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Abstract

In this paper, a May cooperative system with strong and weak cooperative partners is
proposed. First, by using differential inequality theory, we obtain the permanence and
non-permanence of the system. Second, we discuss the existence of the positive
equilibrium point and boundary equilibrium point, after that, by constructing suitable
Lyapunov functions, it is shown that the equilibrium points are globally
asymptotically stable in the positive octant. Finally, examples together with their
numerical simulations show the feasibility of the main results.
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1 Introduction

Cooperative system is an important system in the field of biology, and the importance of
the system is the same as for prey—predator and competitive systems. Many scholars have
done research on the cooperative ecosystem (see [1-12]). May [1] described a cooperative
system with the following equations:

dx1 X1
=rx|l-———-c1x1 ),

dt ay + bix,
(1.1)
de 1 X2
— =TIX - —C2X3 |,
dt 2 a) + ble 2

where x;, x, are the densities of the species x;, x; at time ¢, respectively, r; refers to the
intrinsic rate of population x;, i = 1,2, and b;, i = 1,2, refers to the coefficients of cooper-
ation, r;, a;, b;, ¢;, i = 1,2 are positive constants. His research shows that the cooperative
system has a unique positive equilibrium point and it is globally asymptotically stable.

Cui and Chen [2] think that a non-autonomous form is more reasonable. They put for-
ward the following cooperation system:

dx1 X1

E = F1(t)x1 (1 - m - Cl(t)x1>r (1 2)
dx- X2 '
@ 0 (1= S g e0%)
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where the function r;(¢), a;(¢t), b;(¢), ¢i(¢), i = 1,2 are continuous functions and bounded
above and below by positive constants. Under the premise of r;(£), a;(t), bi(t), ci(t),
i = 1,2 are periodic function, they get the sufficient conditions which guarantee the global
asymptotic stability of positive periodic solutions of this system.

In view of the influence of time delay, species interactions and feedback, Chen, Liao and
Huang [3] proposed the following n-species cooperation system:

i) [ ) }
=ri(B)x;(£)| 1 - — eOm(0)
a ai(t) + 31 jibii(t) f,onj Kij(s)x(t +s)ds CREx
0
— di(&)u; ()i (t) — ei(£)x;(¢) / Hi(s)u;(t + s) ds, (1.3)
' 0
db;lit) = —a;(O)ui(t) + Bi(t)x:(2) + r,-(t)/ Gi(s)x;(t + s) ds,

—Ni

where x;(¢),i = 1,...,nis the density of cooperation species X;, u;(t), i = 1,..., n, is the feed-
back control variable. The authors obtained the sufficient conditions which guarantee the
permanence by using differential inequality theory. For more work as regards the system,
we can refer to [4—6].

In the real world, individual organisms are associated with a strong and weak differential.
Mohammadi [13] proposed a Leslie—Gower predator—prey model:

dH

d—tl = (r1 — bHy — aHL)H,,

dH,

7 (aHy = ¢1 = c2P)Ha, (1.4)

dp—r ﬂzPP
a \*" H, )7

where r1, b1, «, ¢1, ¢, 12, ay are positive constants, the predators can distinguish between
strong and weak prey and predator eats only weak prey, when a prey becomes weak, it
does not become strong again; by constructing a suitable Lyapunov function, it is shown
that the unique equilibrium point is stable in the positive octant.

Conversely, in many cooperative ecosystems, partners like strong partners, because the
strong partners are more conducive to their survival. This shows that the cooperative ob-
ject should only be part instead of the whole.

There are two populations:

The partner H, whose total density is H, is divided into two categories H;, H,. H; de-
notes the strong partner density and H, denotes the weak. Of the other partner, the total
density is P.

The May cooperative model (1.1) is our basic model and we consider the following as-
sumptions to improve the model:

(A1) The partner P can distinguish between strong partner H; and weak partner H, and

the partner P cooperates only with strong partner Hj.

