w690 = 5000 - [ [ 6o, (@)

where ¥ (6) € C'[-1,0], n(6) = n(6,0), and Ay and A* are adjoint operators. From the dis-
cussion in Sect. 3, we know that Fiwgty are the eigenvalues of Ag. Hence, they are also
eigenvalues of A*.

Suppose that g(6) = (1,q1,q2)Te 0™ is the eigenvector of Ay, corresponding to iwo o,
then g(0) = (1,41,42)", and g(~1) = g(0)e~™, By a direct calculation, we get

all ai 0 1 1
T | an as ass q1 | =iwoTo | q1 | >
0 bgle_iwofo as) + b32€_iworo q> 7P
then
iwy —an (iwg — aga)(iwo — a11) — anais
q1 = ) q> = .
a2 a12d23

Similarly, we can calculate the eigenvector g*(s) = D(l,q’{,qi)ei‘”‘)’os of A* belong to the

eigenvector —iwy Ty, then we get

an a 0

* * _ i * *
‘L’0D (1 ql q2) any a) a3 = —la)o‘L'()D (1 ql q2> 5
0 bSIeleTO as) + bgzelworo

then
g = —aiz(as; + b3pe™0™ + iwy)
1~ . ; . ; ’
(@22 + iwg)(az1 + b32e®0™ + iwg) — azzbz; €0
- a12a73
q) =

(ax + iwo)(as1 + b32€/0™ + iwy) — az3 bz ei@o™’

We normalize g and g* by the condition {g*(s),g(6)) = 1. Clearly (g*(s),q(6)) = 0. In order
to ensure that (g*(s),¢(0)) = 1, we need to determine the value of D. By (4.4), we have

(q*(s)r 6I('9)> = D(L é?’ é;)(l’ q1, 0]2)T

0 0
_ / / D(L,353)e ) d(O)(1, g1, q2) ¢ d
—1Je=0

0

=D(1+4q: +33q2) - D / (Lg},q3)0e ™" dn(0)(1,q1,92)"
-1

= D[1+7{q1 + 33q2 + 1075 (b31q1 + bsaga)e ™ ],

B 1
therefore D = ——— - el
1+41q1+43 92+ 7073 (b3141 +b3242)e ™00

In the remainder of this section, following the algorithms given in [21] and using a sim-

ilar computation process as in [22], we get the coefficients that will be used to determine
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several important qualities

&0 =210D(kng} + kn73), g1 = 0D (kg + k»g3)

202 = 210D(ki3q + ka373), &1 = 270D (kwg + kauds),

where

ki1 = axnq; + asq1qs, kiz = 2arq1q1 + ax(q192 + 4241)
ki3 = ang: + 14,
kia =an [élW(Q%) 0) + 2q1w(121)(0)] +3a%qiq1 + a7 (q%éz + 2q1q251)

1. 1.
+ ds [quw(z%)(o) +ga'2(0) + quw(f(’)) (0) + qlw(ﬁ)(o)],

—2iwTQ
7

ko = as:q; + assqiqe k= [2aq1q1 + ass(q19 + @2q1) Je >,

=2 = = —2iwQ T,
ks = (asq; + assqigz)e "™,

koa = az [f_llw(zé)(_l) +2q1 W(lzl)(—l)]e_iwom + 3az4qi g1 0™

1_ 1_ _
¥ a33[§qzw‘§3(—1> g (1) + Sqwh (1) + qlwﬁ?(—l)]e oo,

and

i . ig . )
W20(9) _ ngZ: q(o)elwo‘r()Q + 35(2)3_0 é(o)e—twotoé + EleZLwOTOH

_ ig20 @) + ig20

s 2iwo Tl
Q(Q) +Ele 0%o )
woTo 36()01’0

i , ig .
WH(@) __ 11 q(o)ezmoroﬂ i 811 E](O)e—lwotoe +E,
woTo woTo

-1 L0y + B g0) 4 E,.
woTo woTo

Moreover, E; and E, satisfy the following equations:

2i600 —al —a12 0 0
—as 2iwg — az —as Ey=2|kna |,
0 —b316_2iw010 2iwy — dzy — b328_2iw010 k21
—ailn —ai 0 0
—d a4 —as3 Ey=| k2
0 —b3s1 -azn-—-bx kaz

Furthermore, gj; is expressed by the parameters and delay in (1.5). Thus, we can compute
the following values:

i
C:(0) = Cy— <g20g11 —2lgn|* - 5

|goz|2) L&
woTo 3
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Re Cl (O)
Ha== Re —d’\d(m) ’
T

B2 =2Re C1(0),
Im C1(0) + pp Im dmo

2= »
woTo

which determine the properties of bifurcation period solutions at T = 75 on the center

manifold. From the above discussions, we have the following result.

