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1 Introduction
As is well known, a common Lyapunov function (CLF) guarantees that the switched sys-
tem is stable under arbitrary switching [1]. As an impactful approach for the stability anal-
ysis, CLF has been widely employed for control synthesis of switched linear systems [2—6].
For instance, [7] used the classic quadratic Lyapunov function and solved the stabilization
problem for a class of stochastic nonlinear strict-feedback systems. Based on CLF method
for a class of switched nonlinear systems, [8, 9] have investigated three state feedback con-
trol methods; however, the nonlinear functions of the above control systems are known.
Additionally, the backstepping technique is used for the global stabilization problem for
switched nonlinear systems in strict-feedback form under arbitrary switchings [8]. The
adaptive backstepping approach is a recursive design methodology for controller design.
It constructs associated Lyapunov functions and feedback control laws, and its main pur-
pose is to design the adaptive laws and virtual control functions to counteract the unknown
nonlinearity of system [10]. In recent years, in view of several classes of switched nonlinear
systems, some backstepping control design methods have been proposed. Nevertheless,
few of them take into account the uncertainties that exist extensively in practical switched
nonlinear systems [6, 11].

In the last few decades, as a typical hybrid system, switched systems have been a great
concern with their increasing significance in engineering practice, such as multiagent sys-
tems, aircraft-control systems and circuit and power systems [12, 13]. Switched systems
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present switching between a set of subsystems resting with changing environmental fac-
tors. The system detects and breaks down various parameters in the changing environ-
ment, and then switches to the subsystem matching with the environment. So far, the
controller design and stability analysis of switched systems have proposed remarkable re-
sults [2, 14—20]. In the actual control system, the dynamic characteristics of controlled
objects such as production process, production equipment and transmission system are
difficult to describe by accurate mathematical model. With the change of working envi-
ronment, the components of the control system may be aged or damaged, and the char-
acteristics of the controlled object also change. All these factors lead to some inevitable
errors between the mathematical model of the controlled object and the actual object. For
example, in large power systems, due to the large dimension, many systems contain un-
modeled dynamic, uncertain parameters and random noise. In the actual operation, the
system will also be affected by various harmonic and load disturbances. These random
uncertainties of the power system bring about security risks to the normal operation of
the power system. All of the above systems can be described by switching system. Since
stochastic switched systems integrate the characteristics and difficulties of stochastic sys-
tems and switched systems, it is very difficult to analyze the stability and application of
stochastic switched systems.

Obviously, stochastic disturbance is considered as one of the unstable sources of con-
trol systems which usually exists in many practical systems [21-23]. So, for a determinis-
tic nonlinear system, the control for stochastic nonlinear system is much more difficult.
Therefore, the research on control design and stability analysis for nonlinear stochastic
systems is a significant and challenging subject, and it has been a topic of great concern in
the last few years [24—28]. Specifically, some control methods based on adaptive backstep-
ping technique for deterministic nonlinear systems [29-32] have been successfully gener-
alized to nonlinear stochastic systems [33—39]. For instance, an output-feedback backstep-
ping controller was developed for a class of stochastic nonlinear systems in [40], the state
feedback controller is designed for nonlinear stochastic systems with Markovian switching
[41] and [42] presented the backstepping control design approaches. Nevertheless, these
methods are only suitable for those nonlinear stochastic systems with known nonlinear
dynamic models. Adaptive output-feedback control methods for a class of uncertain non-
linear stochastic systems were proposed by utilizing the fuzzy logic system (FLS) and the
stability of the control systems was discussed in [35]. The results of [35] were extended to
a class of uncertain large-scale nonlinear stochastic systems. The approaches [17, 20] de-
creased the adjustable parameters. The presented controller in [43] has a simple structure
because the unknown virtual control signals were directly approximated via FLS. From the
above, adaptive fuzzy control approach plays an important role in dealing with uncertain
nonlinear systems.

Motivated by the above discussions, this paper presents an adaptive fuzzy tracking con-
trol method for a class of uncertain strict-feedback switched nonlinear systems with com-
pletely unknown nonlinear functions. In the design process, the unknown nonlinear func-
tions are approximated by utilizing FLS, an adaptive fuzzy control has been proposed by
the backstepping technique and CLF method. Compared with the previous results, the
advantages of this paper can be summarized as follows.

1. This paper studies the tracking control problem of switched nonlinear uncertain

systems, which is different from the available methods on switched nonlinear
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systems. The stochastic disturbance is considered and all system functions studied in
this paper are unknown completely. Therefore, compared with existing work, the
controlled system is more general and the control design is more challenging.