(A2) When provided with food resources, the weak partner H, has no negative influence

on the stronger partner, that is to say, the weak partners can only eat the food after
the strong ones have used enough.
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(A3) Due to the lack of sufficient food resources, once it becomes weak, the weak partner
H, and their descendants will no longer be strong.
(As) The rate of becoming weak is described by the simple mass action aH; Hs.

By the above assumptions, we propose a model as follows:

dHl H1 O{Hz
= VlHl 1—-— ClHl )

dt a) + blp ry

dH.

22 Hy(aH +d — eHy), (1.5)
dt

dP

P
— =rP|l1- —— - P,
dt "2 ( 612+b2H1 62)

where r;, a;, b;, c;, d, i = 1,2 are positive constants.

The structure of this article as follows. In Sect. 2 we will introduce several useful lemmas
and prove permanence and non-permanence. In Sect. 3 we will discuss the existence of
the equilibrium point. In Sect. 4 global stability of equilibrium points is studied. In Sect. 5
two examples are given to show the feasibility of our results. We end this paper by a brief

discussion.

2 Permanence and non-permanence
In view of the actual ecological implications of system (1.5), we assume that the initial
value H;(0) > 0, i = 1,2, P(0) > 0 in system (1.5). Obviously, any solution of system (1.5)

remains positive for all £ > 0.

Lemma 2.1 (see [14]) Leta>0,b> 0.
0] Ifd" > x(b — ax), then liminf;_, , x(t b - for t > 0 and x(0) > 0.
(ID) Ifdx < x(b — ax), then limsup,_, , . x(¢) < zfor t > 0 and x(0) > 0.

Lemma 2.2 (see [15]) Leta >0, b > 0.
fd" < x(=b — ax), then lim,_, .o x(¢) = 0 for t > 0 and x(0) > 0.

Theorem 2.1 Ifthe assumptions (By) and (By) hold,
By) M=1-2 50,

re

(By) 1> a%(ajcp+by)

rie(aicica+bici+ca)’
then system (1.5) is permanent.

Proof Let (H,(t), Ha(t), P(¢))T be any positive solution of system (1.5), from the second
equation of system (1.5), it follows that

dH,
——= > Hy(d — eH>).
7 2(d — eH>)

According to Lemma 2.1, we have

d
liminf Hy(t) > — ©Hi 0. (2.1)

t—>+00
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For any positive constant ¢ small enough, it follows from (2.1) that there exists a large
enough 77 > 0 such that

Hy(t)>Hy—¢, t>T). (2.2)

From the third equation, we have

— <Pl -cP)
).
;=2 2

According to Lemma 2.1, we have

lim sup P(t) < 4l ps 5 0. (2.3)

t—+00

1
2
For any positive constant ¢ small enough, it follows from (2.3) that there exists a large
enough T, > T such that
Pi)<P+e, t>T,. (2.4)

By applying (2.2) and (2.4), from the first equation of system (1.5), we have

dHl Hl O{(Hé—é‘)
—<}"1H1 1-——cHH -——), tZTz.
ay +b1(Ps+8) n

According to Lemma 2.1, we have

limsup H; (£) <

t—+00

<1_Ol(Hé—8)) a1+ b (P +¢)

" l+ajci +bia(Ps+¢)
Letting ¢ — 0 and by applying (2.1) and (2.3)

aicy + by def

limsup H; (£) < M= H;>0. (2.5)

t—+00 aicicy + b+ ¢

For any positive constant ¢ small enough, it follows from (2.5) that there exists a large

enough T3 > T such that
H\(t)<H}+e, t>Ts. (2.6)

Then the second equation of (1.5) leads to

% <Hy(«(H} +¢) +d—eH,), t>Ts.

