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Abstract

In this article, by using nonlinear Leray-Schauder-type alternative and Banach'’s fixed
point theorem, we investigate existence and uniqueness of solutions. We also prove
Hyers—Ulam stability for the proposed coupled system of fractional differential
equations (FDEs) with the nonlinear p-Laplacian operator and Riemann-Liouville
integral boundary conditions (IBCs). An illustrative example is presented to
demonstrate our main results.
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1 Introduction

Fractional calculus is a generalization of classical calculus. FDEs are proved to be valu-
able tools compared to integer order differential equations. Different physical and nat-
ural phenomena were modeled using FDEs in various disciplines, such as combustion
theory, papulation biology, non-Newtonian mechanics, control theory, aerodynamics,
hydro- and electro-dynamics, economics, bioengineering, networking, system of Monge—
Kantorovich partial differential equations, image and signal processing, viscoelasticity,
blood flow, game theory, chemistry; for details we refer to [1-10].

Recently, differential equations involving the nonlinear p-Laplacian operator gained at-
tention from researchers. Articles dealing with ordinary differential equations and partial
differential equations involving the nonlinear p-Laplacian operator have been studied. In
the last few years, the mentioned area was extended to FDEs using different fractional or-
der integrals and differential operators. By different mathematical approaches FDEs were
investigated for existence and uniqueness of solutions, as well as for multiple positive so-
lutions [11-20].

Further, FDEs involving the nonlinear p-Laplacian operator with integral boundary con-
ditions have attracted researchers of various disciplines, because such systems are increas-
ingly used in modeling [21-24]. Zhi et al. [14] have studied FDEs with the p-Laplacian
nonlinear operator aiming to show existence of positive solutions for a nonlocal boundary
value problem and have given a valuable example to demonstrate the results. The problem
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is given by

(9p(D"0(x)))" = F(x,0(x), D2w(x)), xe(0,1),
1

oo =0 (], =0 @)= | gO)el6)ds,

(¢p (D" )a)(O))/ =& (g, (D" )w(m))/,
9o (D) (1) = &(p (D™ ) (b2)),

where D1, D represent derivatives of order 6, 6, in Caputo sense, where 2<6; <3,1<
O <01 —1<2,0<&,5 <1,0<a; <by <1, and ¢, is the nonlinear p-Laplacian operator.
Hu and Zhang [25] investigated a coupled system of FDEs with the nonlinear p-Laplacian
operator and infinite boundary conditions, namely the following problem:

DU g, (D" w1 (r)) = h(r,w2(r), D7, D% (1), ..., D> "Dy (r)), re(0,1),

D% g, (D%2y(r)) = g(r, 1(r), D1, D" 1wy (1), ..., D"V (r), 1€ (0,1),

@ (0) = =" V(0 =D"w1(0)=0, @ (0)=Y  awi(w),
i=1

@h(0) = =0y (0) =D?wy(0) =0, w(0) =Y biwn(vy),
i=1

where DY ,Dlifori=1,2,are Caputo fractional derivatives, 0 < 6],65 < 1,n—1 < 0;,6, < n,
O<pr << - <pi<--<l0<v<vy< - <y<--<1, > lai] <00, Y i |bi] < 00,
Yo ai=y 1 bi=1,and h, g are real-valued continuous functions.

Recently, Ali et al. [26] investigated a coupled system of fractional differential equations
with noninteger order integral boundary conditions for the existence and uniqueness of
solutions, and furthermore, checked Hyers—Ulam stability. By using the topological de-
gree theory, some special conditions were developed to show stability. As an application,
an expressive example was provided to demonstrate the considered problem, which is
given below:

D w, (r) —f(r, a)z(r)) =0, relo,1],

D% w,(r) —g(r, wl(r)) =0, relo0,1],

1 T

D00, e = 1 | -9 p(on @) as
1 T

(0) =0, (7)]¢=1 = m/ﬂ (V—S)a_lq(a)z(s)) ds,

where D%, D% are Caputo fractional derivatives, 8y,6,,y,8 € (1,2], p,q € L[0,1] and
f,g €] xR — R, the functions involved in fractional IBCs are continuous and also satisfy
certain growth conditions.

