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1 Introduction

Ulam [1] presented an effective lecture at the University of Wisconsin in which he stated a
number of essential unsolved problems, in the fall of 1940. The next question concerning
the stability of homomorphisms was among those:

Assume that £2; is a group and suppose that §2;, is a metric group with a metric A(:, ).
Let £ > 0, is there > 0 such that if a function ¢ : £, — 2, satisfies the inequality
Ap(uv), o(u)p(v)) < n for all i, v € £2; then there is a homomorphism @ : £2; — £2, with
Alp(u), ®(u)) < & forall u € 2,7

When the answer is established, the functional equation for homomorphisms is stable.

The first mathematician who presented the result concerning the stability of functional
equations was Hyers [2]. He intelligently answered Ulam’s question when £2; and £2; are
Banach spaces. Recently, Rassias [3] and others have obtained important results on stabil-
ity and applied them to the investigations in the nonlinear sciences.

2 Preliminaries

Assume that A* is the family of distribution functions, i.e., the family of all left-continuous
functions G : [-00,00] — [0,1] such that G is increasing on [—00,00], G(0) = 0 and
G(+00) = 1. D* € A* contains each function G € A* for which £~ G(+00) = 1 and £~ g(x) is
the left limit of the map g at x, i.e., £~ g(x) = lim;, - g(¢). In A*, we have H < F if and only
if H(s) < F(s) for all s in R (partially ordered). Note that the function ¢, defined by

0, ifs<u,
eu(s) =
1, ifs>u,
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is an element of A* and &g is the maximal element in this space. For more details see
[4-6].

Definition 2.1 ([6]) Let I = [0,1]. A continuous triangular norm (briefly, ct-norm) is a
function T from I to I with continuity property such that:

(a) TO,9)=T(,0)and T(O,T(%,1)) = T(T(0,0),t) forall 6,9,t € I;

(b) T(O,1)=0for0<6<1;

(¢) T(®,9) < T(t,«) whenever 0 <t and ¢ <« for each 0,9,t,k € 1.

Tp(0,9) = 09, Ty (0,9) = min(0, ) and T;(0,9) = max(® + ¥ — 1,0) (the Lukasiewicz
t-norm) are some examples of t-norms. Also, we define ]_[;il 0;=T"1(61,...,0).

Definition 2.2 ([6]) Suppose that T is a ct-norm, V is a vector space and let u be a map
from V to D*. In this case, the ordered triple (V, u, T') with the properties

(RN1) puy(8) = €0(0) for all 6 > 0 if and only if v = 0;

(RN2) wer(0) = [/Lv(lz—l) forallve V,a #0;

(RN3) pysp(@ + ) > T(0y(0), (1)) for all u,v € V and all 6,9 > 0,
is said to be a random normed space (in short, RN-space).

Let (V, | - ||) be a linear normed space. Then

:uv(ﬁ) =
o+ (vl

for all ¥ > 0, defines a random norm, and the ordered triple (V, i, Tys) is an RN-space.

Definition 2.3 Assume that the following algebraic structure on an RN-space (V,u, T)
holds:
(RN-4) p,,(09) > T' (10 u(0), ., (9)) for each u,v € V and all 8,9 > 0, where T” is a
ct-norm.
Then (V, 1, T, T") is called a random normed algebra.

Suppose that (V, || - ||) is a normed algebra. Then (V, u, Ta, Tp) is @ random normed
algebra, where

0
O+ v

()
for all ¥ > 0 if and only if

vl < villull +Ollul + 2 vl (v,u€ V30,9 >0).
For more details, see [7-22].
Definition 2.4 A random Banach x-algebra B is a random complex Banach algebra
(B,u, T, T"), together with an involution on B which is a mapping g > g* from B into

B that satisfies
(i) g*=gforgeh;
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(ii) (ag + bh)* = ag* + bh*;
(iii) (gh)* =h*g* for g,h € B.
If, in addition, g, (00) = T'(144(8), pg(9)) for g € Band 6,9 > 0, then B is called a ran-
dom C*-algebra.