According to Lemma 2.1, we have

H; d
limsup Hy () < M.

t—+00 e
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Letting ¢ — 0 in the above inequality leads to

H; +d
lim sup Hy(£) < ¢ le d=6ng. (2.7)

t—+00

For any positive constant ¢ small enough, it follows from (2.7) that there exists a large
enough T, > T35 such that

H)(t)<H;+e, t>T,. (2.8)

Then substituting (2.8) into the first equation of (1.5), we have

dHl H1 O((H§+8)
—>rH(\l1-——-cH—-———F), t>T,
dt ay rn

According to Lemma 2.1, we have

HS
liminf H, (£) > (1 oM+ 8)) N
t—+00 ri ac) + 1

Letting ¢ — 0 and by applying (2.5) and (2.7)

2Hs .
liminf Hy(£) > M -~ 21 % i 5 0, (2.9)

t—+00 re

From the third equation of system(1.5), it follows that
ar >rP|1 P P
—>r - — —cP).
dt — 2 ay 2

According to Lemma 2.1, we have

.. a i
liminf P(£) > 2 defpi
t—+00 acy + 1

(2.10)

(2.1), (2.3), (2.5), (2.7), (2.9) and (2.10) show that if the assumptions (Bj), (B;) hold, then
system (1.5) is permanent. O

Theorem 2.2 [fthe assumption (Bs) holds,
(B3) M:l—f‘T"i <0,
then the weak partners H, and partners P are permanent, the strong partners Hy are non-

permanent.

Proof Let (H,(t), H(t),P)T be any positive solutions of system (1.5) for ¢ > 0.
From the proof Theorem 2.1, we know

dH1< (1 H; H a(HS —¢) T
— =r - —C - .
e — m+b(Pre) n =02

a(Hi—e)
T

Noting that condition (Bs) implies that 1 — <0.
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According to Lemma 2.2, we have

lim Hi(t) = 0. (2.11)

t—+00

By applying (2.11), from the second equation of system (1.5), it is easy to prove that

lim Hy(t) = ”;l. (2.12)

t—>+00

(2.3), (2.10), (2.11) and (2.12) show that if the assumptions (B3) hold, then the weak part-

ners H, and partners P are permanent, the strong partners H; are non-permanent. g

3 Existence of equilibrium point
Theorem 3.1 Ifthe assumption (B1) holds, then system (1.5) have a unique positive equi-

librium point.

Proof We determine the positive equilibrium of the system (1.5) through solving the fol-

lowing equations:

H H:
~ o~ HL - 52 =0,
O[Hl +d—€H2=0, (31)
P
- a—2+b2H1 - CzP =0.

Here we transform Egs. (3.1) into the following form:

_Hm -
T an+biiP cuHy =0,
p —
T as+byH CZP - 0’ (32)

oH, +d —-eH, =0,

where a11 = Maq, b11 = Mbq, c11 = (¢c1 + f‘T‘i)/M, from the first and second equations of (3.2),

we have

DH} +EH; +F =0, (3.3)
where

D = by(arciica + bricnr + ¢2), F = —ay(axes + by + 1),

E = [(ascr + 1) + c11(ann + anascy + ashny) — by(ancy + b))
From the terms D and F of (3.3), we know that there is a unique positive solutions Hj.
Substitute H into the second and third equations of (3.1). Then system (1.5) has a unique

positive equilibrium point E; (H}, H}, P*¥). d

Theorem 3.2 Clearly, the system (1.5) has an equilibrium point E;(0, Ha,, Py).



Zhao et al. Advances in Difference Equations (2018) 2018:172 Page 7 of 13

4 Global stability
Theorem 4.1 Ifthe assumptions (B1) and (B4) hold,
(Ba) o < 223505,
then the positive equilibrium of system (1.5) is globally asymptotically stable.