Inspired by the aforementioned work, we investigate existence and uniqueness of solu-
tions and prove Hyres—Ulam stability for the coupled suggested problem FDEs involving
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the nonlinear p-Laplacian operator with integral boundary conditions, namely

D gy (D1 (1) =f (r, 1 (), an(r))),  r€[0,1],

D0§‘¢p(D92w2(r)) =g(r, a)l(r),wz(r))), re[0,1], 1)

(D wr(M)| ,=0i()] =0 @1()lr-0=yI*w1(n),

0o (D2 ()| _, =050 =0,  wa(r)| _, =8I (&),

where D%, D for i = 1,2 are Caputo fractional derivatives, 6; € (1,2], 6/ € (0,1], f,g €
C([0,1] x R%,R), i = 1,2 are continuous functions and o, 8 > 1, y,8 € [-1,0] Pp(¥) =
|#1P~29 is the p-Laplacian operator where 1/p + 1/q = 1, ¢, denotes the inverse of
p-Laplacian. For existence and uniqueness of solutions, employing nonlinear Leray—
Schauder-type alternative and Banach’s fixed point theorem, new results are obtained for
the coupled considered FDEs involving the nonlinear p-Laplacian operator with IBCs.
The important aspect of this article is to check stability for the coupled considered FDEs
involving the nonlinear p-Laplacian operator. In the literature, different types of stability
were presented for functional, differential and integral equations, for example, Lyapunov
and exponential stability [27, 28]. But checking such stability is difficult and time con-
suming due to calculation of Lyapunov functions. An interesting and motivating stability
method was introduced by Ulam and then by Hyers in 1941, which is known as Hyers—
Ulam stability [29, 30]. Such stability has outstanding applications in integer order and
fractional order differential equations appearing in physics, optimization, numerical anal-
ysis, biological phenomena, economic, biochemistry, etc. For the details of using Hyres—
Ulam stability, we suggest [9, 31-33]. In the following sections, we provide necessary def-
initions, lemmas, assumptions, as well as decribe the stability method and an example
for the coupled considered FDEs with the nonlinear p-Laplacian operator with integral
boundary conditions.

2 Background material and auxiliary results

Let us introduce X = {w:1(r)|w1(r) € C1([0,1])} as the space all continuous functions, en-
dowed with a norm |lw; || = max{w:(r),r € [0,1]}, here (&, ] - ||) is obviously a Banach
space, let ) = {w,(r)|wo(r) € C'}. Then the product space denoted by (X x V), |[(wy, 2)]]),
equipped with the norm || (w1, @;)|| = ||w1 ]| + ||@2 ]|, is also a Banach space. This will be used
throughout in the considered coupled FDEs with the nonlinear p-Laplacian with IBCs.
Now recall the following definition which can be traced to [34—36].

Definition 2.1 Let F be a given function on a closed interval [0, b]. Then the non-integer
order derivative in the Caputo sense of /- is defined by

" ~ r (7’— r)n—91—1 dr
D F(V)—_/O W(dT”F(T)>dT’ 0, €(n-1,nl,

where n — 1 = [61]. In particular, if F is defined on the interval [0, ] and 6; € (0, 1), then

61 — 1 T (@ / _d‘ﬂ(s)
D F(r)_[‘(l—el)/o o dt, where ¢'(s) = .

ds

It is to be noted that the integral on the right-hand side is pointwise defined on R*.
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Definition 2.2 The integral of arbitrary order §; € R* in the Riemann-Liouville sense

for a function ¢ : R* — R is given as

PO s [ -0,

so that the integral on the right-hand side is pointwise defined on R*.

