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Abstract
In this paper, a kind of fractional-order predator–prey (FOPP) model with a constant
prey refuge and feedback control is considered. By analyzing characteristic equations,
we carry out detailed discussion with respect to stability of equilibrium points of the
considered FOPP model. Besides, the effects of prey refuge and feedback control are
also studied by numerical analysis. Our study reveals that prey refuge and feedback
control can be used to adjust the biomass of prey species and predator species such
that prey species and predator species finally reach a better state level.
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1 Introduction
The investigation of the predator–prey model with prey refuge is an interesting and pop-
ular topic; here prey refuge can be reviewed as any strategy that decreases the risk of pre-
dation, including but not limited to burrows, prey aggregations, and heavy vegetation.
Some eminent researchers [1–6] have studied the effects of prey refuge for integer-order
predator–prey models and concluded that the prey refuge has a positive stabilizing effect
on the predator–prey interaction, and prey individuals can be partially protected from
predation. Ma [5] considered a kind of integer-order predator–prey system with a con-
stant prey refuge, as follows:

⎧
⎨

⎩

dx(t)
dt = rx(1 – x

K ) – c(x – R)y,
dy(t)

dt = –dy + e(x – R)y,
(1)

where x(t) and y(t) are the respective population densities of the prey and predator at time
t, and the parameters related to system (1) are positive. The author in [5] showed that if
0 < R < K – d

e is satisfied, then the unique positive equilibrium of model (1) is globally
asymptotically stable; if R > K – d

e is satisfied, then the predator-extinction equilibrium
of model (1) is locally asymptotically stable. Chen et al. [6] pointed out the proof in [5]
was not perfect, and they derived sufficient criteria which ensure the global asymptotical
stability of the positive equilibrium by employing the Lyapunov function method.
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Fractional-order systems are not only an extension of conventional integer-order sys-
tems in mathematics but also have some merits that integer-order systems do not have,
such as memory and hereditary properties [7, 8]. As is well known, many biological sys-
tems possesses memory [9]. Compared with integer-order systems, fractional-order sys-
tems can more accurately describe population models and reveal the relations between
prey species and predator species [10–14]. In addition, fractional-order derivatives have
been widely applied to several interdisciplinary fields [15–18]. In [10], Ahmed et al. con-
sidered a kind of fractional-order predator–prey (FOPP) system, as follows:

⎧
⎨

⎩

c
0Dq

t x(t) = x(r – ax – by), x(0) = x0,
c
0Dq

t y(t) = y(–d + cx), y(0) = y0,
(2)

where 0 < q ≤ 1, c
0Dq

t is the Caputo fractional-order derivative. The authors studied the
local asymptotic stability of the equilibrium points.

Note that equilibrium value of the considered system is sometimes not the one we want,
and maybe a smaller value is what we need in some situations [19]. In this case, we may
change the system structurally by introducing a feedback control variable [20, 21], which
can be implemented by employing biological control strategy. During the last decade,
population models and epidemic models with feedback controls have been widely in-
vestigated; see [22–24] and the references cited therein. In [22–24], the authors showed
that feedback controls have no influence on the permanence or global stability for the ad-
dressed systems. However, to the best of the authors’ knowledge, to this day, still no scholar
has investigated the dynamic behavior of FOPP model with feedback control. Motivated
by the above considerations, in this paper, we first consider the following FOPP model
incorporating a constant prey refuge and feedback control:

⎧
⎪⎪⎨

⎪⎪⎩

c
0Dq

t x(t) = x(r – ax) – b(x – R)y – cu, x(0) = x0,
c
0Dq

t y(t) = –dy + e(x – R)y, y(0) = y0,
c
0Dq

t u(t) = –ku + mx, u(0) = u0,

(3)

where x(t) and y(t) are the respective population densities of the prey and predator at
time t, u(t) denotes the feedback control variable for prey population at time t; r is the
intrinsic growth rate of prey population, a is the intraspecific competition coefficient of
prey population, b is the attack rate of predators to prey population, e is the efficiency of
the predators converting consumed prey into new predator, d is the mortality rate of the
predators, R denotes the quantity of hiding prey.