Proof Inspired by the idea of Li, Han and Chen [7] and Leon [8], the following Lyapunov
function is presented:
We define L : {(H1,H,,P) € R® : H; >0,H, >0,P >0} — Rby

M (0 - Hy) Pe-p
L(Hy,H>,P) = — L g9 ———db
(1, P) nl/];i‘ (az + b26)0 +n2/p* (a1 + b16)0

H,

+ 7]3(H2 —H;‘ —H;ln 1—7;‘)’
where 0y = 1, no = ribiHj(ay + boHY)/rbyP* (a1 + biP*), n3 = 1/ay. The function
L(H;, H,, P) is defined, continuous and positive definite for all H;, Hy, P > 0. and the mini-
mum L(H;, H, P) = 0 occurs at the equilibrium point (H, H;, P, Calculating the deriva-
tive of L along the solution (H, (t), H»(t), P(t))T of the system (1.5), we have

dL  mr(H, - HY) H, I aH,
= — —c _
dt a) + bZHl a) + blp 1 ri
m2ra(P - P¥)
+n3(Hy — Hy)(aHy +d — eH)) + 1- - P
'73( 2 2)( ! 2) &l1+b1P tl2+b2H1 >
H, — Hf H, - Hj Hf H
=n1r1( 1 1) _Ol( 2 2)—01(H1—Hf)+ 1 _ 1
ay + bZHl ry a) + blp* a) + blp

+13(Hy — Hy ) («(H1 - Hy) — e(Hz — Hy))

+ M(—Q(P—P*) + F___ P )

a, + b, P ay + byHY  ay + boHy
H, - H¥ H, - H* H; — H*¥
=n1r1( 1 1) _Ol( 2 2)—c1(H1—Hf)—( 1 1)
ay + byHy 1 ay +bP

. by H; (P — P*)
(ﬂl + blp)(dl + blp*)
P p* P p* P*(H, — H*
+ nara( ) —CZ(P—P*)— ( ) + byP*(H; 1)
a) + b1P a) + b2H1 (612 + szik)(dz + bZHl)

) s (Ha — H3 ) (@ (Hy = H}) — e(Hy — HY))

<A(t) +B(@),

where
Alt) = ! <—Thf1 (1 —H*)2 - ﬂzrz(P‘P*)z
(a1 + b1P)(ay + byH1) !
mribiHY  narabyP* (D
+<611+b1P* +d2+b2Hik>(H1 Hl)(P P))’
___ ¢ i gy Gan 2
B(t) = ay + byH, (H Hl)(H2 Hz) a3 + byH, (Hl Hl)

+ nsa(Hy — HY) (Hy — HE) — nse(Hy — Hy).

Now, we prove A(¢), B(¢) are negative definite.
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def
Let A(t) = g ¥ TAY where Y = (Hy — H}), (P~ P*))" and
- nlrlblHT naroby P*
A= mr 2(aq +b1P*) + 2(az+baHy) (4 1)
mribiHy narabyP* X
2(a1+b1P*) " 2(az+boHY) —n2r

Note first that both of the off-diagonal elements of matrix A are negative and

mribiHY NarabaP* \?
riro — +
TR = a0y PY) T 2an + boHY)

b Hf byP* mribiH{ NarabaP* \?
=mnarira| 1- m - "
a + blp* a) + b2H1 2(&11 + blp*) 2((12 + bZHl)
| _biH b 0
= rir - >V,
MiRIIr a; + blp* a) + szik

thus A(¢) < 0.

2 2
Noting that ab < % + é’—e, 6 > 0, it follows

o 1 %\ 2 i g 2_ g 2
B(t)fm(z—gl(Hl—Hl) + 291 (H2 H2) rlcl(Hl H1)>

n3o nza6,

+ 2—92(H1—Hik)2+

ricy o N3¢ 2
<- - - 22 (Hy - H?
- (612 + bng 261291 292 ) ( ! 1)

2

(Hy — Hy)? = nze(Hy — H)

2 2612
__na _ _a _ ma _ _ nzath  ab) :
Denote §; = G2 tba . Bayey T 26 and 83 = n3cy — B2 T Then taking
1 20ceasy + 2aeby H
— 0 — 9 —
n3=—; 1=02= 5 )
as axricicy + axa? + byHjo
gives
e(azricie — aya® — byHS o) asricie — ara® — byHo?
P 2r1C1 2 2117 _ axricy 2 ekt
1= 2 =

ax(ayricie + ara + byHia2)’ 2aze(az + byH;)

From (B,), we know that §; > 0, i = 1,2. It is easy to see that B(¢) <0.