2. There are two kinds of adaptive fuzzy backstepping control approaches proposed in
this paper for a class of switched nonlinear uncertain systems. We propose a design
approach with multiple adaptive laws in the first place. After that, another approach
with only one adaptive law is presented in order to avoid too many parameters. In
addition, we use the norm of the unknown weight vector of FLS basis function rather
than the weight vector elements themselves as the estimated parameter at each step,
which significantly reduces the number of adaptive parameters. Therefore, the
presented control design approach becomes more practical to use.

The remainder of manuscript is organized as follows. The preliminaries and problem
formulation are addressed in Sect. 2. A novel adaptive fuzzy control scheme is introduced
in Sect. 3. A simulation example is developed in Sect. 4, Finally, conclusions are given in
Sect. 5.

2 Preliminaries and problem formulation

The following notations are used in this paper. R, means the set of all non-negative real
numbers, R” represents the real n-dimensional space, and R"*" stands for the set of all
n x r real matrices. || X| indicates the Euclidean norm of a vector x. C*>! represents the
set of all the functions V/(x, £) which belong to C? with respect to x and belong to C* with
respect to t. Tr(A) means a trace of the matrix A.

2.1 Stochastic stability
Consider a stochastic nonlinear system of the following form:

dx =f(x,t)dt + g(x,t) do, 1)

where x € R" is the state variable, f : R” x R* — R", h: R" x R* — R are continuous
functions, and w represents an independent r-dimension standard Brownian motion de-
fined on the complete probability space (£2, F, {F;};>0,P) with £2 representing a sample
space, and F being a sample o -field, {F;};>o representing a filtration and P representing a
probability measure.

Definition 1 ([44]) For the twice continuously differentiable function V(x, £), the differ-
ential operator L is defined as:

V. 9y 1 Ry
LV=—f+—+-Te{hT —h}. 2
V= a2 r{h ath} @

2 2
Remark 1 The term % Tr{hT%h} is called It6 correction term, % will be more difficult
to construct the common virtual control function and the unified adaptive mechanism for

uncertain switched stochastic systems than that of deterministic system.

Lemma 1 ([45]) Consider the dynamic system as follows:

S=-yst)+ xp(t),
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wherey >0, x >0and p(t) > 0 is a function, then, for bounded initial condition ¥ & (ty) > 0,
s(t) = 0 for Vt > t.

Lemma 2 ([34]) Suppose there is a function V(x,t) € C*', and constants p >0 and q > 0,
class ko functions ay and oy, such that

ar([xl) < V(x, £) < ax(ll=ll),
LYV < —pV(x,t) +q,

forVx € R" and Nt > 0. Then there exists an unique strong solution of system (1) for each
x0 € R" and the system is bounded in probability.

Lemma 3 (Young’s inequality [46]) For V(x,y) € R?, there is an inequality as follows:

Sm
xy < — x| +
m

1 n
neh 1",

wheree >0, m>1,n>1and (m-1)(n-1)=1.

2.2 Problem formulation

Consider a class of switched nonlinear system in the following form:

dxj = [hj,f(t)xj+1 +ﬁ,f(t) (J_C})] dt + w}’{t(t) (9_61) da),
j=1{1,2,...,n-1}el,
dx, = [hn'f(t)”f(t) +fn,r(t)(9_cn)] dt + ‘//,z:f(g) (%) dow,
¥y =%
where x; = (xl,xz,...,x/)T €R,j=1,2,...,n is the system state, t(t) = k (k € M) implies
that the kth subsystem is active, w is defined in (1), y is the system output; z(¢) : [0, +o0) —
M ={1,2,...,mj} is the switching signal; u, € R denotes the control input of the rth sub-

system. For any j = 1,2,...,nand r = 1,2,...,m, f;,.(x;) is an unknown smooth nonlinear
function being the system uncertainty, and 4;, > 0 is a constant.

Assumption 1 ([47]) The tracking target y,(¢) and its time derivatives up to the nth order
are continuous and bounded.

Remark 2 When we do not consider the unknown functions and the tracking control
problem, system (3) will be reduced to system (1) in [17], So, the system studied in this

note is more general.
Assumption 2 ([48]) Forj € I, there exist unknown constants by and by such that
0<b < Ihj,rxj+1| < bg <0, ijﬂ € Rj X R.

In addition, the sign of /;,x;,, is known, and the sign of /,,,u, ;) is unknown. Without loss
of generality, it is further assumed that #;,x;,1 > by > 0.
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Remark 3 In the existing researches on pure-feedback nonlinear systems, it is usually con-
sidered that the sign of %,,,1, () is known. Therefore, Assumption 2 is reasonable, it is a

meaningful work for the stochastic nonlinear systems.

2.3 Fuzzy logic systems
In the process of controller design and stability analysis, the FLS is adopted in order to
approximate the unknown functions.