The rest of this paper is organized as follows. In Sect. 2, we introduce some notations,
definitions and lemmas. In Sect. 3, we give the equilibrium points of FOPP model (3), and
we discuss their stability. In Sect. 4, we present some key findings by numerical simula-
tions. Finally, we give a conclusion in Sect. 5.

2 Preliminaries
We introduce some useful definitions and lemmas in this section, which are necessary for
our latter study.
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Definition 1 ([7]) The fractional integral for a function ζ is defined as

0Iq
t ζ (t) =

1
�(q)

∫ t

0
(t – s)q–1ζ (s) ds, q > 0,

where �(·) is the well-known Gamma function, which is defined by �(z) =
∫ ∞

0 e–ttz–1 dt.

Definition 2 ([7]) The Caputo fractional derivative for a function ζ is defined by

c
0Dq

t ζ (t) =
1

�(n – q)

∫ t

0
(t – s)n–q–1ζ (n)(s) ds,

where n is a positive integer, n – 1 < q < n. Particularly, when 0 < q < 1,

c
0Dq

t ζ (t) =
1

�(1 – q)

∫ t

0
(t – s)–qζ ′(s) ds.

Lemma 1 ([7]) If the Caputo fractional derivative c
t0 Dq

t ζ (t) is integrable, then

0Iq
t

c
0Dq

t ζ (t) = ζ (t) –
n–1∑

k=0

ζ (k)(0)
k!

tk .

Especially, for 0 < q ≤ 1, one can obtain

0Iq
t

c
0Dq

t ζ (t) = ζ (t) – ζ (0).

Lemma 2 ([25]) Let V (t) be a continuous function on [0, +∞) and satisfying

c
0Dq

t V (t) ≤ θV (t),

where 0 < q < 1 and θ is a constant. Then

V (t) ≤ V (0)Eq
(
θ tq), ∀t ≥ 0.

Lemma 3 ([26]) Consider the following fractional-order system:

⎧
⎨

⎩

c
0Dq

t z(t) = f (z),

z(0) = z0,
(4)

where 0 < q < 1 and z ∈R
n. The equilibrium points of system (4) can be calculated by solv-

ing the following equation: f (z) = 0. These points are locally asymptotically stable if all
eigenvalues λi of the Jacobian matrix J = ∂f

∂z evaluated at the equilibrium points satisfy the
Matignon conditions:

∣
∣arg(λi)

∣
∣ >

qπ

2
. (5)

The stable and unstable regions for 0 < q < 1 are shown in Fig. 1.
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Figure 1 Stability region of the fractional-order
system (4), where 0 < q ≤ 1

3 Equilibrium points and their stability
In this section, we study the asymptotic stability of the equilibrium points of system (3).
For achieving equilibrium points of system (3), let

c
0Dq

t x(t) = 0, c
0Dq

t y(t) = 0, c
0Dq

t u(t) = 0.

By a simple calculation, we list all possible equilibrium points:
(i) For system (3) there always exists the trivial equilibrium point E0(0, 0, 0).

(ii) If rk > cm holds, then for system (3) there exists a predator-extinction equilibrium
point E1(x0, 0, u0), where x0 = rk–cm

ak , u0 = m(rk–cm)
ak2 .

(iii) If 0 < R < r
a – cm

ak – d
e holds, then for system (3) there exists a positive equilibrium

point E2(x∗, y∗, u∗), where x∗ = eR+d
e , y∗ = a(eR+d)( r

a – cm
ak –R– d

e )
bd , u∗ = m(eR+d)

ek .
In the following, we will discuss the stability properties of the equilibrium points E0, E1

and E2, respectively. At any equilibrium point E(xeq, yeq, ueq), the Jacobian matrix of system
(3) is

J(E) =

⎛

⎜
⎝

r – 2axeq – byeq –cxeq + bR –c
eyeq –d + exeq – eR 0
m 0 –k

⎞

⎟
⎠ . (6)

Theorem 1 The trivial equilibrium point E0 of system (3) is locally asymptotically stable
if either of the following criteria is satisfied:

(H1) k ≥ r and rk < cm.
(H2) k < r, rk < cm, (k + r)2 < 4cm and 0 < q < 2

π
arctan(

√
4(cm–rk)–(k–r)2

r–k ).