Lemma 2.3 Let 6 >0 and w; € C(0,1) N £1(0,1). Then the general solution of FDE
Doy (r) = y(r),

is given by
w1(r) = I y(r) + po + p1t + pat® + -+ + Pt

forsome p; e R,i=0,1,2,...,m— 1, where m is the smallest integer such that m > 0,.

Lemma 2.4 ([37]) Let ¢, be the p-Laplacian operator.
(D) If1<p<2,4&>0and |t & =m>0, then

|00(61) = @p(2)| < (p = D21 = L.
(i) Ifp>2,and |1, 15| <M, then
|06(51) = @p(&2)] = (0 = DMP(81 = &
Definition 2.5 Let 7 : £ — L. Then the operator equation given by
T (r) =wi(r),r €[0,1],
is called Hyers—Ulam stable if, for any & > 0, the inequality
lor =Tl <& 01 €[0,1],

has a unique fixed point, say w;*, with constant D > 0 such that [|w; — w1*|| < D& holds for
all w7 € [0,1].

To proceed further, let the following hypothesis hold:
(H1) The nonlocal functions f, g, where w1, ws,x,y € R, satisfy the inequalities:

If (e, w1, 2) = flic,%,9)| < Kp(lwr =] + |2 — 1),

lg(ic, w1, ) — glic, 2,9)| < Kg(lwr — x| + [z 1),

where KCr, Kq € [0, 1).

Page 4 of 16
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01+a-1)

(
Theorem 2.6 Let y # nr(elm)

tional differential equation

. Then for a given g € C([0,1], R), the solution of the frac-

D, (D x(r)) -g(r) =0, 61 €(1,2],6; €(0,1], (2.1)
with the boundary condition

0o (Dx(r))| _ =4 (M)],_, =0, x(")lr-0 = yI*"a(n), (2.2)

has a unique solution given by

1 r *
x(r) = oy /0 (r— )17, (I g(s)) ds

Y f (= 52, (19 g(s)) ds 23)
AT +a-1) ), i ‘ ’

Proof Applying the operator I°I on (2.1) and using Lemma 2.3, we get from (2.1) the fol-
lowing equivalent integral form:

0o (DM x(r)) = Ao + 17T g(r), (2.4)
and then, by using condition ¢,(D"x(r))|,-o = 0, we get A = 0. From (2.4), we have
Dhx(r) = @4 (Ieikg(r)). (2.5)

Applying the operator Igl on (2.5) and using Lemma 2.3 again, we get from (2.5) the fol-
lowing equivalent integral form:

x(r) = Ay + Aoy + 19 (0,1 g(r). (2.6)

By using the condition «/(r)|,—o = 0 in (2.6), we obtain A, = 0. Also in view of condition

x(r)| =0 = yI*1x(n) in (2.6), we get

4 ra— ¥
A = A—II@l N I gm), (2.7)

where A} = (1 - £-). By substituting the values of A; and A, in (2.6), we get (2.3). a

With the help of Theorem 2.6, our coupled FDEs involving the p-Laplacian with integral

boundary conditions are equivalent to the following Hammerstein-type integral system:

o1(r) = 755 Jo r =9 Lo (17 f (s, 1 (s), @2(9)))) ds

+ wia Jo 1= 8120 (I f (5,1 (s), (s))) s,
@2(r) = 7555 Jo (r =97 0, (1% g5, 01(5), s (5)))) s

+ w7 Jo € — 9% 20y (I% gls, w1 (s), s (5))) ds.
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3 Existence and uniqueness
For the sake of convenience, we set

1 a-1 1 yn91+a—1
M1:<F(91*+1)) |:F(91+1)+A1F(91+a)]’ (3.1)
1 a1 1 sgb+p-1
M2:<1"(9f+1)> |:F(92+1)+A2F(92+ﬁ)]’ (3.2)
MO = rl’lll'l{1 - (Mlkl + MZ)LI); 1- (M1k2 + Mz)uz)}, (33)
- Yol
Ap= ref+1) |:F(01+1)+A1F(91+c()1|, (3.4)