Obvious, % <0 for all H; >0, Hy > 0, P > 0 except the equilibrium point (H;, H;,P*)
where % = 0. According to the Lyapunov asymptotic stability theorem [9], the equilibrium
point (Hj, Hj, P*) is globally asymptotically stable in the interior of R%. This completes the

proof. d

Theorem 4.2 [fthe assumptions (Bs) and (Bs) hold,
(Bs) a*<rce,

then the equilibrium point E»(0, Hy,, P,) system is globally asymptotically stable.
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Proof We define L : {(Hy,H>,P) € R® : H; >0,H; >0,P >0} — R by

P
_P,
d9+n2/ 0P _ 4
P, (

Hi 1
L(Hy,H,,P) = _—
(Hy,H», P) 771[0 ( a1+ b10)0

H,
+n3|\ Hy — Hy, — Hy, In ,
HZ*

where 0y = 1, 0y = ra3/r,b3P%, n3 = 1/a,. The function L(Hj, Hy, P) is defined, continu-
ous and positive definite for all Hy, H, P > 0. and the minimum L(H;,H,,P) = 0 occurs
at the equilibrium point (H, H;, P*)T. Calculating the derivative of L along the solution
(Hy(t), Hy(t), P(t))T of the system (1.5), we have

dL niriHy H; aH,
— = 1- —cHy— — | + ns(H, — H. Hy +d - eH.
prirsTS 2 i b caH, o n3(Hy — Hy,)(aH,; eH,)
P-P P
+ 772”'2( ) 1- — P
a, + bP as + byH,
nmriH a(H, - Hy,) H,
= el —C1H1 —
a) +b2H1 ri ay +b1p
+n3(Hy — Ha,) (wH, — e(Hy — Hy,))
P-P P P
+M —(P-P)+ - ———
a + hlp a) a) + bZHl
mriH a(Hy — Hy,) H,
= - - H; -
as + boHy r a; + b, P
+ n3(Hy — Hy,) (awH: — e(Ha — Hy,))
P-P P-P by P .H
7]21”2( *) —Cz(P—P*) _ ( *) " 2L 1]
a) + blp aj) + b2H1 dz(ﬂz + b2H1)
< C(t) + D(2),
where
1 Naraby Py
Ct) = —mrH? —nyry(P—P,)* + ——=2H,(P-P,) ),
) @+ 0P +b2H1)< mriH; — nara( ) 5 1 *)>
o c1r 2 2
D(t) = o——+— |H{(Hy - H,,) - ———Hj; —nze(H, — Hy,)".
(t) (773 a2+b2Hl) 1(Hy 24) dy + byH, 1 nse(Hy 2)
Now, we prove C(t), D(¢) is negative definite.
def
Let C(t) = mchy where Y = ((Hl), (P—P*))T
-mn n2 722 by P*
C= " 2 . (4.2)
< —nzrzzfzzp —nN2r

Note first that both of the off-diagonal elements of matrix A are negative and

niNatiry — M 2:7]’, nr_ﬂzrzb%Pi :37)27’1}”2>0
17127172 2&2 22 171 4«@% 4 3

thus C(¢) < 0.
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Noting that ab < %4~ ’ 4 %, 0 > 0, from (2.11), for sufficiently small constant &g > 0, there

is an integer 7 >0 such thatif t > T, boH;(¢) < &, it follows that

o 1 61
B(t) < ———— | —H? + —(H, - H3,)? — riciH?
()_a2+b2H1<291 1 2( ) — Ha,)* —riciHy
’)306
——Hi + Hy,)* — nze(Hy — H,)?
292

o (e e ma).
ay + & 261291 292

(7 6
- <7’]3€— _’)33 2 _ E)(Hz —H;)z.