Proof At E0, the Jacobian matrix of system (3) is

J(E0) =

⎛

⎜
⎝

r bR –c
0 –d – eR 0
m 0 –k

⎞

⎟
⎠ ,

and the characteristic equation for J(E0) is

(λ + d + eR)
[
λ2 + (k – r)λ + cm – rk

]
= 0. (7)
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The eigenvalues of (7) are

λ2 = –d – eR, λ1,3 =
–(k – r) ± √

�1

2
, where �1 = (k – r)2 – 4(cm – rk). (8)

Obviously, λ2 is always negative. Now we discuss the eigenvalues λ1 and λ3, it is clear that
the cases k > r, k = r and k < r are possible, so we consider three separate cases.

Case A. k > r.
(ia) rk < cm. If �1 ≥ 0, we can derive from (8) that three eigenvalues λ1, λ2 and λ3 are

negative, which imply that the equilibrium point E0 is locally asymptotically stable
for all 0 < q < 1. In fact, | arg(λ1,2,3)| = π > qπ

2 for all 0 < q < 1, which satisfy the
condition of Lemma 3. If �1 < 0, then λ1 and λ3 are complex conjugates with
negative real parts, which imply | arg(λ1,3)| = arctan(

√
–�1
r–k ) + π > qπ

2 for all 0 < q < 1.
According to Lemma 3, we know that the equilibrium point E0 is locally
asymptotically stable.

(ib) rk = cm. From (7), we know that one eigenvalue must be zero and remaining two
eigenvalues are negative. Then E0 is marginally stable.

(ic) rk > cm. Then �1 = (k + r)2 – 4cm > 0. From (8), we see that one of the eigenvalues
λ1 and λ3 is positive and the other eigenvalue is negative. Let λ3 < 0 and λ1 > 0,
which imply | arg(λ3)| = π > qπ

2 and | arg(λ1)| = 0 < qπ

2 for all 0 < q < 1. Hence E0 is
unstable.

Case B. k = r.
(iia) rk < cm. Then �1 < 0 and (7) has pure imaginary roots λ1 = 2

√
cm – rki and

λ3 = –2
√

cm – rki, which mean | arg(λ1,3)| = π
2 > qπ

2 for all 0 < q < 1. Since λ2 < 0,
according to Lemma 3, we know that the equilibrium point E0 is locally
asymptotically stable.

(iib) rk = cm. From (7), we see that λ1 = λ2 = 0 and λ3 is negative. Then E0 is marginally
stable.

(iic) rk > cm. From (7), we know that λ3 = –2
√

rk – cm and λ1 = 2
√

rk – cm, which
imply | arg(λ3)| = π > qπ

2 and | arg(λ1)| = 0 < qπ

2 for all 0 < q < 1. Hence E0 is
unstable.

Case C. k < r.
(iiia) rk < cm. If �1 ≥ 0, then the two eigenvalues λ1 and λ3 are positive which imply

| arg(λ1,3)| = 0 < qπ

2 for all 0 < q < 1. Thus the equilibrium point E0 is unstable. If
�1 < 0, then λ1 and λ3 are complex conjugates with positive real parts. According
to Lemma 3, we know that the equilibrium point E0 is locally asymptotically stable
if | arg(λ1,3)| = arctan(

√
–�1
r–k ) > qπ

2 is satisfied.
(iiib) rk = cm. It is clear that (7) has a positive eigenvalue λ1 = r – k, which means

| arg(λ1)| = 0 < qπ

2 for all 0 < q < 1. Hence E0 is unstable.
(iiic) rk > cm. Then �1 = (k + r)2 – 4cm > 0. From (7), we see that one of the eigenvalues

λ1 and λ3 is positive and the other eigenvalue is negative. Thus the equilibrium
point E0 is unstable. This completes the proof of Theorem 1. �

Remark 1 k < r, rk < cm, (k + r)2 < 4cm, one has | arg(λ1,3)| = arctan(
√

–�1
r–k ) < π

2 , where

�1 = (k – r)2 – 4(cm – rk), thus q < 2
π

arctan(
√

4(cm–rk)–(k–r)2

r–k ) < 2
π

× π
2 = 1.