Consider the jth IF-THEN rule of the following form:

Ri: IF & is I and ... and &, is I}, then yis P/, j = 1,2,..., 8,
where x = [X,%,...,%,]7 € R", and y € R are input and output of the FLS, respectively.
I"lj ,Fé, e, 1",{ and P/ are fuzzy sets in R. By using the singleton fuzzification, the product
inference and the center-average defuzzification, the fuzzy logic system can be expressed

as

_ Z}il y Ty w0
YF) = ———; L
>l i Mpi/(xi)]

where R is the number of IF-THEN rules, w; is the point at which fuzzy membership

function i (w;) = 1. Let

[T Hori (x:)
Z,il[ﬂﬁil l’vrif(xi)] ,

&) =

where ¢ (3_6) = [Cl (9_5)! CZ("_C)) cee ;N(Q_C)]T and J = [(Pl; P250005 90&] T¢ ¥j = MaXyeR /’L]p(y) Then the
fuzzy logic system can be described as

y=9"t(x). (4)

Lemma 4 ([49]) Let f(x) be a continuous function defined on a compact set §2. Then, for
Ve > 0, there exists a fuzzy logic system (4) such that

suplf(®) -3¢ (®)] <e.
xef2

Remark 4 Lemma 4 shows that real continuous function f(x) can be expressed as a linear
combination of bounded error e-based function vectors ¢ (x). That s, f(x) = I7¢ (%) + £(e),
|& (€)] < €, it plays an important role in the whole process of adaptive laws design. It is noted
that0<¢7¢ <1.

3 Main results

In this section, the adaptive fuzzy control scheme of system (3) is proposed by combining
the FLS with adaptive backstepping technique and CLF approach. In Sect. 3.1, a specific
design process will be given. In each step, we will design a virtual control function o; via
using a proper CLF V;, and the control law u; will finally be designed. In Sect. 3.2, in order

to avoid repetition, a final CLF will be only adopted to prove the design procedure.
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3.1 Adaptive control design under multiple adaptive laws

In this section, a multiple adaptive control method based on backstepping technique is
presented for the system (3). The backstepping design procedure contains # steps and it
is developed via the following coordinate transformation:

Z1=%1—Yw Z; =X; — 0j-1, j=112r"~!n) (5)

where 0;_; is considered an intermediate control function.
Define: 51](/” = [yv,y(vl), e ,yl(,”]T,j =1,2,...,n, with y(‘,]) denoting the jth derivative of y,.
At step j of the design process, the unknown function ]Ajv,r is approximated by a FLS

~. 12
3j-(%)). For this purpose, define a constant ¢; = H“Z]:” ,j=1,2,...,n, denote g; as the es-

timation of g, and the estimation error is &; = ¢; — &;.

Now, we give detailed backstepping design process in the following steps.

Step 1. For stochastic pure-feedback system (3), according to the tracking error z; =
X1 — ¥y, the error dynamic is

dzy = [1,%5 + i, (%) = 3] dt + Y], (1) do. (6)

To stabilize the subsystem (6), we choose such a stochastic Lyapunov function candidate
defined by

1 by
Vi=-zj+—¢E2
EAETAS

where £; > 0 is a design constant. By (2), (5) and (6), one has
Lvy = Z:f [hl,r(ZZ +01) +f1,-(%1) —)"v]
by

3 - A
+ =z, — —Gidu. (7)
2 A

From Lemma 3 and Assumption 2, the following inequalities hold:

3 3 _ 3

EZ%I//IY;V/IJ = le 2‘2111”1)//1,7’”4 + El%’ (8)

3 b

h, 2320 < ZLbI(Z;L + fzﬁ, 9

where [; > 0 is a design constant. Then substituting (8) and (9) into (7) yields
3 3 .35
LVy <zi|fiy + Eszl +hy 01— 9+ le

by
4

K

3 b .
+ ;l#zlnwl,rn‘l} + B G (10)

4

Define fi, = fi, + 3bxz1 -y + 217721 | Y, lI* + (ky + 2)z1, where ky > 0 is a design constant.
Then the inequality (10) can be constructed as

- 3 3
LVl < —/qZ‘lL + Zzl”hl’rdl + Z?]),fl,r — EZAIL + Zl%

bK 4 bk ~ A
—Zy = — . 11
t L5 615‘151 (11)
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fl,r contains the unknown function f; , and ¢;. According to Lemma 4, for Ve, , > 0, there
exists a FLS 37,.¢1,(X}) such that

=3 0,(0) + &,(X0),

£1,(X0)| < e

where X; = (x1, ).