C@-vtr 5021
Ae = ref+1) [F(92+1) * A2F(92+/3)]‘ (3.5)

We define operators 71, T5: X x Y — X x ) as
1 r *
nwmmm=——/$uWH%Wv®MMmmWﬁ
I61) Jo

" *
R ) 0 el 9, n) s,

; (3.6)
nwmmm=ﬁ5A0>wﬂ%m%@mmmwmw

) 3 i
+Zﬁ@;§?ﬁl@‘mewmw@w®MMMﬁ.

Lemma 3.1 ([9, 26, 30]) Let F : A — A be a completely continuous operator (i.e., a map
which, restricted to any bounded set in A, is compact). Let

8(]:)={xeA:x:k}'(x),forsomeO<k<1}. (3.7)
Then either the set ¢(F) is unbounded, or F has at least one fixed point.

(O +a-1) (62+6-1) )
Theorem 3.2 Suppose that y # nr(lei v and § # %. Assume that there exist real con-

stants ki, 1; > 0 (i =1,2) and ko > 0, Lo > 0 such that for all x; € R (i = 1,2), we have

|f (r, 21,%0)| < @p (ko + kila1| + ka|x2]), 35)

lg(r,x1,%2)| < @p(ho + A1lx1] + Aalxa]).
In addition, it is assumed that
M1k1 +M2)\.1 <1 and Mlkz +M2)\2 < 1,

where My and M, are given by (3.1) and (3.2) respectively. Then the boundary value prob-
lem (1.1) has at least one solution.

Proof First, we show that the operator 7T : X x Y — X x ) is completely continuous.
By the continuity of functions f and g, the operator T is continuous. Let 2 C X x ) be

Page 6 of 16
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bounded. Then there exist positive constants L; and L, such that

[f(r,o1(r), 02(n)| < @p(L1),  |g(r,o1(r), 02(n)| < @p(La), V(wy,a0) € 2. (3.9)
Then for any (w1,, w;) € §2, we have

| T1 (w1, w2)(r)]

- )F(lel) /O (r—s)elflgoq(ﬁff(s, w1(5), s (s))) s

Y / (=772, (1L (5, 01(5), 0a(s))) ds
AT +a-1)J, g ’ ’

1 r 1 r .
= 1_,(91)/(; (7—8)91—1¢q(r(9f)/0 (7—5)91—1lf(S,a)l(S),a)z(s)Hds)

—2r
AT +a-1)

n 1 n .
X/O (n_s)eﬁm%(]“(ef)/o (77—5)01IV(s,w1(S),wz(S))|>ds

< 1 r B o1 1 r ~ 9{571
—r(en/o(’ g ‘”q<r(e;<>/<)(’ ) wp(Ll)ds>

¥ m /On(n —S)e”“‘zwq(r(lef) /On(n —S)Hf‘lgop(Ll)) ds
8 Ll(r(eli ¥ 1))(1_1 [ r(911+ D" Ai/;zi:;la)] = LiMy. (3.10)
And also,
| Ta(w1, w2)(r)|
) 'r(lez) /Or(’ =)0y (I% (5, 01(5), 2(9)) ) ds

& — 5)92+ﬁ_2g0q (lefg(s, w1(s), a)z(s))) ds

S 3
wra ) ¢

1 r bp1 1 r 051
F(éz)/o =9 (pq(F(QZZ)/o r=3) |g(s"”l(s)'w2(s))|d5>

1)
_
AT (0 +B-1)

& 1 & .
_ \Oa+p-2 a1
X/o (-3 wq(r(ez*)/o () |g(3,w1(3),w2(5))|>d3

1 r bp1 1 r 051
SF(Gz)/o (r—s) <ﬂq(r(02*)/0 (r—s) %(Lz)ds)

) § by B2 1 & o1
*m/o -9 %(TQZ*)/O (E-9) @p(Lz))dS

1 -1 1 sg0r+p-1
§L2(F(9§k + 1)> I:F(Gz + 1) * AZF(QZ +ﬂ)] :LZMZ' (311)

=

Page 7 of 16



Khan et al. Advances in Difference Equations (2018) 2018:455

Thus, it follows from the above inequalities that the operator T is uniformly bounded.