Assume that B is a random Banach *-algebra. A derivation on 3 is a mapping § from B
to B such that:

S(rg + h) = A8(g) + 8(h), (2.1)
8(gh) = 8(g)h + gb(h) (2.2)

forallg, i € Bandall » € C. A derivation § is called a x-derivation on B if §(g*) = §(g)* for
all g € B (see [23]).

Recall that
o(u+7v) = o) + o), (2.3)
o +v) + o(u—v) =2w(u) + 2w(v), (2.4)

respectively, are Cauchy additive and Cauchy quadratic functional equations.

Firstly, Baker, Lawrence and Zorzitto [24] defined the concept of superstability. Let
(B,, T, T') be an RN algebra. The random norm is multiplicative if w,,(09) = T'(1,(0),
(%)) for all u,v € Band all 6,9 > 0.

Suppose that I # . A function A : I' x I' — [0, 00] is a generalized metric (GM) on I"
if

(1) A(p,0)=0ifand onlyif p = p;

(2) Ap,0)=Alo,p) forall p,o € T’;

(3) A(p,0) < A(p,0)+ Ao,) forall p,0,0 € I'.

Theorem 2.1 ([25, 26]) Suppose that (I", A) is a complete GM space and assume that
the selfmapping T on I' with Lipschitz constant 0 < L < 1 is strictly contractive. Then, for
o € I', either

A(TYIQ’ TnJrlQ) =00

foreach 0 <n e Z, or there exists ny € N such that
(1) A(Y",Y™0) < 00, Vi > ny;
(2) the sequence {Y"o} tends to o* in I';
(3) Y(o*)=0%
(4) Y(0*)=0" and is unique in E = {o € | A(T"9,0) < 00}
5) A-L)A(o,0") < A(o,Y0) forallo e I.
3 Approximation of derivations on random Banach =-algebras
Assume that a random *-Banach algebra B has unit e. Our results improve and expand
the result presented by Jang [27].
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Theorem 3.1 Let v, : B x B— D* and v, : B — D" be distribution functions. Assume
that f : B — B is a mapping such that

Kt epray-ef @ (8) = V1@, q, 1), 3.1)
Kt pay-pf@~Fpal) = V1@, q, 1), (3.2)
Kroh)~f oy (&) = Y2 (p, £), (3.3)

forall €T, p,qe Bandt>0.Ifthere exist n € N and 0 < L <1 such that 1 (sp,sq, Lst) >

V10,4, 0), ¥1(sps g, Lst) > Y1(p, 4, 1), Y1(p,5q, Lst) > Y1 (p, 4, t) and Yo(sp, Lst) > Yra(p, t) for
allp,qg e Band t>0. Then f on B is a x-derivation.

Proof Putting p =g and & =1 in (3.1), we get

Krep-21 ) (8) = Y1, p, t) (3.4)

for all p € B and ¢ > 0. By induction, we can prove that
n-1
1fp)-n) &) = [ [ 10 2. 17) (3.5)

Jj=1

forall p,q € B, t >0 and n > 2 where Z;’z_ll t=t.

Define
s-1
lI/(Py t) = 1_[ 1/f1(1}9,P; t])
j=1

for p € B, t >0 and s > 2 where Z]S.;lltj =t.So

Kfisp)-sf o) () = ¥ (D, 2). (3.6)
Put I' = {g;g : B — B}. Define a function A : I x I — [0, 00] such that

A, v) = inf{v >0: Uyp)-vp) (VD) = ¥ (p,t),Ype B,t> 0},

where ¢, v € I'. Mihet and Radu [28] proved that (I", A) is a complete GM space. Define
amapping H: I' — I" by H(®)(p) = s u(sp). Put

A, v) =,

where #,v € I'. Then

S t
WH®)@)-Hw)(p) (£) = o (sp)-v(sp) (SE) = & (Sp, ;t) >y (p, a).

