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1 Introduction

In recent years, fractional calculus and fractional differential equations are emerging as a
useful tool in modeling the dynamics of many physical systems and electrical phenomena,
which has been demonstrated by many researchers in the fields of mathematics, science,
and engineering; see (3, 4, 18, 19, 22, 23, 30, 31, 35-40]. Recently, considerable attention
has been given to the existence of solutions of initial and boundary value problems for
fractional differential equations with Hilfer fractional derivative [15, 16, 18, 20, 32, 34]
and other problems with Hilfer—-Hadamard fractional derivative [28, 29].

The measure of weak noncompactness was introduced by De Blasi [14]. The strong mea-
sure of noncompactness was developed first by Bana$ and Goebel [8] and subsequently
developed and used in many papers; see, for example, Akhmerov et al. [6], Alvarez [7],
Benchohra et al. [12], Guo et al. [17], and the references therein. In [12, 26], the authors
considered some existence results by the technique of measure of noncompactness. Re-
cently, several researchers obtained other results by the technique of measure of weak
noncompactness; see [2, 4, 10, 11] and the references therein.

Consider the following coupled system of implicit Hilfer—-Hadamard fractional differen-

tial equations:

HDY ) (8) = fi(t, ua (8), us(0), (1D wa ) (8), (FDYP uy) (1)),

) el, (D
(DY u)(8) = folt, ur (8), ua(0), (1D  un ) (8), (LD r) (1)),

© The Author(s) 2018. This article is distributed under the terms of the Creative Commons Attribution 4.0 International License
(http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in any medium, pro-
vided you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and
indicate if changes were made.


https://doi.org/10.1186/s13662-018-1787-4
http://crossmark.crossref.org/dialog/?doi=10.1186/s13662-018-1787-4&domain=pdf
http://orcid.org/0000-0002-4099-8077
mailto:yzhou@xtu.edu.cn

Abbas et al. Advances in Difference Equations (2018) 2018:328 Page 2 of 17

with the initial conditions

L7 w) (01 = 1,

@)
L7 w) (0121 = o,

where I:= [1,T],T>1La €(0,1),8€[0,1],y =a+ B —aB,¢; €E, fi:I x E* > E,i=1,2,
are given continuous functions, E is a real (or complex) Banach space with norm || - | £
and dual E*, such that E is the dual of a weakly compactly generated Banach space X,
H[I™7 s the left-sided mixed Hadamard integral of order 1 — y, and “D%” is the Hilfer—
Hadamard fractional derivative of order « and type B. In this paper, we prove the exis-
tence of weak solutions for a coupled system of implicit fractional differential equations
of Hilfer—Hadamard type.

2 Preliminaries
Let C be the Banach space of all continuous functions v from I into E with the supremum
(uniform) norm

[1Vlloo := sup||v(®)] .-
tel

As usual, AC(I) denotes the space of absolutely continuous functions from I into E. We
define the space

ACHI):={w:I— E:w e AC(D)},

where w/(t) = %w(t),t el. Let

where [g] is the integer part of g > 0. Define the space
AC) :={u:[1,T] - E: 8" (u) e AC(D)}.

Let y €(0,1]. By C, (1),C}1, (1), and C,, (/) we denote the weighted spaces of continuous
functions defined by

C,()={w:(1,T]—> E:eweC},

where w(t) = 17 w(t), t € (1, T), with the norm

Iwllc, = sup||w(®)| .,
tel

C,(={weC:weC,}
with the norm

wlly := Iwlloo + W], »
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and
Com)={w:I—->E:weC},

where W(¢) = (Int)""Y w(¢), t € I, with the norm
Iwllc, ,, := stlEIPIIW(t) =

We further denote Iwllc, by |wllc.
Define the weighted product space C := C, jo(I) x C, 1n(I) with the norm

[wi, wa) | = llwillc + [wallc.

In the same way, we can define the the weighted product space C := (Cy (D))" with the
norm

n
|, was o w) =) liwllc
k=1

Let (E,w) = (E, o (E, E*)) be the Banach space E with weak topology.