Remark 5 Note that the FLS is directly used to approximate unknown nonlinear function
fi.» rather than only the unknown function f; . This method will be used in the remaining

design steps.

In the method of Young’s inequality, it follows that

~T
X 3
3 3 VLr i 3
Z]fl,r =17 - ||*51,r||§1,r - Zlgl,r
131,01
biz8 150,112 1 3 1
— 2 21 ” b’r” é‘l?r{l,r + Eair + Z_LZLIL + Zéir
al,r k
be ¢ T L, 34, 1,
=—z Lr+=aj,+ -z +—€,, 12
2“%1 16181,81r 4t gt e (12)
~ 2
where a;, is a design parameter and ¢; = % is an unknown constant.
Let us take the virtual control signal as
I .57
o1 = —kiz1 — —— 612181 . §1,- (13)
1,min
The adaptation law is defined as

A el 6,.T A A
S1= 524,51, - s, 1(0)>0, (14)

2a;y,

where y; > 0 is a design constant.

By Assumption 2, Lemma 1, and the virtual control signal (13), we obtain

by ..
Zih1,01 < —kibizt — — 236181, C1 (15)
2a7,

Substituting (12), (13), (14), (15) into (11), we have

b , 3, 1

LVi < —ki(1 + b)zy + ZZ2 + L—Ll% + fo,r
bk]/l - A 1
+ o 161 + iair‘ (16)
1

It is noted that

bkl/l ~ A bkyl ~2 bk)’l 2
— <-— — 7. 17
g S ST St 17)
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Combining (16) with (17) gives

byt ~2 bk

LV < —clz‘lL 20, —¢i+o1+ 2 zg, (18)

- 32 1,2 14 b
where ¢; = ki (1 + by) and o1 = {17 + a5, + €1, + 5 ¢l

Step 2. Define z, = x, — 01 and with the It6 formula one has

dz = [h2,(%3) + fo, (%) — Lo |t

801 r
+ (WZ,V - 8_xllp2,r) dw;

with
do s 903
Loy = _1[h1,r(x2) +fir ()] + =G
8961 85‘1
1
301 ) 1 301
Z YD 4 2 vl

j=0 v

Consider the stochastic Lyapunov function as follows:

1 by
Vo=Vi+—zb+ —&2,
2ENIT Rt o5

where £, > 0 is a design constant. Similar to the analysis of (7), the following result holds:

LV, = LV + 23 [y, (23 + 03) + fo,(%2) — Loy |

3, do T do
+ 522 (Wz,r - a—xllﬂl,r) (Wz,r - 8—9611#1;)

br .
— — 6262 (19)
£
Note that
321/, 301w 2<31- i, % *
2y _ z -1
) 2 2r axl Lr =4 2 2,r — x
3
3 b
hz,rngg < Eszg + ZKZ;L, (21)

where [, > 0 is a design constant. Substituting (18), (20) and (21) into (19), one derives

@~2+ sopy e b
2€1§1 Q1 22 3 G262

LV, < —¢12¥ -
2= 4 ¢,

_ 3 1
+ Z; |:h2,70'2 +f2,r(QC2) + Eb](Zz + EkaZ

4
] : (22)

30’1

er_ _wlr

—LO’l + — l V4)

Page 8 of 25
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Set

~ 3_
_ﬁ,;ﬁ,-Lal+152@

80'1 4
WZ,r - _wl,r

8361
3
+bgzy + <k2 + Z>Z2’

with ky > 0 being a design parameter. Furthermore, (22) can be rewritten as

by .
LV, < —a17f - 22/1 El+ 01+ Bhy,00 —kozs + = 12

" 3 b b .
3 YK k ~ A
+Z?f2,r—ZLZ3 2 z3 Z—§2§2 (23)
fo, contains the unknown function f;,, ¥, and V,,, fg, cannot be realized in prac-
tical applications. The FLS J2r§2,(X2) is thus used to approximate f2,, where X, =
[xI, §1,51$,2)T]T € £2,, C R®. According to Lemma 4,f2,, can be described as

fz,r = SzT,rQr( X

X )| < 62,r)
where Ve, , > 0 is a constant. In addition, using the same method used in (12) yields

~ b 1
3 - 6. T 2 4 4
Zyfor < By 26285 Loy + 5612,, + L_LZZ + 262”’ (24)
where a,, > 0 is a design parameter and ¢, = ”“2’”

is an unknown constant.
The virtual control signal is given by

A 3,.T
0y = ~kozy — —5— 622,85 5o

(25)
2,min
Define the adaptive law as follows:

A 22 A A
G2 = —ZZCZ VCZV Y2G2, §2(0) >0,
2612;’