Theorem 4.1 For model (1.5), the following results hold:

(i) The sign of u, determines the directions of the Hopf bifurcation: if p, > 0, then the
Hopf bifurcation is supercritical and the bifurcating periodic solutions exist for
T > Tp; if (4o < 0, then the Hopf bifurcation is subcritical and the bifurcating periodic
solutions exist for T < 1.

(i) The sign of By determines the stability of the bifurcating periodic solutions: the
bifurcating periodic solutions are stable if By < 0; the bifurcating periodic solutions
are unstable if B > 0.

(ili) The sign of T, determines the period of the bifurcating periodic solutions: the period

increases if To > 0 and decreases T, < 0.

5 Numerical simulations
We perform the numerical simulations of the model (1.5) to verify our theoretical results.
Takinga =3; b = 4,a = 4,C— L.d, = 8,m— Lok, = %;S 3,/3 2,r— 4,weseethatthe
conditions (H;) or (H4) hold. Theorem 3.1(i) is verified numerically in Fig. 1(a).
Takinga =3; b= i;a: %L;c=2;d1 = %;m:%;l@:%;&: %;ﬁ: %;r:Z;itisclearthat
the conditions (H,) and (H3) hold. Theorem 3.1(ii) is verified numerically in Fig. 1(b).
If we choose a =4.3; b = 4,05— 9,c 2;dy =1 sim= 4,/(2—3 E=58= 2,r 2; then the
conditions (Ha) and (Hs) hold. Theorem 3.2(i) is verified numerically by Fig. 2(a).
If we choose a = %;b: Lg=1c=2d = %;m: %;kzz %;S 3,/3 2,r—2 then the

3 2’
conditions (Hs) and (Hg) hold. Theorem 3.2(ii) is verified numerically by Fig. 2(b).

5F b
, (b)
—_ 47 —_
s $15
o8 3f o
;:N of ;:N 1
s A S 0.5)
{ \
0] ‘ ‘ ‘ ‘ or ‘ ‘
0 5 10 15 20 25 0 20 40 60
t t
Figure 1 Time series of u;(t), ux(t) and v(t) generated by the model (1.5). Three initial values are chosen as
(u1(0),u2(0),v(0)) = (0.2,04,0.9),(0.6,1.3,1.7),(0.01,1.5,2.2) marked red points, blue points and black points,
respectively. The dashed line stands for uy () = 0, u(t) = 0 and v(t) = 0, respectively. (a) The trivial equilibrium
Eo(0,0,0) is unstable. (b) The trivial equilibrium £¢(0,0,0) is locally asymptotically stable
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. (@
-y 12 3
s 3 =
o5 = 10 2
- S g,
3 2[ =g AN
-

u1(t
SR )
&

A
)/
i/

Figure 2 Time series of u; (1), ux(t) and v(t) generated by the model (1.5): (@) Three initial values are chosen as
(u1(0),u2(0),v(0)) = (1.75,2,0.5),(2.3,0.3,0.1),(1.1,1.5,0.8) marked red points, blue points and black points,
respectively. The dashed line stands for uy(t) = 0. (b) Three initial values are chosen as

(U1(0),u2(0), v(0)) = (14,5.2,0.8),(10, 2,2.4),(9,1.3,0.5) marked red points, blue points and black points,
respectively. The dashed line stands for uy (t) = 12.444444444446397, u,(t) = 2.666666666667100 and v(t) =
respectively

Figure 3 Time series of u;(t), uy(t) and v(t) generated
by the model (1.5): Three initial values are chosen as
(U1(0),u2(0), v(0)) = (8,0.5,21),(2,4,14),(1,6,12)
marked red points, blue points and black points,
respectively The dashed line stands for
U () =4.125000892829194,

u(t) = 2,250000487010802 and
v(t) = 17.406948324710228, respectively

u1(t),u2(t) & v(t)

yC=igdi=1m=

Ti5e» (Hg) and (Py = r)(P, + Py) -
numerical result of Case 3.1 can be seen in Fig. 3.