Li et al. Advances in Difference Equations  (2018) 2018:325 Page 6 of 12

Remark 2 We notice from Theorem 1 that prey refuge has no influence on the asymptot-
ical stability of trivial equilibrium point E0. In addition, we can see from the proof of The-
orem 1 that even if the eigenvalues of the characteristic equation have positive real parts,
the trivial equilibrium point E0 of fractional-order system (3) is still locally asymptotically
stable when condition (H2) is satisfied. However, for the corresponding integer-order sys-
tem, namely q = 1, if the eigenvalues of the characteristic equation have positive real parts,
then the trivial equilibrium point E0 is unstable.

Theorem 2 The predator-extinction equilibrium point E1 of system (3) is locally asymp-
totically stable if either of the following criteria is satisfied:

(H3) k2 + rk – 2cm ≥ 0, R > r
a – cm

ak – d
e and rk > cm.

(H4) k2 + rk – 2cm < 0, R > r
a – cm

ak – d
e , rk > cm, (k2 + rk – 2cm)2 < 4k2(rk – cm) and

0 < q < 2
π

arctan(
√

4k2(rk–cm)–(k2+rk–2cm)2

2cm–k2–rk ).

Proof At E1, the Jacobian matrix of system (3) is

J(E1) =

⎛

⎜
⎝

–r + 2cm
k –b( r

a – cm
ak – R) –c

0 –d + e( r
a – cm

ak – R) 0
m 0 –k

⎞

⎟
⎠ ,

and the characteristic equation for J(E1) is

(

λ + d – e
(

r
a

–
cm
ak

– R
))(

λ2 +
(k2 + rk – 2cm)λ

k
+ rk – cm

)

= 0. (9)

The eigenvalues of (9) are

λ2 = –d + e
(

r
a

–
cm
ak

– R
)

, λ1,3 =
– k2+rk–2cm

k ± √
�2

2
, (10)

where

�2 =
(k2 + rk – 2cm)2 – 4k2(rk – cm)

k2 .

Obviously, λ2 is negative if R > r
a – cm

ak – d
e . Now we discuss the eigenvalues λ1 and λ3, it is

clear that the cases k2 + rk – 2cm > 0, k2 + rk – 2cm = 0 and k2 + rk – 2cm < 0 are possible,
respectively, so we consider three separate cases.

Case D. k2 + rk – 2cm > 0.
(iv) rk > cm. If �2 ≥ 0, we can derive from (10) that the three eigenvalues λ1, λ2, λ3 are

negative if R > r
a – cm

ak – d
e , which imply that the equilibrium point E1 is locally

asymptotically stable for all 0 < q < 1. In fact, | arg(λ1,2,3)| = π > qπ

2 for all 0 < q < 1,
which satisfy the condition of Lemma 3. If �2 < 0, then λ1 and λ3 are complex
conjugates with negative real parts, which imply
| arg(λ1,3)| = arctan( k

√
–�2

2cm–k2–rk ) + π > qπ

2 for all 0 < q < 1. According to Lemma 3, we
know that the equilibrium point E1 is locally asymptotically stable.
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Case E. k2 + rk – 2cm = 0.
(v) rk > cm. Then �2 < 0, and (9) has pure imaginary roots λ1 = 2

√
rk – cmi and

λ3 = –2
√

rk – cmi, which mean | arg(λ1,3)| = π
2 > qπ

2 for all 0 < q < 1. If R > r
a – cm

ak – d
e

holds, then we have λ2 < 0. According to Lemma 3, we know that the equilibrium
point E1 is locally asymptotically stable.