(26)
where y, > 0 is a design constant

Similar to (15) and (17), it is easy to obtain

b 4.
Z3ha,0 < —kobyzy — yzgngzafz,m (27)
2,r

brys . . bk ~ bk
el/zgzng_ V2 2o V2 o
2

— 28
20, 2" 20, 2 28)
Substituting (24), (25), (26), (27), (28) into (23) results in

2

LV, < - Z(ciz? + — bryi ~2> ZQ, bic z;‘,
i=1

where ¢; = k(1 + b) and g; = 312 + a2, + 1€l + bfey’ chi=1,2.
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Step j. (3 <j < n-1) Considering z; = x; — 0j_; and Itd’s formula, we have

dzj = (hjr(xj1) +£i,r(&) — Loj_y) dt

U Y ‘
i-1
+ (Wj,r - Z a—}xilﬁi,r> dw,

i=1
where
j-1
30'_1 _
LO'/;1: / [hi,r(xi+1) +fi,r(xi)]
P, 396,‘
j-1 j-1
doj_1 00j_1 (i+1)
Yy LGy Lyl
i Osi =
Ly B0y,
2 dx,dx, P

where ¢; > 0 is a design constant.
By following the same process used in Step 1, it follows that

L‘/] = L‘/]’,l + Z;’ [hj,r(zj+l + O'I) +ﬁ,r(9_cj) - LO’/,l]

bk - A 3 2 ! 80'1'_1
_ K—jgjgj +55 (%’,r - le a—xiwi,r Vir
j-1
80_1
-y == ) (29)
— 0%
i=1
From the completion of squares and Lemma 3, the following inequalities hold:
1 9
3, — 9011 3,
Ezj W/J‘_; E)x,» Wi,r < Elj
1 4
3. 2.4 : 90j1
+ Zl] Zj wj,r - ; 896,‘ wi,r ) (30)
b
e (31)

3
3 4
hj,rZ,- Zjy1 < ZbKZj + T Zj,1

where /; is a design constant. Combining the above inequalities with (29) gives

j-1 j-1
bry;i . 3
LV, <- E (ciz? + 2€1l giz) + E 0i + Elf - kiz
i-1 i-1

5 bx by . :
+ 208,05 + Z fir — =7 + — 251 — —GiS), (32)
497 2
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where f;, is defined as

4

ll

»-PIQJ

~ 30"_1
ﬁ,r :ﬁ,r - LO7—1 + w],r - Z +wi,r

3
+ bKZ/ + (k] + Z)Zj’

with k; > 0 being a design parameter. Similarly, a_FLS %};{,),(5(,) is applied to approximating
ﬁ,r; Where )(] = ['Q_CIT: S:/—l:}_’g)T]T € QZI‘ C RS] Wlth S:j—l = [§1! §2) ceey Sﬁj—l]T- From Lemma 4:ﬁ,r
satisfies

ﬁ,r = Sl‘z,;é-j,r()_(j) + Ej,r()_(j); |E},r()_(1)| =€

where Ve;, > 0 is a constant. In addition, similar to (12), the following inequality can be

got:
by 1 3 1
37 4
z]],_2 2 ,9§,r§;r+ “1 +4z] * 45 (33)
X012
where g = % is an unknown constant and 4;, is a design parameter.

Then the virtual control signal and the adaptation law are constructed as

0j = —kjzj = 53— 82 SinGir (34)
]mm
§] 2% 2 5% g;ré'/r J//SA'/: §](O) > 0¢ (35)

where y; > 0 is a design constant. Similar to (15) and (17), it follows that

by
z?hj,,aj < —kjka;} 2a 2 —5Z; §1§]r§/ r (36)

L3/ biyy -y ka} 2
<——de, = 37
; — 66 =< 213,5/ 2 S (37)

We substitute (33), (34), (35), (36), (37) into (32), and we have

j
LV,-f—Z(ciz?+ kP 2) Zgl K (38)

i=1

b
where ¢; = k(1 + b) and g; = 312 + a2, + €l + 2’1}" chi=12,..

Step n. By (5) and It0’s formula, it is deduced that

dzn = (hn:ruf([) +f}"l,r(9_cn) - Lan—l) dt

n-1 T
00,
+ (wn,r - Z 396,'1 Wi,r) dw: (39)
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where

n-1
Lowr= 3 20 (o) + )]

o 0%

= 80 — 9o,
n-1 A n=1_(i+1)
Z 3y,
=1

Si i=0 8y‘(’l

1 820,,, 1
2pq 1 0%,0%

Yo Vgr. (40)

Consider the stochastic Lyapunov function of the form

1 bi .
V= Vu + Zzﬁ 2 2 (41)

where £, > 0 is a design constant.

