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Abstract

Here, the concept of a new and interesting Riemann-Liouville type fractional
derivative operator is exploited. Treatment of a fractional derivative operator has been
made associated with the extended Appell hypergeometric functions of two
variables and Lauricella hypergeometric function of three variables. With a view on
analytic properties and application of new Riemann-Liouville type fractional
derivative operator, we have obtained new fractional derivative formulas for some
familiar functions and for Mellin transformation formulas. For the sake of justification
of our new operator, we have established some presumably new generating
functions for an extended hypergeometric function using the new definition of
fractional derivative operator.
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1 Introduction

Recently, many authors have participated in the development of the fractional calculus
(differentiation and integration of arbitrary order). The applications of fractional calcu-
lus often appeared in the fields such as generalized voltage dividers, engineering, capac-
itor theory, feedback amplifiers, electrode-electrolyte interface models, fractional order
Chua—Hartley systems, fractional order models of neurons, the electric conductance of
biological systems, fitting experimental data, medical, and analysis of special functions
(see, e.g., [1-17]).

The authors’ interests concerned a variety of applications of fractional calculus in seem-
ingly diverse fields of sciences and engineering (see, e.g., [7, 18—22]). One may be referred
to [20, 23—30] for the details of the development of fractional calculus.

In this paper, we launch a new Riemann-Liouville fractional derivative operator asso-
ciated with hypergeometric type function. Further, we investigate some properties of the
new fractional derivative operator. As concerns the properties of the fractional derivative
operator, we are interested in recalling some extended functions like extended beta and
© The Author(s) 2018. This article is distributed under the terms of the Creative Commons Attribution 4.0 International License
(http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in any medium, pro-

vided you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and
indicate if changes were made.


https://doi.org/10.1186/s13662-018-1616-9
http://crossmark.crossref.org/dialog/?doi=10.1186/s13662-018-1616-9&domain=pdf
mailto:shadabmohd786@gmail.com

Shadab et al. Advances in Difference Equations (2018) 2018:167 Page 2 of 16

hypergeometric functions (see [31]), extended Appell functions of two variables (see [32]),
and extended Lauricella functions of three variables (see [32]).

2 Preliminaries
We begin by recalling the familiar beta function B(«, 8) (see, e.g., [33, Sect. 1.1]),

e 1 -0ftdt (R(a) > 0;R(B) > 0),

NCIINE)) -
T (@, B € C\ Zp),

Ba,B) = (1)

where I' denotes the well-known gamma function. Here and in the following, let C, R*,
N, and Zjg be the sets of complex numbers, positive real numbers, positive integers, and
non-positive integers, respectively, and let Ny := N U {0}.

The classical Gauss hypergeometric function ,F; is defined by (see, e.g., [34] and [33
Sect. 1.5])

2F1(a,b;¢;z) = Z (@)n(b)n 2" )

')
~ (©On n

where (1), is the Pochhammer symbol defined (for A € C) by (see [33, p. 2 and pp. 4-6]):

F(r+v) |1 (v=0;2eC\{0}),

A)y = =
*) () AA+1)...(h+n—-1) (v=neN;xeC\Z).

3)

Parmar et al. [31, Eq. (13)] introduced another interesting extension of the generalized
beta function B(x, y; p) as follows:

Byu(x,y) = x,y,p)—f/ £t K, l[t(lp—t)}dt'

(min{9(x), R(y), R(p)} >0), (4)

where K, (z) is expressed in terms of the modified Bessel function /,(z) (see [35, Entry
10.25.2]) as follows (see [35, Entry 10.27.4]; see also [36, p. 39, Eq. (22)]):

I(,,(Z) = I—U(z) _Iv(z)]- (5)

T
ZSin(vrr)[

By using the identity (see [35, Entry 10.39.2])

Kijpp(2) = \/zzzez, (6)

the case v = 0 of (4) is seen to reduce to the extended beta function [37]. In fact, (6) is an

obvious particular case of

. (22)7% (n + k)
Kyi12(2) = \/7 2 K =R (n € Ny), (7)

which is obtained by combining [35, Entries 10.47.9 and 10.47.12] (see also [31, Eq. (5)]).
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Now, we recall the extended Gauss hypergeometric function defined by [31, Eq. (40)]).