So, for ¥, v € S, we have

A(H(®),H(v)) <LA®,v). (3.7)
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Then the mapping H on I" with Lipschitz constant L is strictly contractive. From (3.6), we
have

1)) (E) = Isisp)-1() (5) = Ig(sp)-57 ) (52) = W (p, 50),

which implies that A(H(f),f) < 1/|s|. Theorem 2.1 implies that, in the set
U={derl:A®H()) <o},

h: B — Bisaunique fixed point of H. Also for every p € A
hp) = lim H"(f(p) = Tim s™"f(s"p). (3.8)

Using (3.6), we get

Knepra)-shtp)-hig) () = HM yneprgy-g/5np)-rinq) (8"1)

v

lim (s”p,s"q,s”t)
n—00

li ! =1
Jim vi(pa 5 ) -

forallp,ge B, € Tandt>0.Let& =& +i& € C, &,& € Rand let ug = & — [£] and
W2 = & — [£2] where [£] denotes the integer part of §. S0 0 < p; <1 (1 <i <2). Now, we
represent u; as W; = @ such that &;; € T (1 <, j < 2). Since h(&p + q) = Lh(p) + h(q)
for & € T, we conclude that

v

h(&Ep) = h(&1p) + ih(&xp)
= ([&1h(p) + 8(u1p)) + i([E21A(p) + h(iap))

- (16040 + 54610+ 1200} 6 + SiEusp + ) )

_ ([a]h(p) ¢ SEh() + %sl,zmp)) + i([szlh(p) - SEh(p) + %fz,zh(lﬂ)>
=&1h(p) + i&N(p)
- h(p)

forall p € Band & € C. So, on B3, & is a C-linear mapping. For the involution of /1, we have

Mh(p*)—h(p)* (t) = nll}n’olo //Lf(s”p*)—f(s”p)* (Snt)

v

lim v, (s”p, s"t)

. t
Jim ¥ <P’ L—)
1.

v
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Now, we prove the derivation property of 4. In (3.2), we replace p by s"p, g by s¢, divide
by s*" and get

¢
2
M“:finq) S 16 p(t) > Y1 (s"p,s"q,s7"t) = Y <P» 7 ﬁ) (3.9)

In (3.9), letting n — oo, we get

h(pq) = ph(q) + h(p)q (3.10)

for all p,q € B. So h is a x-derivation on B. Now, in (3.2), replacing p by s"p and dividing
by s”, we get

P

t
Mg 16,0 Z V1 ("Pr0r5"E) 2 11 (p 7 )
forall p,q € B, n e Nand ¢ > 0. Letting n — 00, we get

h(pq) = pf(q) + h(p)q (3.11)

for all p,q € B. Fix m € N. From

pf(s"q) = h(s"pq) - h(p)s"q

=s"pf(q) (3.12)

for all p,q € B, we have pf(q) = pf(z—:q) for all p,q € B and m € N. Letting m — o0, we
get pf(q) = ph(q). Putting p = e, we get h(q) = f(q) for all g € B. Hence f is a x-derivation
on B5. O

4 Approximation of quadratic #-derivations on random Banach %-algebras
Definition 4.1 Assume that a mapping 8 : B — B satisfies

(1) 8(n+x)+8(n—«)—28(n)—25(k) =0;

(2) 8 is quadratic homogeneous, that is, §(An) = A28(n);

(3) 8(nic) = 8(mc? + 18 (xc);

(4) 3(n*) =)
for all n,k € B and A € C. Then it is called a *-quadratic derivation on B.

Theorem 4.2 Assume that Y1 : B x B — D* and r, : B— D" are distribution functions.
Let f : B— B be a function such that

e p+a)+f o-0-2 0)-2 (@) () = ¥1(0: ¢, 1), (4.1)
W pa-vf@-ra(8) = ¥1(p, 4 1), (4.2)
Ksepy-22f ) (8) = V2(p, 1), (4.3)

i)~ (&) = Ya(p,t), (4.4)
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forall§ € C, p,qe B andt>0.If there exist s € N and 0 < L < 1 such that y1(2°p,2°q,

223Lt) > 1/’1(P¢ q, t)r wl(zs yq» 228Lt) > 1//1(17; q, t)r 1//1(17; 25% 22SLt) > wl(p1q1 t) and 'ﬂz(zsp;
25Lt) > yn(p,t) for all p,q € Band t > 0. Then, on B, f is a x-quadratic derivation.