Next we show that T is equicontinuous. Let 0 < r; <r, < 1. Then we have

| T1(01(r2), 02(r2)) = Ty (01(r1), 2 (r))|

= ; & 01 < 1 r el )
’F(el)/o r2 =)y r(ef)/o(’ AL (s, w1(5), w(s)) ) dis

! " 61-1 1 ' 671
- /0 (r—s) goq( o /0 (r-9) f(s,wl(s),wz(s)))ds

1 " 05-1
X ¢q<T91*),/(; (r—s) f(s’wl(s)er(S))) ds

S ‘

r

1
“Tey ), (’2‘”9“1‘”4(

< Ll
= T(0r + 1)(T05 + )41

| T2 (01(r2), 02(r2)) = Ta(@1(r1), n(r))|

:er_fw(l PR )
’I’(Gz)/o (r2—5)" g, F(%ﬁ)/o(r 8)2 71 f (s, 01(5), ws(s)) ) ds

1 " 0r-1 1 " 051
- /0 (1 ) goq( o /0 (r—s) f(s,wl(s),wz(s)))ds

1 d 05-1

F(lef) /O (r—S)ef"lf(s,a)l(s),a)z(s))) ds

(=), (3.12)

S ‘

L%, g
- -8
re)l, 7Y
L
<
=T, + D05 + )it

/Or(r — )7 (s, w1 (5), a)z(s))) ds

1
r63)

(2 =17). (3.13)

Therefore, the operator T(w;,w,) is equicontinuous, and thus the operator T(w;,w,)
is completely continuous. Finally, it will be verified that the set ¢ = {(w1,w2) € X x
Vw1, @) = AT (w1, w3),0 < A < 1}isbounded. Let (wq, w7) € €, then (w1, w3) = AT (wy, wsy).

For any r € [0, 1], we have
w1(r) = Ari(w1, wy), wy(r) = ATy (w1, @2).

Then

i 1 1 1 yn91+0(—1
|“)1(r)| = (F(eik + 1)) [F(Gl +1) ¥ AT (6 +0‘)]

X (ko + /(1‘a)1(r)| + kz|a)2(r)|) (3.14)

Page 8 of 16
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and

1 g-1 1 Séﬂzﬂ‘? 1
|a(r)] = (r(e)g‘ + 1)) |:F(92 1) Al 0 +ﬂ)}

x (Ao + A]@1(r)] + Aa|wa(r)]). (3.15)

Hence we have

lwill = My (ko + ky | 1(r) | + k2 |wa(r) )
(3.16)
lwall = Ma(ho + Atl|r ()| + Azl|an(r)])-

From (3.16) we have
loill + llwzll = (Miko + Mado) + (Miky + Moy llwr ]l + (Miky + Mado)|lwsa . (3.17)

Consequently,

Miky + Mo
||(a)1,a)2) ” =< %, (3.18)
0

for any r € [0, 1], where M) is defined in (3.3), which proves that ¢ is bounded. Thus, by
Lemma 3.2, operator T has at leat one fixed point. Hence, the boundary value problem
(1.1) has at least one solution. O

Theorem 3.3 Assume thatf,g:[0,1] x R* — R are continuous functions and there exist
constants m;, n;, i = 1,2 such that for all v € [0,1] and w1, ws, i1, hy € R,

|f (r, 1, 1) = f(r, 2, o) | < mylwy — w| + my |y =

|lg(r, w1, h1) = g(r, 2, )| < M|y — wa| + 13|y — Pa . (3.19)
In addition, assume that
Ar(my + my) + Ag(ny +1m3) <1,

where Ay and Ay are given by (3.4) and (3.5), respectively. Then the boundary value problem
(1.1) has a unique solution.