Repeating a similar procedure to Step 1, one has

LV, = LV,u1 + 2oyt + fr1p (%) — Loy |
n-1 9 T
On-1
_Zi (wn,r - Z a—xwi,r) (wn,r

n—1

00,1 b .
- n' Wi,r> - ——SuSn- (42)
i=1

Similar to (30), one can obtain

2
80'1 3
2 n- <2p
Zo | ¥nr - le o Vi) =3l
3 a !
— Op-1
L2 | W 43
+ bz v Z —~ i (43)

where /,, is a design constant. Substituting (38), (39), (40), (41), (43) into (42) yields

n-1
LV, <- (c,zl + bivi - g, ) ZQ, + l2 k.z:
i=1
~ 3 b .
+ 2o G Uy + oy — — 2 — 7 Snsw (44)
n
where fn,, is defined as
n-1 4
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with k,, > 0 being a design parameter Similarly, for Ve, , > 0, the unknown function fn » can
be approximated by the FLS J ;,, +(X,,). From Lemma 3, one has

1 3 1
z,fn,_ zgng“n,g“,,,+ A Al S

, (45)
a2, 2 47" g

13,12
where g = ” is an unknown constant and a,,, is a design parameter.

Then the control law and the adaptation law are designed as

1
3.7
Uy = _knzn - 2 5.2 S‘nzné‘n,rgn,rr

(46)
Yl min

Sn =

T
2q2 nmemr

nr

- Vné:n’ S:n(o) = 0: (47)

where y,, > 0 is a design constant.

According to (45), (46), (47) and Assumption 2, (44) can be written in the following form

LV, <- Z(c,z + bryi ~2) ZQ”

(48)
where ¢; = k(1 + by) and ¢; = 312 + 1a? + 1t + bfey’ ¢%i=12,...,n
Defining ¢ = min{4c;, y;,i = 1,2,...,n} and w =) - | 0;, (47) becomes
LV, <-cV,+w, t>0. (49)
According to the definition of V,, and Lemma 2, z; and ¢&; are bounded in probability.
In addition, from [50], the following inequality is obtained
dE(V,(t
% <—cE(Vu()) +w, t=>0, (50)
where E(-) indicates an expectation operator. Then it satisfies
0<E[V,(0] < (vnm) - Y)e“ i, (51)
c c
which means that

w

[V (t)] <—, t—o00. (52)
¢’

From (51) and (52), we have
n
4 4w
E(Zzl) <4E[V,(t) < —, t—> oo (53)
i=1 ¢

Therefore, z; eventually is convergent to the compact set £2, which is defined as

i DICUE }

(54)

Page 13 of 25
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Thus far, the design of adaptive fuzzy control based on backstepping technology has been
completed. The main result will be presented by Theorem 1.

Theorem 1 Consider a class switched stochastic nonlinear system (3), under Assumptions
1 and 2, for bounded initial conditions, parameter adaptive laws (35), the control law (46),
and the intermediate control signals (47), guarantee that all the signals in the closed-loop
system are SUUB and the tracking error is convergent to a neighborhood of the origin.

Remark 6 In [43], the adaptive tracking problem for a class of switched nonlinear sys-
tems was investigated. By combining the backstepping technique with the approximation
scheme of FLS, a design approach with multiple adaptive laws was developed. In this pa-
per, Theorem 1 generalizes the result of Theorem 1 in [43]. Considering the stochastic
disturbances, the systems in this paper are more common.

3.2 Adaptive control design under one adaptive law
In this subsection, we will propose a controller design method with one adaptive law. For
a stochastic pure-feedback system (3), according to

Zj = Xj — Oj_1, (55)

the error dynamic is

dzj = [hj,r(x(/ﬂ)) + fir(Xj1) — LGl] dt

j-1 T
doj_
+<w,«,,—z o m,) do, (56)

i-1
80-_1 R ! 80-_1 .
J—1 A J (i+1)
cr) g
i=1 ico 0y
U 820'1'_1

0x,0x,

1 T
+ 5 1//p, r 'Ql/q,r'

pq=1

A stochastic Lyapunov function is taken as
n
1 by
V=) -zt+ 2%
21: T

where ¢ > 0 is a design constant, and ¢ = ¢ — ¢ is a parameter error, define a constant

(R

g = i
Applying (2), (55) and (56), one has

n-1

Ly = Z [213 (B (zjs1 + 0y) + (&) — Loj_1)

j=1
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3 1 0’1 1 ! ! 80’1‘_1
5 21: Vi wj—za—xil/fi

i=1

by
- 7m§§:| (gnrur + fur(Xn) — Loy 1)
3 n-1 3 T 9
2.2 _ On-1 _, 01
+ 2Zn (% o axl 1pz) <¢n lzzlz 3 l Wz)
by
- — 66§ 57
7SS (57)