Proof Putting p=q and & =1 in (4.1), we get
1)) (8) = Y1 (P, p, 1)

for all p € B and ¢ > 0. Induction on # yields

n—i)

n-1
Hymp-2np ) = [ [ (2’ 2! 2T)
i=0

(4.5)
forall p,q € B, n> 2 and ¢ > 0 where Z::ol t; = t. Define
s—1 ¢
_ 2(s—i) i i i
W@rt)—nz ‘ﬂl(zﬂzprm)« (4.6)

Then we have
Wresp-255)(8) = ¥ () 2).

The set of all mappings ¢ : B — B is denoted by I'". Define a function A : I x I" — [0, 00]
by

. ¢
AG,n) = mf{v >0 pe(p)-np) () = W(p, ;),VP € B}«

Mihet and Radu [28] proved that (I”, A) is a complete GM space. Now, define a mapping
H:TI' — I' by H(¢)(p) = 275 (2°p). Putting

A(C»ﬁ)=v (Q,UGF),

we obtain

t t t
KHE)p)-Hm ) (E) = He@sp)-nesp) (ﬁ) >y <25P, @) >V <P, —a>.

Then, for ¢,n € S, we have

A(H(¢),H(m) < LA, ), (4.7)

which means that H on I', with Lipschitz constant L is a strictly contractive mapping.
Also, for p € 3, we have

1@nE)-e)(0) = Ha2sp0sp) 1) (B) = Bpaosyi (2°8) = W (p,2%0),

Page 7 of 12
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which implies that A(H(f),f) < 1/2%. Using Theorem 2.1, we conclude that, in the set
U={¢el:A((H(f))<oo} (4.8)
and for each p € B, h: B — B is a unique fixed point of H and
I m 12 —2sm S
h(p) = lim H (f(p)) = lim27>"f (2"p). (4.9)
By (4.9), we have

h(p+q)+hip—g)-2h(p)-2h(g) ()

= im py(prg)f @ (p-g)-2p@p)-2f2g) (2°'E)
t
> lim ¥ (2%p,2"¢,2%"t) > lim Y (p, q, _) -1
n—00 n—00 "
for all p,q € B and ¢ > 0. Then 4 is a quadratic mapping on 5. Also, we have

Piep)-32np) () = M fhponsep) 327 @nsy (2251)

n—00

> lim ¥, (2%p,2%"¢)
n— 00

t
z lim ¥ (p, Ln)
=1,

which implies that / is quadratic homogeneous.

2sn

Now, replacing p by 2"p in (4.2) and dividing by 27", we get

t
/Lf(z”qu Zf(q) [@2"p) Z(t) = 1/,1 (2"5p q 22n5t) = 1//1 <P: q: L ) (4'10)

22n5

forall p,q € B, n e Nand ¢ > 0. Letting n — 00, we get

h(pq) = p*f (@) + h(p)4, (4.11)

for all p,q € B. Let m € N. We have

pi(zmsq) — h(zmqu) _ h(ZmSp)q2
22m Zf(q) + h(zms )q h(zms )

= 2" pf(q) (4.12)

for all p,q € B, and so p*f(q) = p* 22,”5 ) for all p,q € B and m € N. Letting m — oo yields
P*f(q) = p*h(q). Putting p = e, we get h(q) = f(q) for all g € B. Hence, on B, f is a *-
quadratic derivation. O
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5 Derivations on random C*-ternary algebras
A complex random Banach space (B3, u, T, T’), which has a ternary product (f,g, h) —
[f,g, h] of B® into B, is a random C*-ternary algebra if (see [29]):
(1) [Ef +v,g,h) = &[f,g, h) + [v,g, k] forall £ € C;
2) [f,.ég+v,h] =&[f,.g.h] +[f,v,h] forall &€ € C;
3) g Eh+v]=&[f,g, hl+[f,gv] foral & € C;
4) If.& k. j1) = [f, [k 1 gl,j1 = [If & 1l ko j);
5 A& Al < IF1- ligh - lI7lls
©) IUFA£A1 = 1%
for f,g, h,v,k,j € B.
If (B, u, T, T') has the unit e satisfying f = [f, e, ] = [e, e,f] for all f € B, then the random
C*-ternary algebra has unit e. If for f € 3, we have [e,f, e] = f*, then * is an involution on

(
(
(
(

the C*-ternary algebra. A C*-ternary derivation is a mapping é : B — 5 such that

8([f,g 1) = [8(), g, h] +[f,8(2), 1] + [f.& 8(h)],
SCEf+2)=85(f) +6(g)

forallf,g,h € Band & € C. Recall that §([e,f, e]) = [e, §(f), e] implies that § is an involution.