Proof Consider a bounded set || T(w1, w7)(r)|| < r. For (hiy, hy), (w1, @7) € X x Y, and for
any r € [0, 1], we get

|r1(ha, To)(r) = 1 (1, ) ()]

— 1 ! _ -1 01 1
= ‘F(el)/o (r—s) ¢q< 9 (s, 7 (s), ha(s )))d
Y 01 +a-2 01 _1
' m/(; (n-s) <1"(9*) / (r—s) f(S; R (s), hz(s)))

B A s )
F(Ql)/o(r 9 %(r(gf)/o(r )17 (s, 01(5), w2(s)) ) dis
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n r
ey, 0 e [ - o000

1
- qF(Q) / |( )91 1|F(9*)/ |(l" 5)9 le(S,hl S) h2(5))

—f(s, w1 (s), wz(S)) | ds

(g1 ra2|_ L ! _)ff-1
R Y s e 1= (s ), o)

—f(s, w1(5), w2(s)) | ds

-t ynret
+
- F(9f+ 1) F(el +1) A1F(91 +Ol)

:|(MI|hl — 1| + M|y — wo))

< Ap(my + my)(1hy — 1] + |y — 3 ). (3.20)
Similarly, we have

| Ta(a, Ba)(r) = Ta(w1, ) (1)]

=‘ 192) ”(r_s)ezl%( 1*) /0 r(r—s)eflg(s,hl(s),hz(s))>ds
m[ 52t 2%(”9 )/ r—s)"2"g(s, T (s), has )))d
- 1"(92)/ (r-5)""y <F(9 )/( - 5)" g (s, w1(s), (02(5))>
m/ (€ - 2§0q<r(9*) / (r =)' g (s, 1), wz(s)))

- w3 ( o f r=9)" (s w1(>w2(s>))ds

mf €90, [ -9 e 0,0:0) ) ds

f2-1 05-1
S ]"(9) / |( - ) |F(9*)/ |(7’ S) ||g(s,h1 S) hz(S))

—g(s, w1 (s), 602(5)) | ds

(q- 1 )
B [ e s [l g )

—g(s @1(s), 2()) | ds

_@-npr 8§71
+
- F(Q; + 1) F(92 + 1) Azr(ez +

< Ag(m +m) (7 = |l + 15y — w3l (3:21)

ﬂ)](”ﬂhl — 1] + 3| hy — ws])

Therefore, by (3.20) and (3.21), we have

| T (B, ho)(r) = Ty, ) (r)|

< [Ar(m1 + my) + Ag(ny + m) | (171 — w1l + |2 — @22 ]]). (3.22)

Page 10 of 16
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Hence As(m; + my) + Ag(n1 + n3) < 1, and therefore T is a contraction operator. So by
Banach’s fixed point theorem, the operator T has a unique fixed point, which is the unique

solution of problem (1.1). O

4 Hyers-Ulam stability of the coupled system
Definition 4.1 The coupled system of Hammerstein-type integral equations (2.8) is
Hyres—Ulam stable if there exist positive constants D; > 0 (i = 1, 2) satisfying:

For p;>0,i=1,2,if

on(r) - % /0 (r = 1 g (I (5,01 (5), oals)) s

S Ql)

n
ATl ) 0 s 0n (9, 00)) s
(4.1)

1 r *
wy(r) — ey /0 (r— 9", (I g(s,01(s), w2(s))) ds
1)