Parmar et al. [31, Eq. (13)] introduced another interesting extension of the generalized
Gauss hypergeometric function F,(a, b; c; z) as follows.

Extension of the Gauss hypergeometric function We have

B,(b+n,c—b;p) 2"

Fpqla b;c;2) = Z(a)” B(b,c-b) n!
n=0 ’ )

(p > 0;z] < 1, R(c) > R(b) > 0). (8)

Here, by using the generalized beta function B, (x, y; p) in (4), we gave extensions of the
Appell functions of two variables F; and F, (see, e.g., [36, p. 53, Egs. (4) and (5)]) and the
Lauricella function of three variables F, g’ ) (see, e.g., [36, p. 60, Eq. (4)]) in [32], respectively,
as follows.

Extension of the Appell hypergeometric function For F; we have

=\ Byla+m+n,d—a;p)(h)(c)y x" y"
Fipqgla,b,c;d;x,y) := Z E Blad—-a) !
n,m=0 ’ ’ ’

(max{|x], [y} < 1). )

Extension of the Appell hypergeometric function F, We have

Fypqlab,c;d, ex,y)

_ i B,(b +n,d - b; p)B,(c + m,e— ¢; p)(@) pan x_")ﬁ
= B(b,d — b)B(c,e —c) n! m!
(|x| + |yl < 1). (10)

Extension of the Lauricella function of three variables For F, S ) we have

ng,’q(a, b,c,d;e;x,y,2)

._ i Byla+m+n+r,e—a;p)(b),(c)(d), x" y" 2"
s B(a,e—a) n! m! r!
(max{|xl, [yl |z} < 1). (11)

It is noted in passing that setting ¢ = 0 in (9), (10), and (11) and then p = 0 in the respec-
tive resulting equations are seen to yield the Appell functions of two variables Fj, F;, and
the Lauricella function of three variables F 1(33 ),

The following integral representation appears in [31, p. 99, Eq. (42)]:

2p 1 1 b3 b3 _ p
Fpola,biciz) =\ — 20— 1-)7 2 (1 —2t)™
(@, 03 6 2) - (b,c—b)/o 772 (1—1t)7"2(1 —zt) KH% -0 dt

(|arg(1 - 2)| < 73p = 0;v = 0,p = 0,%(c) > R(b) >0). (12)
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The following integral representations appear in [32]:

Fl;p,q(“r b,c;d;x, y)

2p 1 Loy s y ) ,
—a o | AT T A (1 -y K dt
i B(a,d—a)/o (-9 (L=at) (1 =yt) Ky, 1 t(1-10)
(peRY; 1 -x)| <7, |arg(l - y)| <7;
N(d) > R(a) > 0,R(b) > 0,R(c) > 0,R(g) > ()), (13)
We have
FZ;p,q(“r b,c;d,e;x,y)
2 ! 1 b*- d—b-3 -
- 1-t¢ ¢ 1- e—c— 1—xt— a
T B(b,d—b)B(c,e—c)/O fo 2( ) s 2( s) 2( Xt —ys)”

p p
K K dtd
) q+5<t<1—z)) q+5<s<1—s>) *

(pe]R’“ (1—x—y)’<n;
N(d) > N(b) > 0,NR(e) > NR(c) >0,N(a) >0,NR(g) > 0). (14)
We have

qu(a b,c,d;e;x,9,2)

/2p 1
B(a,e —a)