Theorem 5.1 Assume that 3 is a random C*-ternary algebra which has the unit e. Suppose
that , : B2 — [0,00) and v, : B> —> [0,00) are functions. Let f : B —> B be a mapping

such that
Wfepra-2 o)~ @(8) = V1P, g, 1), (5.1)
e (par)-If @har-lof @npaf 01 (E) = Y20, g, 7, £), (5.2)
Kt (eqe)-lef@el(E) = Yale g, 1) (5.3)

for all » € C, p,q,r € B and t > 0. Assume there exist s € N and 0 < L < 1 such
that Y (s'p,§q,s"DLEDt) > yr1(p, q, ), Vo(s'p,s'q, s5r,sHTHOLEOL) 5 o (p, q, 1, t) for all
p,qr€Bandi,jk=0,1. Then on B, f is a x-derivation.

Proof Put
s—1
w(p,t) = [vilp.p. 1)
j=1

for p € B and ¢ > 0 where le;ll t; = t. Then we have

s sp)-s (o) (£) = W (p, £). (5.4)

We use similar method presented in the proof of Theorem 3.1. Let I" be the set of all
mappings r: B — B. Define a function A : I x I' — [0, 00] by

AZ,m) =inf{v > 0: pe)on@) (v8) = ¥ (z,9)}
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for¢,neI', ze€ B and t > 0. Mihet and Radu [28] proved that (I", A) is a complete GM
space. Define a mapping H : I' — I" by H(¢)(2) = s71¢ (sz). Now

A(g,m)=v(E,nel)

implies that
t
WH(e)@)-H(n) @) () = Wi (s2)—n(sz)(VSE) = W (sz,st) = ¥ | z, o

andfor¢,nerl”
A(H(), Hn) < LA, 7). (5.5)

Therefore H on I" with Lipschitz constant L is a strictly contractive function. From (5.4),

we have
WHS)(2) = f(@)(#) = 1hs11(52) 1) (£) = Bpsa)-sf2) (58) = W (2, 52).

So A(H(f),f) < 1/|s|. Using Theorem 2.1, we conclude that, in the set
U={¢el:A(¢H(f)<oo},

h:B — B is a unique fixed point of H.
Now, for every z € 3, we have

h(z) = lim H™ (f(z)) = W}i_)moo s_’"f(s’”z) (5.6)

m—> 00

which implies that % is a C-linear mapping on B. Also, we can show that / has the C*-
ternary derivation property,

K[, (). (@) (g, n) (£)

= lim 1y an-spsean-2ipasen (1)
> ,,ILHJO " (s”p, s"q,s"r, s3"t) > nan;o Lt <p, q,7, L—;) =1.
So
h([p.q,r1) = [h@).q,r] + [ h@), r] + [p. g, h(r)] (5.7)

for all p,q,r € B. Also,

: 3
Pobllepel)-lepel(€) = HM iponepe-niesiorpel ('F)
> lim v (s” e,s"p,s"e, & t)
n—o0

: t
> lim L¥y (e, pe ﬁ)

n— 00

-1,

which implies that, on 5, / is a x-derivation.
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Now, in (5.2), we replace g by s"q, r by s"r and divide by s*". Letting n — oo, we get

WML g2 (54,511 [ ()57 g5 -5 f ) )= [ f ) (£)

n—00

. 2
= m pgonip )20 005 6 a-stipas ) (')

n—0o0

t
: n n.,, 2n : —
Znh_fgowl(p,s 4,8"1,$ )anggo%(p,q,rL—ZJ L,

which implies that

h(lp.q.r]) = [f®).q.7] + [p. (@), r] + [p.q, h(r)] (5.8)
for all p,q,r € B. Putting f(p) — h(p) instead of g and r in (5.7) and (5.8), we obtain
Mi(p)-f(p)(t) = 1. Hence, on B, f is a *-derivation. a
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