S QZr

&
‘Eﬁ@ﬁﬁtﬁﬁ(?*W“”%W%@wmwww»%

there exist (w¥(r), w3(r)), satisfying

1 r *
i(r) = @) /0 (r = 91 g (IUf (5, i (), 3 (5)) ) dis

n « .
A ) 09 e 0i9.0569) s

1 r (4.2)
wy(r) = m /0 (r—s)ez‘lgoq(lggg(s, wf(s),wj(s))) ds

) § x
TG ) € (s 0 0059) s

such that

|a)1(r) - a)i‘(r)| <Djo1,x€[0,1],

|wa(r) = w3 (r)| < D202, % €[0,1]. (4.3)

In the present section, we derive the Hyers—Ulam type stability for the solution of the

considered problem.

Theorem 4.2 By the assumption that f,g : [0,1] x R? — R are continuous functions and

there exist constants m;, n;, i = 1,2 such that for all r € [0,1] and w;, ws, hy, iy € R,

[f (r, 01, 1) = f(r, 2, o) | < m1lwn — @3] + 11|y = Bal,

|g(r,w1,h1) —g(fwayh2)| < my|w1 — | + my| Ay = Ry,

system (1.1) is Hyers—Ulam stable.
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Proof By Theorem 3.3 and Definition 4.1, let (w;(r), w(r)) be the exact solution, and
(w3 (r), w3(r)) be any other solution of system (2.8). Then, with the help of (2.8), we have

lon(r) - wl(r>|_‘ / (r— s~ soq( = / (=91 f (s, 0(5), a)z(s))> ds
4 ! O1+a—2
T AT O ra—1) / (n=s)

(pq(F(Q*)/ )™ lf s w1(s), a)g(s))) ds

— _ 61-1 _ gik_l " N
F(@l)/(; (r—s) ¢q<F(9f)/(; (r—s) f(S,a)l(S),wZ(s))> ds

_ S)91 +o—2

1%
_A1F(91+a—1)/0
x (L / r(r—s)al*’lf(s w*(s) w*(s))) ds

“\ren Jo e

1 " 1 4 *
< i 109 e s [ 0= e 0 n0) as)

1 " o7 -1 * *

_ 5)01 +o—2 |

e G
<F(9*)/(r 5T g (s, w1(5), wa(s)) d )
(r(e /(’ 5)" g (s, w3 (s), w3 (s)) d )
< 1)]1 /’ R *)f| =T [f (5, 01(5), @2(s))

—f(S, wq (S)r 0)2 S)) | ds

(q- 11y
A1F(91 +Ol—1) 0

n
| (77 _ S)Ol +a—2 |

(s, 01(5), 02(5)) = f (5, @} (5), w3 (5)) | ds

(q-1°K (
re +1)re;y+1)

, - DIy nfieiK,
AT +o) (05 +1)

w1(r) = 0} ()] + |wa(r) - 3 (1)])

), (45)

(Jor(r) = @} (")] + |@a(r) — @3 (r)

which implies that

Jor—of] < VIS L et
=T rer+1) ([ TO+1) AT (6 + )

x (Jlor =@ + oz - 3])

<Dso1, (4.6)

Page 12 of 16
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@WK ynf1
T D [1"(91+1) + A1F(01+a ] Similarly, we further have

where D; =

) - wz(r“‘r(ez)/( -9 “’q(r(e)/( (s “’1()“’2(3))>ds

6
+—
Ay (6, +B-1)

: _ *
XA (S—S)02+ﬂ2(pq( *)/ (7—5)92lg(S,a)l(S),a)z(s))) ds
1 r b 02 *
ST Jo (r=s)® ( 05) Jo g(s i), 2(5))> ds
— # ¢ _ o\2tB-2
AZF(92 +/3 _ 1),/(; (S S)
x (L /’(r_s)0§—1 (s w*(s) a)*(s))) ds
“\ e Jo gls i)}
1 r 1 r .
= T6) /o =57 ‘”"(r(e;) /0 (r =95 1g (s, 0n(s), ws(s) ds)