/ 1= )R- at) (1 -y (- 2K, (t(lp— t)>dt

(p€R+' (1—x)‘<7r,

(1—y)| <7, arg(l—z)‘ <7

NR(e) > N(a) > 0, R(b) > 0,N(c) > 0,N(d) > 0,N(q) > 0). (15)

3 New fractional derivative operator
In this section, we shall exploit the concept of our new Riemann—-Liouville type fractional
derivative operator. For this purpose, we first consider the Riemann-Liouville fractional

derivative of f(z) of order v as follows:

D{f(2)} := / (z- )" f(e)de (R() <0), (16)

where the integration path is a line from 0 to z in the complex ¢-plane.
For the (v) > 0, let m € N be the smallest integer greater than R(v) and so m — 1 <
M(v) < m, the Riemann-Liouville fractional derivative of f(z) of order v is defined as

D{f(2)} := ID)" "{f(2)}
am

— v+m—1
_ dzm{r( —— /(z £ f(t)dt} (17)
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The new Riemann-Liouville fractional derivative of f(z) of order v is defined as

2p
vilplg V= [F -3 pz
D, {f(2)} = T fo fOE-7"2K,, (t(z_t)> dt
(R(W) < 0;%(p) > 0;%(q) > 0). (18)

When R(v) > 0, let m € N be the smallest integer greater than R(v) andsom—1 < R(v) <
m, then a new Riemann-Liouville fractional derivative of f(z) of order v can be defined as
follows:

e P e 0)

m 2
d { \/> /f(t) —K, ((pzt))dt}

dzm -V +m)

(%M(p) > 0;%(q) > 0). (19)

Remark On setting p =0, g = 0 in (18) and (19) we are left with the classical Riemann—
Liouville fractional derivative. In the case g = 0 in Egs. (18) and (19) reduces to the well-
known fractional derivative operator given in [38].

4 Fractional derivative of some functions

Theorem 4.1 Let m—1 < N(v) < m < R(A) for some m € N. Suppose that a function f(z) is
analytic at the origin with its Maclaurin expansion given by f(z) = Y ooy anz", (|2 < ¢) for
some { € R*. Then we have

Av2°°

Zan By + m,—v)2". (20)

D, [p]"{ }“_Ef

Proof Now applying (18) in the definition (19) to the function 73 f(2), and changing the

order of integration and summation, we obtain

2p
Dl @) - S, 2 [er e () e ey

r'(-v) tiz—t)
Putting ¢ = £z in (21), we obtain

v[P]q{ —if(z)}

A-v=2 2P oo
S & 2 ‘FZanz / i1 -3 ( £ )ds (22)

'(-v) £(1-%)

Applying the definition of extended beta function, and after some simplification, we get
the desired result as follows:

)L1/2°o

Zan By (. + n,—v)2", (23)

D" (23 f (@) =

which completes the proof. d
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Theorem 4.2 Let m—1 < N(v) < m < R(A) for some m € N. Suppose that a function f(z) is
analytic at the origin with its Maclaurin expansion given by f(z) = Y - a,z", (|z| < ¢) for
some { € R*. Then we have

pylFla {zk‘% logzf(2)}

o0
= Zz“”‘v‘z {an10g(2)Byq(A + 1,~v) + byBy 4 (A + n,—v + 1)} (24)
n=0

Proof Now applying (18) in the definition (19) to the function 73 2 logzf (z), and changing
the order of integration and summation, we obtain

pyl {z’\’% logzf(2)}

z 2
.| ik ( pe )1 tdt. 25
[ ootk (5 e (25)

Il
—
g
g
Q

Putting t = £z in (25), we obtain

2

DZ;[p]q {Zx—% log Zf(z)} _ F(_nv) Zdnzxm—v—z

A+n—7 v—j 1 .
< [ ta-ering (g ) e de

After applying the property of log-function, and some simplification, we get

pytFla {zk‘% logzf(z)}

2
- ﬁ “"”{anlog<z> [ ertaerin (sl ) 4

M) & E1-8)