3, . 90j 3,
Ezj %r - Z 396,* wzr =< Elj
i=1
3 30"_1 4
-2, 4 j
+ Zl] Zj vfj,r a—xiwi,r ) (58)
3 b
hj,rZ]?'ZI‘H b[(Z + — 4 ;L+1’ (59)
where /; is a design constant.
Design the control laws as
3,T
u, = —kyz, - 2a S S'Zn;n,ré‘n,rr (60)
n, min
where an min = Min{a,, : r € M} and a,, » > 0is design parameter, k,, > 0 is a design constant,
A . 3
¢ is the estimation of ¢ = Z]" 1 ! b’k’” Jjmax = max{3;, : r € M} and the unknown function

ﬁ,()_( ) can be approximated by J,,, in FLS ~$n,r§n,r(X ).

The adaptive law is defined as the solution of differential equation as follows:

2 14 n
S= 22241,4“” YS, (61)

where ¢, a;, > 0and y; > 0 are design parameters, afmm =min{a,, : r € M} and the selection
of ¢ is needed to satisfy ¢(0) > 0 such that ¢ > 0.

Define the functions as

1 4
- 3 _ 4 30’_1
Jir=fir=Loja+ 17z, e a]» vil (62)
o 0%
4
N 3 L 9o,
.ﬂl,r =fn,r —Loy1 + ;LIZZZn Y= Z anll Vi
i=1 i

3
+ Zbkzi. (63)
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Substituting (58), (59), (60), (61), (62), (63) into (57) gives

Lv, <Z<sz +b—y§2) ZQ“ (64)

3[2 2 2 byi i=1,2
7 - )

where ¢; = (— k,bk+b1<+ )z and o; = + 2“;r+ 4e”+ 7; ,...,n. The remaining

part of the proof is similar to (48), (49), (50), (51), (52), (53), (54), which is omitted here.

Theorem 2 Counsider a class switched stochastic nonlinear system (3), under Assumptions
1 and 2, for bounded initial conditions, the control law (60), and the intermediate control
signals (61), guarantee that all the signals in the closed-loop system are SUUB and the
tracking error converging to a neighborhood of the origin.

Remark 7 In [43], the adaptive tracking problem for a class of switched nonlinear systems
was investigated. By combining the backstepping technique with the approximation ap-
proach of FLS, a design scheme with only one adaptive laws was developed. In this paper,

it is noted that Theorem 2 generalizes the result of Theorem 2 in [43].

4 Simulation example
In this section, a simulation example is proposed in order to certify the control perfor-
mance and the feasibility of the presented method in the previous sections.

Example 1 Given the following second-order stochastic nonlinear switched systems:

dxy = [hy,c %2 + freo&1)] dt + Y1001 doo,
dxy = [Ia,e(ote() + oo () | At + Y20 (32) doo,

y:xly

where f(t) : [0 OO] — {1 2}, l’lu = 2 h12 = 1 h21 = 2 l’l22 = 1 f12 = 2.?61 cos(xl) f21 =

0.03x2

(%1)% cos(%2), fi1 = %1, far = 2sin’(w1)43, Yy = 2, Y1z = 2 » Y21 = 0.68in(2x1x2), Yo =

0.05x% . .

1“;2. The purpose of control is to design a common adaptlve fuzzy controller u; such
1

that all signals in the closed-loop are bounded in probability and y follows a desired refer-
ence signal y, under arbitrary switchings, where y, = sint. In the simulation, first, we de-
sign the controllers under multiple adaptive laws by Theorem 1. The initial conditions are
x1(0) = 0.05, x5(0) = 0.05, x3 = 0, and & (0) = £,(0) = 0. We choose k; =2, k, =1, a1, = 0.25,
arp =3, a1 =03, azp =25, £; =10, €5 = 3, y1 = ¥» = 0.02. Second, we design the con-
troller under one adaptive law by Theorem 2. The initial conditions are taken as x; (0) = 0.1,
x,(0) = 0.05, x3 = 0.5, £(0) = 0.5. We choose ky =2, ky =1, a1 = 0.25, a1 5 = 3, ay; = 1.5,
asp =2,0=2,y =0.025.