_ rnea. _ _a  _ ma _ _ nzabh oz(91
Denote §; = aarts = Tl 26 and 8y = n3cy — B2 . Then taking
1 20ear + 2oegy
m=—, bi=6y= P
a) agriC1Cy + dy + €y
gives
e(asricie — azo® — a’eg) asricie — aa® — a’eg
81 = ) ) ’ 82 =
ar(asricie + ara? + ogg) 2ase(as + &g)

From (Bs), we know that, for sufficiently small constant &y > 0, §; >0, i = 1,2. It is easy to
see that D(¢) < 0.

Obv1ously, <0 for all H; >0, Hy >0, P > 0 except the equilibrium point (0, Hy,, Py)
where =0. Accordlng to the Lyapunov asymptotic stability theorem [9], the equilibrium
point (O,Hz*, P,) is globally asymptotically stable in the interior of R?. This completes the
proof. d

5 Example and numeric simulation

Consider the following system:

dHl H1 HZ
“L1o3H(1- —2H, - —

dt 2+ 2P 10
dH
d—; = Hy(0.3H, +2 — 2H,), (5.1)
dap

P
— =2P{1- —— - 1.5P).
dt 2+0.8H;

By calculation, we have M =1 - 24 =0.9> 0, a? = 0.09 < 8 < “2’26}1‘2 ,and it is easy to see
that the conditions (B;) and (B4) are verlﬁed. It follows from Theorem 4.1 that there is a
unique positive equilibrium point (H;, H;, P*) = (0.383868,1.057580,0.517211) of system
(5.1) and it is globally asymptotically stable. Our numerical simulation supports our result

(see Fig. 1).
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1.4
H1
H
1.2 2
P
1+
o 08
N
T
T o6
0.4
0.2
0 1 1 1 1 J
0 2 4 6 8 10
time t
Figure 1 Dynamical behavior of system (5.1) with initial values (0.4,1.2,0.7)7, (0.1,0.8,0.2)" and (0.25,0.6,0.3)"

Consider the following system:

dH, H 3.5H,
s (1- - 2H; - ,
dt 2+ 2P 3
dH.
= Ha3.5H, +2-2Hy), (5.2)
daP P
— =2P{1- ——— - 1.5P).
dt 2+0.8H;
By calculation, we have M =1 — ;)‘T’i =-0.1<0, o®> =10.89 < % =12, it is easy to

see that the conditions (B3) and (Bs) are verified. It follows from Theorem 3.1 that there
is a unique positive equilibrium point (Hi,, Hy,, P,) = (0,1,0.5) of system (5.2) and it is

globally asymptotically stable. Our numerical simulation supports our result (see Fig. 2).

6 Discussion
In this paper, a May cooperative system with strong and weak cooperative partners
is studied. We obtained the sufficient conditions that guarantee the permanence, non-
permanence and the global stability of the equilibrium points. By comparing the condi-
tions of (B;) and (Bs), we found that as o becomes larger and larger, the strong partner
changes from persistent to extinct. The ecological explanation is that more and more the
strong partner become a weak partner, thus we have extinction of the strong. The above
numerical simulations also supports this conclusion.

At the end of this paper, we point out that conditions (B;) and (Bs) can be weakened or
even are unnecessary. This problem is very interesting and worthy of further study in the

future.
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1.5
H1
H2
P
1
o
N
I
S
0.5
0 T L 1 J
0 2 4 6 8 10
time t
Figure 2 Dynamical behavior of system (5.2) with initial values (0.4,1.4,0.8)", (0.1,09,0.3)" and (1.2,0.5,0.1)"
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