1
A+n—% _ —v+m—% 1 p
+a,,10g(2)/(; & 1-£) Kq+7 (S(l—é))ds}'

Applying the definition of extended beta function, and after some simplification, we get

the desired result as follows:

Dyl {zk‘% logzf(2)}

= Zz“”’"’z{a,, log(2)By4(A + 1, —V) + b,B, 4(A + n,—v + 1)}, (26)
n=0
which completes the proof. d

Example 4.3 Let m—1 <R(v) < m < R(1) for some m € N. Then we have

pyPi () - Pt r 52 q(?(+v)’ D g, (27)
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Solution Now applying the definition of the new fractional derivative operator, we ob-

tain

2
D) = \/7 / e- 1" 3K, (%)dt (28)

(-=v)

Putting t = £z in (28), we obtain

DV[p]q a V__\/>/ EH(1—£) 3K ( p )dé‘ (29)

£(1-§)

Applying the definition of the extended beta function, we obtain the desired solu-
tion.

Example 4.4 Let m—1 <R (v) < m < R(1) for some m € N. Then we have

Dy 23 (1 - 7)) = r?)) Ep g, 5v;2)2" 7% (30)

Solution Now applying the definition of the new fractional derivative operator, we obtain

Dy P23 (1 - 7))

2p

_ k2 ‘ x—- a3 P22
‘r(v—x)/o Hi-pee-9 I(q+%<t(2_t))dt. (31)

Putting ¢ = £z in (31), we obtain

D23 (1 - 7))

72 2p
- f / g3-g7 i 1-z6)K,, ( P >ds (32)

£(1-¢)

Applying the definition of the extended hypergeometric function, we get the desired so-
lution.

Example 4.5 Let m —1 < R(v) < m < R(1) for some m € N. Then we have

(r

]D)i_v;[p]q {z’\‘% (1-az)™1 - bz)_ﬁ} = I;TV))Fl;p,q(k,a, B;v;az, bz)z" 2. (33)

Solution Now applying the definition of new fractional derivative operator, we obtain

D, {273 (1 - az) (1 - bz)P)

2p

B ™ ‘ P — 8 v-1-3 pz’
‘r(v—x)/o (- at)“(1- bty Plz—1) I(+%<t(z_t)>dt. (34)
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Putting t = £z in (34), we obtain

DL 273 (1 - az) (1 - )P

22 2p
“Tw-x)
! r-3 —A—3 - -8 V4
X/O‘ .f)—' 2(1—&) Z(I—ﬂZ&_) (l—bz“g‘) I<q+%<m>dé (35)

Applying the definition of the extended hypergeometric definition, we get the desired so-

lution.

Example 4.6 Let m—1 <N (v) < m < R(L) for some m € N. Then we have

D 71 a0 (1= be) 1 -

I'(A
= %Fg;a,q(k,a, B,v;v;az, bz, cz)z" 2. w

Solution Now applying the definition of the new fractional derivative operator, we obtain

Dl {ZA—% (1-az)“(1-b2) P(1-c2)7"}

‘ k—% _ -1 _ -B(1 _ - _ V—)»—% 1 pZ2
x/(; 2 (1-at) (1 -bt)P(Q-ct) " (z-1t) K’”Z(t(z—t))dt' (37)

Putting ¢ = £z in (37), we obtain
]D)ﬁfv;[p]q {z’\’% (1-az)“(1-b2) P(1-c2)7}

272 2p 1
V n

" Tv-x /0 (1= §)"7 7T (1- az§) ™ (1 - bz) P (1 - cz£)”

p
fol (su —5)) * .

Applying the definition of the extended hypergeometric definition, we get the desired so-

lution.