Definition 2.1 A Banach space X is said to be weakly compactly generated (WCGQG) if it
contains a weakly compact set whose linear span is dense in X.

Definition 2.2 A function /& : E — E is said to be weakly sequentially continuous if / takes
each weakly convergent sequence in E to a weakly convergent sequence in E (i.e., for any
(#,,) in E with u,, — u in (E,w), we have h(u,) — h(u) in (E,w)).

Definition 2.3 ([27]) The function u : I — E is said to be Pettis integrable on I if and only
if there is an element u; € E corresponding to each J C I such that ¢(u;) = f/ ¢ (u(s)) ds for
all ¢ € E*, where the integral on the right-hand side is assumed to exist in the Lebesgue
sense (by definition u; = |, u(s) ds).

Let P(I, E) be the space of all E-valued Pettis-integrable functions on I, and let L'(I, E) be
the Banach space of Bochner-integrable measurable functions u : I — E. Define the class

P([,E) = {u € P(I,E) : p(u) € L*(I,R) for every ¢ € E*}.

The space P;(J, E) is normed by

T
lullo, = sup /|¢(u(x))|cux,

peE* llpll<1J1

where A is the Lebesgue measure on /.
The following result is due to Pettis [27, Thm. 3.4 and Cor. 3.41].

Proposition 2.4 ([27]) If u € P1(I,E) and h is a measurable and essentially bounded E-
valued function, then uh € P1(I, E).

In what follows, the symbol “ [” denotes the Pettis integral.



Abbas et al. Advances in Difference Equations (2018) 2018:328 Page 4 of 17

Now, we give some results and properties of fractional calculus.

Definition 2.5 ([3,22,30]) The left-sided mixed Riemann—-Liouville integral of order r > 0
of a function w € L!(I) is defined by

r _L ! _ oyl
(Ilw)(t)_f‘(r)/l(t s) "w(s)ds fora.e.tel,

where T is the (Euler) gamma function defined by

o0
rE)= / t£letdt, £>0.
0
Notice that, for all ,7,7, > 0 and w € C, we have Ijw € C and
([T I2w) () = (I;""w)(t); forae.tel.

Definition 2.6 ([3, 22, 30]) The Riemann-Liouville fractional derivative of order r > 0 of
a function w € L(J) is defined by

d
(Diw)(t):(ﬂznr )()
F(n—r) der ./ (t=s)""wls)ds forae tel,

where n = [r] + 1, and [r] is the integer part of r.

In particular, if r € (0, 1], then

©r)0 = (17w o

mdt/(t s)"w(s)ds forae.tel.

Letr € (0,1],y €[0,1), and w € Cy_, ({). Then the following expression leads to the left
inverse operator:

(D Iw)(8) =w(e) forallte(1,T).
Moreover, if Il 77w € Cll_y(l ), then the following composition is proved in [30]:

1-r +
(I1Dyw)(2) = w(e) — Mt'_l forallt e (1, T].

I'(r)

Definition 2.7 ([3, 22, 30]) The Caputo fractional derivative of order r > 0 of a function
w € LY(I) is defined by

(“Dyw)(t) = (1" P& )(t)
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1 t " 1d}’l
= —s)" T — fora.e. tel.
F(n—r)/l (t—5s) clSnw(s)ds ora.e.te

In particular, if r € (0, 1], then
(CD’W)(t) = 11_’iw (¢)
1 1 dt

1
'(1-r)

t
d
/ (t—s)"—w(s)ds fora.e.tel.
1 ds

Let us recall some definitions and properties of Hadamard fractional integration and dif-
ferentiation. We refer to [22] for more details.

Definition 2.8 ([22]) The Hadamard fractional integral of order g > 0 for a function g €
L'(I,E) is defined as

. 1 o2\ gls)

provided that the integral exists.

Example 2.9 Let0< g < 1. Then

Arlne = (Int)**1 fora.e. t < [0,e].

r2+q)
Remark 2.10 Let g € P1([,E). For every ¢ € E*, we have
o("Ilg)(t) = ("Ilpg)(t) forae.tel

Similarly to the Riemann-Liouville fractional calculus, the Hadamard fractional deriva-
tive is defined in terms of the Hadamard fractional integral as follows.