Case F. k2 + rk – 2cm < 0.
(vi) rk > cm. If �2 ≥ 0, then the two eigenvalues λ1 and λ3 are positive which imply

| arg(λ1,3)| = 0 < qπ

2 for all 0 < q < 1. Thus the equilibrium point E1 is unstable. If
�2 < 0, then λ1 and λ3 are complex conjugates with positive real parts. In addition,
if R > r

a – cm
ak – d

e holds, then we have λ2 < 0. According to Lemma 3, we know that
the equilibrium point E1 is locally asymptotically stable if
| arg(λ1,3)| = arctan( k

√
–�2

2cm–k2–kr ) > qπ

2 is satisfied. This completes the proof of
Theorem 2. �

Remark 3 When k2 + rk – 2cm < 0, rk > cm, (k2 + rk – 2cm)2 < 4k2(rk – cm), one has
| arg(λ1,3)| = arctan(

√
4k2(rk–cm)–(k2+rk–2cm)2

2cm–k2–rk ) < π
2 , thus q < 2

π
arctan(

√
4k2(rk–cm)–(k2+rk–2cm)2

2cm–k2–rk ) <
2
π

× π
2 = 1.

Finally, we discuss the local stability of the positive equilibrium point of system (3). The
Jacobian matrix of system (3) evaluated at the equilibrium E2 is given by

J(E2) =

⎛

⎜
⎝

r – 2ax∗ – by∗ – bd
e –c

ey∗ 0 0
m 0 –k

⎞

⎟
⎠ .

Therefore, the characteristic equation of J(E2) is given by

P(λ) = λ3 + F1λ
2 + F2λ + F3 = 0, (11)

where

F1 = k – r + 2ax∗ + by∗, F2 = cm – rk + 2akx∗ + bdy∗ + kby∗, F3 = bdky∗.

D(P) denotes the discriminant of the cubic polynomial P(λ), as follows:

D(P) =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎝

1 F1 F2 F3 0
0 1 F1 F2 F3

3 2F1 F2 0 0
0 3 2F1 F2 0
0 0 3 2F1 F2

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎠

= 18F1F2F3 + (F1F2)2 – 4F3(F1)2 – 4(F2)3 – 27(F3)2.

Using the results of [27, 28], we have the following proposition.

Proposition 1 The positive equilibrium point E2 is asymptotically stable if either of the
following criteria is satisfied:
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(H5) If D(P) > 0, F1 > 0, F3 > 0, F1F2 – F3 > 0.
(H6) If D(P) < 0, F1 ≥ 0, F2 ≥ 0, F3 > 0, 0 < q < 2

3 .
(H7) If D(P) < 0, F1 > 0, F2 > 0, F1F2 = F3 for all q ∈ (0, 1).

Remark 4 We know from Theorems 1 and 2, Proposition 1 that the stability region of
system (3) with fractional order q ∈ (0, 1) is always larger than that of the corresponding
integer-order system (q = 1). In addition, with the increment of the fractional order q in
the interval (0, 1), the corresponding stability region becomes smaller.

4 Numerical simulations
The PECE (Predict, Evaluate, Correct, Evaluate) scheme [29, 30], as a generalization of
Adams–Bashforth–Moulton algorithm, is an efficient method to solve fractional-order
differential equations. In this section, we apply the PECE scheme for the numerical solu-
tion of system (3), which not only confirms our theoretical results but also shows some
new findings.

We consider system (3) with parameter values given in case 1 in Table 1 and the initial
values are (10 + 10k, 1 + k, 100 + 200k) (k = 1, 2, 3). For this set of parameter values, the
system (3) only exists the trivial equilibrium point E0(0, 0, 0). Obviously, condition (H1)
holds, we derive from Theorem 1 that the trivial equilibrium point E0 of system (3) is
locally asymptotically stable; see Fig. 2(a) and (b). We can see from Fig. 2(a) and (b) that
the trivial equilibrium point E0 is not only locally asymptotically stable but also globally
asymptotically stable.

We consider system (3) with parameter values given in case 2 in Table 1 and the initial
values are (4 + 4k, 4 + 8k, 20 + 20k) (k = 1, 2, 3). For this set of parameter values, the system
(3) has two equilibrium points: E0(0, 0, 0) and E1(10, 0, 45). We can easily verify that the
equilibrium point E0 is unstable and only condition (H3) holds, it follows from Theorem 2

Table 1 Parameter values of system (3)

Case r a b c d e R k m q Figure

1 1 0.01 1 0.2 0.4 0.1 10 10 200 0.98 Fig. 2
2 1 0.01 1 0.2 0.4 0.1 10 1 4.5 0.98 Fig. 3
3 1 0.01 1 0.2 0.4 0.1 10 2 1 0.98 Fig. 4