Example 4.7 Let m—1 < N(v) < m < R(A) for some m € N. Then we have

Dz—v;[p]q {ZA—I(l -2)F,, (a, B;v; (é)) }

v—1

z
= B(ﬁ, V- }\.)F(V— A)FZ;p,q(ar ﬁ! )»;V, V;x,Z). (39)




Shadab et al. Advances in Difference Equations (2018) 2018:167 Page 9 of 16

Solution Applying the definition of the extended Gauss hypergeometric function, we ob-

e o () )

tain

r=vilplg ) a1 — = BBtmy-B)( x \"
=D 1- . 40
2 [z (1-2) ;(a)n 56y \1z (40)
Using the generalized binomial series
o0 Zn
(1-27= Z(a)nﬁ (21 < 1) (41)
n=0

in (40), we obtain

e R A=)

1

o]

(o)l + 1) x” A=vilPlg [ _rem—1
S By ) o PPy - )
Applying the definition of the extended fractional derivative, we get the solution as fol-
lows:
A=v; - —-a *
D’ (Plq {ZA (1-2) Fp,q(a,ﬁ; 14 (I——Z>> }

1
" BB,y - BT (—1)

Z;L+m—l K"

X Z (a)n+me,q(,B +ny — ﬁ)Bp,q()‘- +m, L — A) (43)

m! nl’
n,m=0

Now using the definition of the extended Appell function Fy,, ;, we get the desired solu-

tion.

5 Mellin transform of fractional derivative operator
The Mellin transform of a function f(¢) is defined by (see, e.g. [39, p. 305 et seq.] and [40])

M{f@):t—s}:= /Oo £ @) at, (44)

0

provided the improper integral in (44) exists.

Theorem 5.1 Let m—1 <N (v) < m < R(R) for some m € N. Suppose that a function f(z) is
analytic at the origin with its Maclaurin expansion given by f(z) = Y - a.z", (|z| < ¢) for
some ¢ € R*. Then we have

m{Dz;[p]q [ZA_%f(z)] :s}

25711—‘(%)1—‘(”?&) (o]
= Z a,BO+ 1 +5s,5 - )22, (45)
r'(-v)I'm —
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Proof We first recall here the definition of extended fractional derivative operator. Then
using the property of interchanging the order of summation and integration and substi-
tuting ¢ = z§, we get

DY {23 f(2))

\/? S [ gt

d
E(1- s)) 5 (46)

Now applying the definition of the Mellin transform (44), and interchanging the order
of integrals, we obtain

m{D;;[P]q [Z)L—%f(z)]}

2 o

z Zanzkﬂq—v—Z
_V) n=0

! A+n—% _ —v—g{ > 2 ( P ) }
< [emta-or [ty (g ) e e (47)

Substituting ﬁ =wanddp=&(1-§&)dw

m{Dz;[P]q [Z)\_%f(Z)]}
B ZS’IF(%)F(“TI
- r(-v)'m

00 1
) ZanZAJrn—v—Z/ gk+n+s—1(1 _ %-)—ws—l d& (48)
n=0 0

On applying the definition of the beta function in (48), we obtained the desired result. (]

Theorem 5.2 Let m—1 < N(v) < m < R(A) for some m € N. Suppose that a function f(z) is
analytic at the origin with its Maclaurin expansion given by f(z) = Y - anz", (|z| < ¢) for
some { € R*. Then we have

m{D; [p]q[ 7 logzf(2)] : s}
+q+ 1)

2 Mog zI' (51)I (+4
r'(-v)yl'n

Za,,B(A +n+8s—V)Z 2

n=0
2517 (24 stq+ly 00
+ 1*((iv))p(” 2 ) ZanB()\ +n+8,S—v+m+ l)z)wnfvfz. (49)
n=0

Proof We first recall here the definition of the extended fractional derivative operator.
Then using the property of interchanging the order of summation and integration and
substituting t = z&, we get

ki D / log(e£)&* 3 (1 - )3 ( B ) . (50)

TT) = §1-9)
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Now, applying the property of the log-function in (50), we get