Definition 2.11 ([22]) The Hadamard fractional derivative of order g > 0 applied to a
function w € ACY is defined as

("Diw)(x) = 8" ("I W) (x).
In particular, if g € (0, 1], then

("Diw)(x) = S(Hlll_qw) (x).
Example 2.12 Let 0< g < 1. Then

1
ApTint= ———(Int)*? forae. t€[0,e].

r2-q

It has been proved (see, e.g., Kilbas [21, Thm. 4.8]) that, in the space L!(I,E), the
Hadamard fractional derivative is the left-inverse operator to the Hadamard fractional
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integral, that is,
(DY) ("1iw)(x) = w(x).
From [22, Thm. 2.3] we have

L™ w)(1)

Inx)7L,
I'(q) (In)

(1) (" Diw) (x) = wlx) -

Similarly to the Hadamard fractional calculus, the Caputo—Hadamard fractional deriva-

tive is defined as follows.

Definition 2.13 The Caputo—Hadamard fractional derivative of order g > 0 applied to a
function w € ACY is defined as

("DIw) (%) = (178" w) ().
In particular, if g € (0, 1], then
(HCD‘IIW) (%) = (Hlll_q(Sw) (x).

Hilfer [18] studied applications of the generalized fractional operator having the

Riemann-Liouville and the Caputo derivatives as particular cases (see also [20, 32]).

Definition 2.14 Let « € (0,1), 8 € [0,1],w € L'(I) and 1" ""P\w € AC!(I). The Hilfer
fractional derivative of order « and type B of w is defined as

d
(Df’ﬁw)(t) = (If“_“)E[il_a)(l_ﬁ)w>(t) forae. tel (3)

Properties Leta € (0,1),8 € [0,1],y =a + B —aB, and w e L}(I).
1. The operator (D‘f’ﬁ w)(£) can be written as

d
(D‘f’ﬁw) (= (If(l_a)glll_yw>(t) = (If(l_a)D’fw)(t) forae. tel

Moreover, the parameter y satisfies
y €(0,1], y >a, y > B, 1-y<1-81-a).

2. For B =0, generalization (3) coincides with the Riemann—Liouville derivative and for

B =1, with the Caputo derivative:
DY’ =DY and D{'=°DE.
3. If DP""w exists and is in L!(I), then

(DT'ﬁI?W)(L‘) = (If(lfa)D’f(lfa)w)(t) forae. tel.
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Furthermore, if w € C, (I) and Ill_ﬁ(l_“)w € C)(I), then
(D‘f’ﬂl‘l"w)(t) =w(t) forae. tel
4. 1f DY w exists and is in L!(J), then

L7
I'(y)

771 forae. tel.

(12D5Pw)(8) = (1 DY w)(2) = w(t) -

Based on the Hadamard fractional integral, the Hilfer—Hadamard fractional derivative
(introduced for the first time in [28]) is defined as follows.

Definition 2.15 Let o € (0,1),8 € [0,1], y = + B — af,w € L(I), and H["™0Py, ¢
AC!(I). The Hilfer—Hadamard fractional derivative of order o and type 8 applied to a
function w is defined as
(DS Pw)(8) = (17 (DY w)) (2)
= (Hlf(lfa)(S(Hlll_Vw))(t) forae. tel. (4)
This new fractional derivative (4) may be viewed as interpolation of the Hadamard and
Caputo—Hadamard fractional derivatives. Indeed, for § = 0, this derivative reduces to the

Hadamard fractional derivative, and, for 8 = 1, we recover the Caputo—Hadamard frac-
tional derivative:

Hpi® <" Dy and "Dyt =" DY
From [29, Thm. 21] we have the following lemma.
Lemma 2.16 Let f; : I X E* > E,i =1,2, be such that fi(-,u,v,u,v) € C,n(I) for any

u,v,u, v € Cy (). Then system (1)—(2) is equivalent to the problem of obtaining the so-
lution of the coupled system