1 " 051 * *
_(/)q(Tez*)A (}"—S) g(s,a)l(s),a)z(S)) dS)

)
+ —
AT (02 + B -1)

& r
X /0 ‘(S —s)e2+ﬁ_2’ (pq<—r(19;) /o (r—s)ef_lg(s,wl(s),wg(s)) ds)
_ ‘%(% / (r— s)ef—lg(s, wi(s), w} (S)) ds)
2

1"(9) / or=s) 1|r(e*) / |09 lg (s @1(5),0a(5))
—g(s, wi(s), 3(s))| ds

(6] 1) 62+8-2
Azmﬂ_l/lw o

X /0 |(r —g)1 | |g(s, w1 (s), a)z(s)) —g(s, wi‘(s),a)ﬁ(s)) | ds

(q-1J5"
=6+ 1)1“(92

(g - 585"k

(le(r) Wi ()| + |w2(r) — w3 (r)))

T AT 0+ BT + (|“’1 r) = wi(r)] + [wa(r) =3 (1)]),  (47)
which implies that
o g- l)IZ‘ZICg 1 sE0+B-1
”wz —a)2|| = T +1) [F(GZ D + ATG +,8)]

x (Jlor = o] + oz - w3])

< Dy0,
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(g-1 ]2 E€2+ﬂ—l
9*+1 I 02+1 t AT OB
integral equations (2.8) is Hyers—Ulam stable, and consequently, the solution of system

(1.1) is Hyers—Ulam stable. g

]. Hence in view of (4.5) and (4.7), the system of

where D, =

5 lllustrative example
Example 5.1 Consider the following coupled FDEs involving the nonlinear p-Laplacian

operator with IBCs:
1 3 e wi(r) sin|wi(r)| + cos|wy(r)]
D2 D2 = s 0,1],
¢s(Dien(n) = — 55— + 2025+ 72) relol]
sin |y ()] + |wa(r)] e wo(r)
D2 D2 ) > 1 )
#3(Dren(n)) = —— =+ g relod]

(5.1)
QDB(D%C()I(F)) |r=0 = wll(r)‘r=0 = 0’ Cl)l(r)lr:() - \/El%wl <;>’

(pB(D%wZ(r)) |r=0 = V,(r)|r=0 = 0’ C()2(r)|r=0 - ﬂl%wZ(%)‘

The suggested parameter values are 6; = 3/2, 0¥ =1/2 (i=1,2), p=3, ¥ = /2,8 = /3,

=3r ¢ o
n=1/2,§=1/3,p=4/3,q=3/2, f(r, w1, ;) = ¢ 301(r) " s1n\w1((5)$:i03|w2 and g(r, wy, wy) =
3 —2r

! *Slnl‘“lz(?‘”“’zm L4 e 5o ®) | Further, we have

1 1
_ < _ _ _
lf(r!wlia)Z) f(r’wlin)‘ = 50|a)1 w2| + 50|w1 C‘)2|:
lg(r, @1, @2) - g(r, 1,0,)| < i|w1 —wy| + i|601 — .
— 10 10

Therefore, we have m; = 0.3 = n19, 17 = 0.2 = 1,

3 _
Ar(my + my) + Ag(ny +my) = 2

<1

Hence all the conditions of Theorem 3.3 are satisfied, and so the coupled system (5.1) has

a unique solution and is Hyres—Ulam stable.

6 Conclusion

In this paper we investigated existence and uniqueness of solutions for coupled fractional
differential equations involving the nonlinear p-Laplacian operator with integral bound-
ary conditions, by using nonlinear Leray—Schauder-type alternative and Banach’s fixed
point theorem. We have also developed some conditions to prove Hyres—Ulam stability.
An illustrative example was provided to demonstrate the results. For further studies, we
suggest investigating our problem (1.1) for multiplicity results and exponential stability.
Readers may also consider the problem for the new established derivative known as ABC

fractional derivative.
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