{Dz pylela [z*‘% logzf(2)] : s}

§ :anzkﬂq v-2

1"( V)
+n-3 -3 p
X[Iog(z)/ Prd-o i (g )
A+n—— v—f V4
/ toe@* 31 -6 K,y (7 E))ds} 51)
{]D)Z;[p]q [zk_7 logzf(2)] : s}
%
” A+n—v—2 A+n—— v—2 p
oy 2 oete o [[eiueri (gl )«
2w
T A+n—v-2 )\+n—7 v+m+1—— p
T 2 /E 1 (gl ) @

n=0

where b, = a,, 1og 2.
Now applying the definition of the Mellin transform (44), and interchanging the order
of integrals, we obtain

Sﬁ{Dz;[p]q[zA‘% logzf(z)] : s}

NS

1
Zw“” “ogta) [ e da-d

Pk, <s<1p—s)) dp}dé

2
s

anzk+n v— 2/ %—A+n—§(1 %-) v+m+1——

n=0

X{/o Pk, <s(1 s))d}dg 53)

On setting i 1 e =W and dp = £(1 - &) dw in (53), we get

X
e e,
;\8

m{D; [p]q[ -3 logzf(z)] : s}

Za A v—210g(z)/ Ek+n+s 1(1 g) V+5—'{/ w 2K 1(W dW} dS

\ﬁ o0 .
+ T anzsz—v—Z/ gk+n+s—1(1 _ s)(—v+m+s+1)—l
0

'(-v) e

X {/0 Vlfs_fl(qu%(W)dW} dE. (54)
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Applying the definition of the beta function and using the formula [35, Entry 10.43.19]),
we obtained the desired result (49). O

Example 5.3 Let m—1 <NR(v) < m < R(1) for some m € N. Then we have

2710 (50 (24
r(-v)'m

W{Dz;[p]q[zk] :s} = B(A +5+ %,s—v—l)z’\“"l. (55)

Solution We first recall here the definition of the extended fractional derivative operator,
and setting ¢ = z&, we get

2p)~v—f
{D;W[zx];s}:7‘r / -6, (55g ) o (56)

I'(-v) £(1-8)

Applying the definition of the Mellin transform (44), and interchanging the order of
integrals, we obtain

m(Dr" ] :5)

2 V=3 00
:\/:(j> /“1 2 {/0 P, (s(l s>> }d‘g 7

On setting ﬁ =wand dp = £(1 — &) dw in (57), and applying the formula [35, Entry
10.43.19]), we get

8- 11—'(5 q)F(S+q+1 A— v——
r(-v)yr'm

E)JZ{D;;["]‘I[ZA] :s} / §x+s-— 1-£)v2 g, (58)

Using the definition of the beta function in (58), we get the desired solution.

Example 5.4 Let m—1 <R (v) < m < R(1) for some m € N. Then we have

D [(1 - 2] : 5}

U2 05ty & () 1 -

Solution Applying the binomial theorem

1-27=) ((3"2” (60)
n=0 :

in the left hand side of (45), we get

(D[~ es) = Y Do) ). o)

Now, following the parallel lines of the solution of example 1 (see, e.g., (55)), we get the
desired solution. We omit the details.
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6 Application
In this section, we establish some linear and bilinear generating relations for the extended

hypergeometric function F, 4 (9).
Theorem 6.1 Let m—1 <% (v) < m < N(X) for some m € N. Then we have

00
z

> (Z)"’ Epg+ 05 8;2)t" = (1— 1) " Fpyq ()"O‘;'B; —> (62)

1-¢

n=0
Proof Considering the elementary identity (see [36, p. 291] and [38, p. 1832])

—x
[1-2-1]"=q —t)*[l - li_t] . (63)

Now we expand the left hand side of (63) for |£| < |1 — z| using the generalized binomial

theorem (41) as follows:

[e.¢]