&(0) = At 250" + (M5 (0), £ (In )~ + (17 g2)(8), 81(0), (1)),
&) = At 5ty + (")), 15 e) " + (1 0) (0),41(0,80)),

and if gi(-) € C, 1n are the solutions of this system, then

u(t) = 5 (ne) ' + (1) (),

() = (25 (i) + (ML) ).
Definition 2.17 ([14]) Let E be a Banach space, let Qf be the set of bounded subsets of
E, and let B; be the unit ball of E. The De Blasi measure of weak noncompactness is the

map u : Qp — [0,00) defined by

1(X) =inf{e > 0 : there exists a weakly compact set Q C E such that X C ¢B; + Q}.
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The De Blasi measure of weak noncompactness satisfies the following properties:
(@) ACB= u(A) < u(B),
(b) w1(A)=0 < A is weakly relatively compact,

(c) m(AUB) =max{u(A), u(B)},

(d) ,u(Aw) = u(A), where A" denotes the weak closure of A,

(e) u(A+B) =< u(A)+ u(B),

(f) n(rA)=|rlun(A),

(g) u(conv(A)) = pu(A),

(h) /’L(UIMSh LA) = hu(A).

The next result follows directly from the Hahn—Banach theorem.

Proposition 2.18 If E is a normed space and x, € E — {0}, then there exists ¢ € E* with
lell =1 and ¢(xo) = llxoll-

For a given set V of functions v: I — E, let us denote
V) ={v@t):veV}) tel and V(UI)={v@):veV,tel}.

Lemma 2.19 ([17] ) Let H C C be a bounded equicontinuous subset. Then the function

t — u(H(t)) is continuous on I,
pe(H) = max pu(H(2),

and

wl [uas) = [nlro)as

where H(t) = {u(t) : u € H},t € I, and ¢ is the De Blasi measure of weak noncompactness
defined on the bounded sets of C.

For our purpose, we will need the following fixed point theorem.

Theorem 2.20 ([25]) Let Q be a nonempty, closed, convex, and equicontinuous subset of a
metrizable locally convex vector space C(I, E) such that 0 € Q. Suppose T : Q — Q is weakly

sequentially continuous. If the implication
V= conV({O} U T(V)) =V isrelatively weakly compact (5)
holds for every subset V C Q, then the operator T has a fixed point.

3 Existence of weak solutions
Let us start by the definition of a weak solution of problem (1).

Definition 3.1 By a weak solution of the coupled system (1)—(2) we mean a coupled
measurable functions (i1, #3) € C such that (Hlll_y u;)(1*) = ¢;,i = 1,2, and the equations
HEDYP ;) (t) = fi(t, ur (£), us(8), LDLP uy)(2), (1D uy)(2)) are satisfied on 1.
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We further will use the following hypotheses.

(H1) The functions v — fi(t,v,w,v,w),w — fi(t,v,w,v,w),v — fi(t,v,w,V,w), and w —
filt,v,w,v,w),i = 1,2, are weakly sequentially continuous for a.e. £ € I,

(Hy) For all v,w,v,w € E, the functions t — fi(t,v,w,v,w),i = 1,2, are Pettis integrable
a.e.onl,

(H3) There exist p;,q; € C(, [0, 00)) such that, for all ¢ € E*,

(Oule +qit)||v
(e, 7,7)| < pi®)lulle+ ai®lvle
1+ llell + llulle + Ve + ulle + IVIE

forae. telandall u,v,u,v €E,
(H4) For all bounded measurable sets B; C E,i = 1,2, and all ¢ € I, we have

w(fi(t B1, Bs,” DY B DY By),0) < pr()i(By) + g1 (£)1(By)

and

11(0,f5(t, B1, Bo," DS B, DS By)) < pa(8) u(B1) + ga(£)u(By),

where “D¥PB; = (D" w:w e B}},i=1,2.
Set

p; =supp;(t) and g} =supg;(t), i=1,2.
tel

tel

Theorem 3.2 Assume that the hypotheses (H1)—(Ha) hold. If

_ i +ps+ 41+ )(InT)*
I'l+a)

L: <1, (6)

then the coupled system (1)—(2) has at least one weak solution defined on 1.
Proof Consider the operators N; : C, 1o = C, 1n, i = 1,2, defined by

(Nua)() = %an 07+ (112g) 0)

where g; € C, 1n, i = 1,2, are defined as

o1
I'(y)

gi(t) =/i <t, (n2)” '+ (17 ¢1)(2), 22 (Ing)”~ + (Hli’gz)(t),gdt),gz(t)).