\X/henr>0 taking @ = 1.1; b =0.1; & = 3; ¢ = 10,d1— Lm=1k =05 & =35
B =45 r= g, we see that the conditions 8 = 4.5 > 7 -+ =3 714285714285714 0<
m=1<min{l - £,1- £ - Aliflogiin),; 05351562500000000 m=3<l-tip =
0.7910447761194030 and (Hy) hold. The numerical result of Theorem 3.3(1) is presented
by Fig. 4(a) for = 0 and Fig. 4(b) for t = 10.

Takinga =6; b=0.2; o = %;c- 1o’d1 4,rn— Lk, =05;6=35p8=45r= %;wesee
that (H,), (Hs), (Hs), (H7), (Hio) hold and 7 = 0.1509514710143546. The numerical result
of Theorem 3.3(ii) is presented by Fig. 5 for T = 0.06 and Fig. 6 for T = 0.5.

Lk =056 =35B=57r=1we
(P3 + Ps) > 0 hold. The

: 1
Takinga =1.1; b = 100 & =
see that the conditions m < 1 —

6 Conclusions

In this paper, we study a delayed predator—prey model with stage structure for prey incor-
porating refuge and provide additional food to the predator. By analyzing the correspond-
ing characteristic equations, we investigate the local stability of the equilibria of the model.
We discuss the existence of Hopf bifurcation by choosing time delay as a parameter. We
find that time delay can causes a stable equilibrium to become unstable one, even occur
Hopf bifurcation, when time delay passes through some critical values. Furthermore, by
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(b)

15K
g =
] o3 10(
3 E
= i

S
% 200 400 600 800

Figure 4 Time series of u; (1), uy(t) and v(t) generated by the model (1.5): Three initial values are chosen as
(u1(0),u2(0),v(0)) = (7,0.8,16.5),(2,4,10),(0.3,6,12) marked red points, blue points and black points,
respectively. The dashed line stands for u; (t) = 3.025001035342410, u; (t) = 1.650000564732131 and

v(t) = 11.155001498913562, respectively. (@) T = 0. (b) T =10

% 2000 4000 6000 0 2000 4000 6000
t t
145
140
_ ~ 135
4 4

2
20 40 ‘
0 000 4000 6000 uo 14 )

Figure 5 Time series of u; (1), ux(t), v(t) and phase portrait of the model (1.5) with

7 =0.06 < 79 =0.1509514710143546. An orbit from the initial condition (u1(0), u>(0), v(0)) = (7,1.2,125)
located in a sufficiently small neighborhood of the equilibrium £,(5.303571428572600, 1.650000000000400,
133.712142857161200) converges to the equilibrium £,. The simulation results indicate that the equilibrium
E; is locally asymptotically stable

applying the normal form method and center manifold theorem, we investigate the di-
rection of Hopf bifurcation and the stability of the bifurcated periodic solutions. We give

numerical simulations to show our main results.

From Theorem 3.3, we see that, for the stability of a coexisting equilibrium point, the
refuge has to be bounded by a value which depends on the quantity and the quality of
additional food. Results obtained in this paper provide a useful platform to understand
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= =} 2
5
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0 0
0 500 1000 1500 0 500 1000 1500
t t
160
150 160
140 ~ 140
s s
~ 130 120
120
5
110
0 500 . 1000 1500 uz(t) 0 u1(t)
Figure 6 Time series of u; (1), ux(t), v(t) and phase portrait of the model (1.5) with
7=0.5> 19 =0.1509514710143546. An orbit from the initial condition (u; (0), u2(0),v(0)) = (7,1.2,125) located
in a sufficiently small neighborhood of the equilibrium E,(5.303571428572600, 1.650000000000400,
133.712142857161200) converges to a periodic solution. The simulation results indicate that the equilibrium
E, is unstable and periodic solution is stable. The periodic attractor bifurcates from the equilibrium and
surrounds the equilibrium £, as the delay T crosses the critical value Ty = 0.1509514710143546

the roles of refuge and additional food. Therefore, refuge and additional food can be taken
as population controllers to study the prey—predator models.

Our results can be compared with the ones in Sahoo [17] which considered the role of
additional food in eco-epidemiological system with disease in the prey. So, we can extend

our predator—prey model to an eco-epidemiological system based on [17, 23].
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