()V)n A t n_ Y z -+
Z p (1-2) (1—_2) =(1-1¢) [1_:] ) (64)

n=0

Now multiplying by 2%~3 and applying the new fractional derivative operator Dj_ﬂ;mq

on both sides of (64), we obtain

a-Bilply | o W af Y s
D. [XO: o 172 (1—2)2 }
-A
_(1_ e Blblg) o3, %
R E A ) -

Under the guarantee of uniform convergence of the series, we exchange the summation

and the fractional operator as follows:

o (Wt ampy a-p; -
3 %DZ PPl -3 (1= 27} = (1 - )7 DS ’S'L”]"{za-i [1 - 1L] } (66)
N -t

Using the result (30), we get the desired result. O

Theorem 6.2 Let m—1 < % (v) < m < R(X) for some m € N. Then we have

= (A -zt
Z n—!an’q(p —-no;B2t" =(1— t)‘AFl;p,q (a,p,k;ﬁ;z, 1——t> (67)
n=0

Proof Considering the elementary identity (see [36, p. 291] and [37, p. 595])

—A
[1-(-2¢"=0- t)—*[l + 1Z—_tt] . (68)
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Now we expand the left hand side of (68) for || < |1 — z]| as follows:

= ()\)n nen _ —A (_Zt) -
X(; - (1-2)"t"=(1-¢) [1—1—_t] ) (69)

Now multiplying by 23 (1 — 2)™” and applying the new fractional derivative operator
]D):_ﬂ;[p]q on both sides of (51), we obtain

a—p; = (Mn —pna-3 |
Dzﬁ[p]q{ZT(I—Z) pruga=y Ly

n=0

-2
=(1- t)_’\D:_ﬁ;[p]q{za_%(l —z)"’[l - (:ﬂ } (70)

Under the guarantee of uniform convergence of the series, we exchange the summation

and the fractional operator as follows:

oo

M a—B; 3
Z Q]D)Z ﬁ'mq{(l _ Z)—(p—n)za-g }t”
n!
n=0
-2
a—f; -zt
=(1-7*DS ﬂ’[”]q{za-%u —z)"’[l - (l—zt)} } (71)
Using the results (30) and (33), we get the desired result. O

Theorem 6.3 Let m—1 <N (v) < m < R(X) for some m € N. Then we have

oo

A
Z ( )'n Fy oy, —1;8;2)Fpq(X + 1,05 B x)t"
"
X —zt
:(1—t)_)‘FZ;p’q<)\.,(¥,)/;/3,8;l—_t,1—_t>. (72)

Proof Replacing ¢ by (1 — z)¢ in (63), we get

Z %Fp,q(k +m;B;2)(1 - 2)"t"
n=0 :
= [1 - (]. - Z)t]i}LFp,q ()», (X;ﬂ; ﬁ) (73)

We multiply both sides by 2% and DY in (73) as follows:

o0
_s: A
DY Slplq {Z Wn n)!" za—%l—*p,q(k +m,06;%)(1 - z)"t”}

n=0

= Dz‘éi[P]q {ZD‘_% [1 — (1 - Z)t]_)Lprq <)\., O[;ﬂ; ﬁ) }. (74‘)
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Interchanging the order of summation and fractional derivative under the conditions

<1, [1=%¢] < 1, and | 5| + | ] < 1, we obtain

oo

An - y=s; _3
E %DZ blplq {z" g(1 - Z)H}Fp’q()\. +n,a; B;x)t"
n!
n=0
_a _t),,\sza;[p]q 2 3(1- . _AF A,a;ﬂ;# ) (75)
1-¢ Pl 1-(1-2)t

7 Concluding remark

In this paper, we have defined an interesting Riemann-Liouville type fractional derivative
operator. Further, we have investigated some important properties of the new fractional
derivative operator. As an application and justification of our new operator, we have es-
tablished some interesting generating functions for the extended hypergeometric function

F, 4 using the new operator.
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