I'(y)

Consider the operator N : C — C such that, for any (u1,u,) € C,
(N (u1,u2)) (2) = (N121) (2), (No 1) (2)). (7)

First, notice that the hypotheses imply that, for each g; € C, 1, = 1,2, the function

a-1
t— (ln E) gi(s)
s
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is Pettis integrable over I, and

$2 -1, (H
L (nt) '+ (%)) (1), —=—(Int)" ' + (1%, (), 21(¢), 22 (¢)
f( (V) "+ (") o) ("I7g)(0),.41(t). 82
for a.e. t € I is Pettis integrable. Thus, the operator N is well defined. Let R > 0 be such
that R > L; + Ly, where

(P} +q))(InT) 7+

Ll‘ =
'l +a)

i=1,2,
and consider the set

Q= {(MI»MZ) €C: (w1, uo)| . < Rand |[(Inty)" 7 ui(tz) = (Inty)' 7 wi(tr) |

t o
<L; (hl —2>
by
a-1 a-1
t t
+p’ ai / - (ln —2) —(Int)” (ln —1>
o) J; s s

Clearly, the subset Q is closed, convex, and equicontinuous. We will show that the operator

ds,i= 1,2}.

N satisfies all the assumptions of Theorem 2.20. The proof will be given in several steps.

Step 1. N maps Q into itself. Let (uy,u;) € Q,t € I, and assume that (N (1, u3))(£) # (0.0).
Then there exists ¢ € E* such that |[(In£)' (N;) () ||z = le((In )Y (Nu;)(0))],i = 1,2.
Thus, for any i € {1,2}, we have

] ¢ (ng'v oo p\«t o d
| (ng)! V(Niui)(t)HE=¢)<F(y) + I;( 1 (ln ;) gi(S)?S);

)

where g; € C, 1, are defined as

¢

N )(ln 6"+ (") (@),

&(t) :f< 2y + ("12g) (0, 21.(0), gz(t))

¢
I'(y)
Then from (H3) we get
lo(@®)| <pf +4q;.

Thus
| (ne)' 7 (Njua) (8) |
(Inp)=r [t/ \*" ds
< rrl,(a) . (ln;> |(p(g,»(s))|?

@ +q)InT)r [t/ £\ 'ds
=T T /1 (1“5) s
_ @} +q))(In )77
- r'i+aw)

=L;
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Hence we get
IN(1, )|, <Li+ Ly <R

Next, let #1,t, € I be such that #; < £, and let u € Q be such that
(In )" (Niw;)(£2) — (Int1)" 7 (Nuei) (11) # .

Then there exists ¢ € E* such that

| (0 5) 17 (Njuai) (£2) = (In 12) 7 (Ngaay) (1) |

= o ((nt)"™" (Njuy)(t2) = (In )™ (Niuy) (1)) |
and |¢|| = 1. Then, for any i € {1,2}, we have

| (nty)' 7 (Njaa) (£2) = (In )™ (N (81) |

= |o((In )" (Niu)(£2) - (In 1) (N (11)) |

w2, t 1 gi(s) Y *1 gi(s)
§(p<(lnt2) Vfl (ln:) Sr(a)ds—(lntl) ”/1 <ln;) @) ds),

where g; € C, 1, are defined as

o1
I'(y)

¢

I'(y)

(Ine)" '+ ("17g1)(®),

g(t) =f; <t, (Ing)’ ™ + (”Ii‘gz)(t),gl(t),gz(t)).
Then

[ (n22)' 7 (Njaa) (£2) = (In )™ (N (81) |

ty a-1 !
< (Inty)" / <lnt_z> @I

s s'(x)
; fl )

lp(gi(s))] ds
sT'(x)