Figure 2 Global asymptotic stability of the trivial equilibrium point E0 for different initial values
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Figure 3 Global asymptotic stability of the predator-extinction equilibrium point E1 for different initial values

Figure 4 Global asymptotic stability of the positive equilibrium point E2 for different initial values

that the predator-extinction equilibrium point E1 of system (3) is locally asymptotically
stable; see Fig. 3(a) and (b). We can see from Fig. 3(a) and (b) that the predator-extinction
equilibrium point E1 is not only locally asymptotically stable but also globally asymptoti-
cally stable.

We consider system (3) with parameter values given in case 3 in Table 1 and the initial
values are (10 + 10k, 1 + 2k, 5 + 2k) (k = 1, 2, 3). For this set of parameter values, the system
(3) has three equilibrium points: E0(0, 0, 0), E1(90, 0, 45) and E2(14, 2.66, 7). By simple cal-
culation, we know that the equilibrium points E0 and E1 are both unstable, only condition
(H5) holds, that is,

F1 = 3.94, F2 = 5.144, F3 = 2.128,

D(P) = 250.3110, F1F2 – F3 = 18.1394,

we obtain from Proposition 1 that the positive equilibrium point E2 of system (3) is locally
asymptotically stable; see Fig. 4(a) and (b). We can see from Fig. 4(a) and (b) that the
positive equilibrium point E2 is not only locally asymptotically stable but also globally
asymptotically stable.
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Figure 5 Impact of fractional order q on system (3) with (x0, y0,u0) = (10, 1, 5)

Remark 5 We can see from Figs. 2–4 that feedback control plays an important role in de-
termining the stability of the equilibrium points, feedback control can make extinct popu-
lations (prey species and predator species) become coexistent. In addition, by choosing the
suitable values of feedback control variables, we can make both prey species and predator
species finally reach a better state level, which is suitable for them to survive and develop.

Next, we will depict the impact of fractional order q on the stability of system (3). For
the parameters of case 3 in Table 1, we vary parameter q and fix the other parameters.
Figure 5(a)–(d) show the solution curves and the phase portrait of system (3) with q = 0.4,
q = 0.7 and q = 1.0.

Remark 6 We can find from Fig. 5(a)–(d) that the convergence of system (3) with q = 1.0
is faster than q = 0.7, and the convergence of system (3) with q = 0.7 is faster than q = 0.4,
which indicate that the convergence of system (3) becomes fast with the increment of
parameter q (0 < q ≤ 1).

Finally, we will display the impact of prey refuge on each population and feedback con-
trol when the positive equilibrium point of system (3) exists. For the parameters of case
3 of Table 1, we vary parameter R, and fix the other parameters. We find from Fig. 6(a)
and (c) that x∗(R) and u∗(R) are strictly increasing functions of R, respectively. We also
find from Fig. 6(b) that y∗(R) is strictly increasing for R ∈ [0, 41] and strictly decreasing for
R ∈ [41, 86]. Thus, y∗(R) can reach its maximum value at R = 41, and the maximum value
is 5.0625.
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Figure 6 Impact of prey refuge R on system (3) with (x0, y0,u0) = (30, 5, 9)

Remark 7 Fig. 6(a) shows that prey refuge has positive effect on the prey population. Fig-
ure 6(b) shows that the prey refuge initially has a positive effect and later has a negative
effect on the predator population. Maybe the reason is that, with the increment of prey
refuge, prey individuals are prevented from predation and lead to the increment of prey
species, meanwhile the predator density also increases due to the rich food resources.
However, when the prey refuge parameter R is greater than a critical value, then an in-
creasing amount of prey refuge can only decrease the predator density and this has hap-
pened due to a lack of sufficient food resources.

5 Conclusions
In this paper, we consider a FOPP model incorporating a constant prey refuge and feed-
back control. We analyze the existence of different equilibrium points, and some criteria
are derived to ensure the asymptotical stability of these equilibrium points. Finally, nu-
merical simulations are carried out to illustrate the theoretical results and show that prey
refuge and feedback control play important roles in adjusting coexistence of prey species
and predator species.
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