Choose the following membership functions which are used to construct the fuzzy con-
troller:

Kl (%)) = exp(-0.5(x + 3)*),

Kl (%)) = exp(-0.5(x + 2)*),
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Figure 1 Tracking performances of Example 1

Kl (%)) = exp(-0.5(x + 1)*),

MFI x/) eXp

0.5

%),

5(x-1)%),

Ml (%)) = exp(-0.5(x — 2))

(-
(-
1 () = exp(=0.
(-
(-

Ml (%)) = exp(-0.5(x — 3))

According to Theorem 1, &1, &, and u, are selected, respectively, thus:

A

S1=

A

Uy = —ngz

2
Zall

Z1§1 1611 —

1
22

7S

%) .
G2 = 2, 225214“21 Y262

§222§2 182,15

1
2 =—kyzy — oy 2 §222§2 282,25

where z; =x1 — ¥, 20 =% — 07.
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Figure 2 Responses of the state variable x, of Example 1
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The virtual control function o, is defined by

1
o =ha- e
1,1

The above is the controller design based on Theorem 1. Next, another design based on

Theorem 2 is proposed. According to Theorem 2, ¢ and u, are selected, respectively, as

: £

A 6,.T

S =752611811
2ai1 1511

A 3,.T
612181,1 41,1

t o1 A
+ 5205151 - VS,
2a3,

1
A 3.T
Uy = —kazy — =5 6225551521
2a;3,

1
A 3.T
Uy = —kazy — —5— 6225857822,
2a2'2

where z; =x1 — ¥, 20 = %3 — 7.

The virtual control function o is defined by

1
~ 3.T
o1 = -kiz1 - nglgl,lgl,l'
1,1
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Figure 3 Responses of the adaptive laws of Example 1

The simulation results are shown in Figs. 1-4, respectively. Figure 1 demonstrates the
system output y and reference signal y,. Figure 2 exhibits the trajectory of the state variable
x;. Figure 3 illustrates the trajectory of adaptive law. Figure 4 displays he trajectory of the
control signal u;. Figure 5 certifies the evolution of switching signal. From Fig. 1, Fig. 2,
Fig. 3, it can be seen that the output y of both controllers can track the target signal y, well,

and all the closed-loop signals remain bounded.

Remark 8 For the same initial conditions, simulations were run by using the two con-
trollers mentioned above. Figure 1 shows the tracking performances of the two adaptive

controllers proposed in this paper, respectively. Figure 6 shows the tracking error under
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Figure 5 Responses of the control switching signal of Example 1

the action of two adaptive controllers. From Figs. 1 and 6, it can be seen that two con-
trollers proposed in this paper can achieve the system stability, but the controllers in The-
orem 1 work better than the one proposed in Theorem 2. The main reason may be that

the control design process in Theorem 2 cannot deal with the mismatching nonlinear term

well.
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Figure 6 Responses of the tracking error of Example 1

Example 2 Some continuous stirred tank reactor with two modes feed stream can be

modeled as the following switched system after some manipulations [51]:

X1 =% +ffr(t),l(x1):

\”CZZu;

where o : [0,+00) — 1,2, fi1(x1) = 0.5x; and fi»(x1) = 2x;. Further, it is supposed that
there exists multiplicative white noise in the above system due to f; )1, and as a result, we

have the following stochastic nonlinear system:

dxy = [hc%2 + fre ) ] dt + Y10(%1) do,
dxy = U, dt,

¥y =%

2
where t(¢) : [0,00] = (1,2}, h11 =2, hip = 1, fi1 = %1, fiz = 2x1 cos(x1), Y1 = 13:—;%, Y12 =
0.03x%
1+x%
signal y, = sin¢t. The initial conditions are x;(0) = 0.05, x,(0) = 0.05, x3 = 0, and &;(0) =
§2(0) = 0. We choose k1 = 2, k2 = 1, an = 025, ayn = 3, az) = 03, ajzn = 2.5, Zl = 10, 62 =

3, y1 = y» = 0.02. Figures 7-11 show the simulation results. Figure 7 shows the tracking

. In the simulation, choose the fuzzy systems as those in Example 1 and the reference
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Figure 9 Responses of the control input signal of Example 2
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Figure 8 Responses of the state variable x, of Example 2
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results. Figures 8—10 show that the variables x,, #, and ¢ are bounded. Figure 11 shows

the switching signal.
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Figure 10 Responses of the adaptive laws of Example 2
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Figure 11 Responses of the control switching signal of Example 2

5 Conclusion

This paper studied the adaptive tracking control problem for a class of stochastic nonlinear
systems under arbitrary switchings. It was noted that the nonlinear functions and stochas-
tic disturbances of the system were completely unknown. For the sake of releasing the
computational burden, the unknown nonlinear function of the system was estimated by
employing the approximation property of FLS, then the adaptive backstepping technique
was used to construct a class of adaptive fuzzy control. Under arbitrary switching condi-
tions, the presented controller could ensure that all the signals in the closed-loop system
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remained bounded in probability and the system output converged to a small neighbor-
hood of the reference signal. Finally, simulation results further showed the effectiveness
of the proposed approaches.
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