£ a—-1 t a-1
(Ing,)+" <ln —2> —(Ingy)” (ln —1)
s s

%) a-1_ ‘
E(lntz)l_V/ <lni—2> Mds

s ()
; /1 )

¢ a-1 t a-1
(Ing,)*" <1n —2) —(Ing)+” (ln —1)
s s
Thus, we get

pi(s) + qi(s)
sT(a)

| (nty) ' (Njaa) (£2) = (In )™ (N (81) |

t o
<L; <1n —2)
h

* * 151
N pit4;

rw ) ds

a-1 a-1
t t
(Ingy)+” <ln —2> —(Ing;)” <ln —1>
s s

Hence N(Q) C Q.
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Step 2. N is weakly sequentially continuous. Let {(u,,v,)}, be a sequence in Q, and
let (u,(£),v,(t) = (u(t),v(t)) in (E,w) x (E,w) for each t € I. Fix t € I. Since for any
i € 1,2, the function f; satisfies assumption (H;), we have that f;(t, u,,(t), v,,(¢), (! D‘f'ﬂ u,)(t),
(D% v,)(£)) converges weakly uniformly to fi(¢, u(t), v(z), (DX* u)(t), (DL v)(t)). Hence the
Lebesgue dominated convergence theorem for Pettis integral implies that (N (u,, v,,))(£)
converges weakly uniformly to (N(u,v))(¢) in (E,w) for each ¢t € I. Thus N(uy,,v,) —
N(u,v). Hence N : Q — Q is weakly sequentially continuous.

Step 3. Implication (5) holds. Let V be a subset of Q such that V' = conv(N (V) U {(0,0)}).
Obviously,

V(t) Cconv(NV)(1) U {(0,0)}), tel

Further, as V is bounded and equicontinuous, by [13, Lemma 3] the function t — u(V(¢))
is continuous on I. From (H3), (Hy), Lemma 2.19, and the properties of the measure p, for
any t € I, we have

w7V (@)
< u((ne)" 7 (NV)() U {(0,0)})
< u((nt)7 (NV)(2))

< 1({(e)= Niv1) @), (In D) (Nava)(2) : (v1,v2) € V)

1-
- F(a)/ (ln_> ({(n ) (A (s, v1(s), va(s),

ds
(D) (0), (Do) ):0): () € V]S

1 t t a-1 -
+W/1 (ln;> w({(ns) =7 (0,£(s, vi(s), vals),

(DS (8), (DY va) (1)) : (v, v2) € v})%

1

t a-1
= T@ (1“5) (P16 ({ns)' (16,0) : (,0) € V')

+ ql(s)u({(lns)l_y (0,15(s)) : (0, 1) € V})] (18

t

* ﬁ [(111;)a_l[pz(S)/«L({(IHS)IV(vl(s),o) L (1,0) € V})
+ g2 ({(Ins) 7 (0,v2(5)) : (0,v2) € V})]%
Thus
1((n) 7 v ()

F(a)/( ) (£1(5) + q1(5) + pa(s) + ga(9))

<l Vi) &
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t a-1
= % . <1n g) (p1(s) +q1(5) + pa(s) + Q2(S))

X sup ,u((ln 7 V(s)) %

sel

(v} +ps + 45 + q3)(In T)* .
< sup i ((In2)* 7"V (¢)).
r(1+a) up 4 )

Hence

sup ,u((ln R V(t)) < Lsup u((ln P V(t)).

tel tel

From (6) we get sup,.; u((In£)=7 V(¢)) = 0, that is, u(V(¢)) = 0 for each ¢ € I. Then by [24,
Thm. 2] V is weakly relatively compact in C. From Theorem 2.20 we conclude that N has

a fixed point, which is a weak solution of the coupled system (1)—(2). a
As a consequence of the theorem, we get the following corollary.

Corollary 3.3 Counsider the following system of implicit Hilfer—Hadamard fractional dif-
ferential equations:

(DY uy)(2)
= filt,ur (), un(t), ... n(2),
MDY u)(8), (DS  un) (), .., (DY ) (2),
MDY ur)(®)

:f2(t’ ul(t): Ltz(t), IRRS un(t)»

D)@, (D 1) )., D Py, (8)
DS u,) ()
:fn(t' ul(t)’ Mz(t), e Mn(t)>
MDY ) (t), (CDYP us) (@), ..., (DS P u,)(2)),
(Hlll_yui)(t)|t=1 :¢i; i= 1,2,...,}’1, (9)

I:=[1,T,T>1,ae(0,1),8€[0,1,y =a+B—-aB,¢; €E,fi:I x E¥ - E,i=12,...,n
are given continuous functions, E is a real (or complex) Banach space with norm || - ||g and
dual E*, such that E is the dual of a weakly compactly generated Banach space X, 1! 111 s
the left-sided mixed Hadamard integral of order 1 -y, and ™ D‘f’ﬁ is the Hilfer—Hadamard
fractional derivative of order o and type B.
Assume that the following hypotheses hold.:
(Ho1) The functions v; — fi(t,v1,Va,..., Vs s Vou)si = 1,...,m,j = 1,...,2n, are weakly se-
quentially continuous fora.e.t €1,
(Ho) Foreachv; e E,j=1,...,2n, the functions t — fi(t,v1,V2,...,Vjs...,Van),i = 1,2, are
Pettis integrable a.e. on I,
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(Hoz) There exist p;j € C(I, [0, 00)) such that, for all ¢ € E*, we have

Yo 2 PiOlville
L+ lloll+ 37 Iville

|(p(ﬁ(t) V1, V2,.. '!VZI’I))| S

fora.e.telandeachv;,€E,i=12,...,n,
(Hoa) For all bounded measurable sets B; CE,i=1,...,n, and for each t € I, we have

11(0,....£;(t,B1, B, .., B, DS B M DS By, ... DY B,), ..., 0)

n
<Y piOuB), j=1...n
i=1

where HD‘f’BBi = {HDi"ﬂw cweB}li=1,...,n

If

T YT

L*:
I'l+a)

where
Py =suppy(t), bj=1Lo.oom,
tel
then the coupled system (8)—(9) has at least one weak solution defined on 1.

4 An example
Let

o0
E=['= {u:(ul,uz,...,un,...),ZILtnl <oo}

n=1

be the Banach space with the norm

o0
el = lta].
n=1

As an application of our results, we consider the coupled system of Hilfer—Hadamard frac-

tional differential equations

(D22 1,)(8) = ot u(®), V() (1D 21} (0), (1D 20, (0)), e o
(D2 v,)(0) = gt (), ), (FDF 1) @), (1D L0, (1)), T
(Hll‘l’u)(t)b:l = (Hll‘l*v)(t)h:l =(0,0,...,0,...), (11)
where
2
ot ), v(0)) = ct W e,

L+ [u@lle + Iv@)le + @@ |Ie + WD) e
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and
ct? U, (t)
(L u(t), v(t)) = = = , telle,
&l ) T 0T 0l + 6@l + 70T e
with
&3
=, Uy .crthyy...), v=V1,Ve..sVp...) and c:= Rﬁ
Set

=0t ifwr--) and g=(g1,82, - L&us---)-

Clearly, the functions f and g are continuous.
For all u,v,u,v € E and t € [1, ], we have

o 1 -
Hf(t, u(t), v(¢), u(t), V(t)) HE <ct? g and ”g(t, u(t), v(¢), u(t), v(t)) HE <ct? prve
Hence, hypothesis (Hs) is satisfied with p¥ = ce® and g} = 0,i = 1,2. We will show that
condition (6) holds with T = e. Indeed,

Wi +4i+p5+q3)InT)" 4ce3 1 -1
2<b

Nl +a) JT

Simple computations show that all conditions of Theorem 3.2 are satisfied. It follows that
the coupled system (10)—(11) has at least one weak solution defined on [1, e].

5 Conclusion

In the recent years, implicit functional differential equations have been considered by
many authors [1, 5, 9, 33]. In this work, we give some existence results for coupled im-
plicit Hilfer—Hadamard fractional differential systems. This paper initiates the application
of the measure of weak noncompactness to such a class of problems.
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