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Abstract

Incorporating two delays (7 represents the maturity of predator, T, represents the
maturity of top predator), we establish a novel delayed three-species food-chain
model with stage structure in this paper. By analyzing the characteristic equations,
constructing a suitable Lyapunov functional, using Lyapunov-LaSalle’s principle, the
comparison theorem and iterative technique, we investigate the existence of
nonnegative equilibria and their stability. Some interesting findings show that the
delays have great impacts on dynamical behaviors for the system: on one hand, if
71 € (my,my) and T, € (M4, +00), then the boundary equilibrium £,(x°,2,3,0,0) is
asymptotically stable (AS), i.e, the prey species and the predator species will coexist,
the top-predator species will go extinct; on the other hand, if T € (m,, +00), then the
axial equilibrium £;(k,0,0,0,0) is AS, i.e,, all predators will go extinct. Numerical
simulations are great well agreement with the theoretical results.

Keywords: Food-chain model; Stage structure; Time delay; Stability

1 Introduction
Predator—prey type interaction is one of basic interspecies relations in the biology and
ecology and it is also the basic block of the complicated food chain, food web and bio-
chemical network structure [1-4]. Since the seminal work by Aiello and Freedman [5],
species growth models with stage structure have drawn considerable attention (for more
details as regards these studies, one can refer to [6, 7]). Incorporating stage structure for
predator into the system, Xu [8] built a delayed Lotka—Volterra type predator—prey sys-
tem. Further studies show that the stage structures for both predator and prey should be
taken into consideration in modelling [9]. Some interesting results on the dynamical be-
haviors of predator—prey systems can be found in [10-15].

The ‘prey—predator—top-predator’ system (the top predator consumes only the predator
trophic level), as one of the most important food-chain models [16-21], takes the form

DL = rPy(1-BL) — Py Py,

% =C1P1P2—h2P2T—d1P2, (1)

AL = o\P,T — d T,

where P;, P, and T can be interpreted as the densities of prey species, predator species
and top-predator species, respectively. The intrinsic growth rate of the prey species can be
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represented as r. k denotes the environmental carrying capacity of the prey species. /; and
hy represent the hunting rate of the predator and top predator, respectively. c; and ¢; can
be interpreted as the conversion rate of prey species to its predator species and predator
species to the top-predator species, respectively. d; and d, represent the death rate of the
predator and top predator, respectively.

A great deal of results on ‘prey—predator—top-predator’ type food-chain models have
been reported in the literature. In [22], the dynamical behaviors of a three-species ratio-
dependent food-chain model were investigated. Cui et al. [23] discussed the stability and
bifurcation of periodic solutions for a three-species food-chain system. Pei et al. [24] es-
tablished a delay three-species ecosystem with Holling functional response, the dynamical
behaviors of the system were studied. In [25], Mbava et al. investigated the dynamics of a
food-chain model with disease in species. To a large extent, the existing literature on theo-
retical studies of ‘prey—predator—top-predator’ systems is predominantly concerned with
cases without stage structure. Literature dealing with the stage structure for both predator
and prey appears to be scarce, such studies are, however, important for us to understand
the dynamical characteristics of food-chain models. On the other hand, as we know, time
delays do exist in many systems, such as population system [26, 27], economic system
[28, 29], epidemic model [25, 30], neural network system [31-34], etc. Enlightened by the
above discussions, in this paper, we intend to consider a new three-species food-chain
model with stage structure and delays for both predator and top predator.

In the following, let us firstly introduce the parameters and a brief sketch of the con-
struction of the model which may indicate the biological relevance of it.

(Al) There are three populations, namely, the prey species whose population density is
denoted by x(t), the predator whose immature and mature population densities
are y1(2) and y, (), respectively; the top predator whose immature and mature
population densities are described by z;(¢) and z,(t), respectively.

(A2) In the absence of predation, the prey population grow according to logistic laws of
growth with intrinsic growth rate o4, and the carrying capacity is k.

(A3) The mature predator consumes the prey with ¢;x(¢)y2(¢) and contributes to its
immature population growth rate apx(¢)y>(£); the mature top predator consumes
the mature predator with cpy,(£)z2 () and contributes to its immature population
growth rate asy(£)zx(2).

(A4) The mortality rate of predator is assumed to be proportional to the existing
population. We also consider the density dependent mortality rate of the consumer
specie as B1y3(¢) and Byz3(t). If there is some other factor (other than food) which
becomes limiting at high population densities, the self limitation will occur.

According to Table 1 and (A1)-(A4), we can build up the following stage-structured
food-chain model:

() = 2(B)[en (1 - 52) - e (1)),
J1(2) = cpx(£)y2(t) — di1y1(2) — ane™ MM x(t — 1)y, (t — 1),
$2(t) = are™ MM x(t — 1)y (t — 1) — d1aya(t) — Bry3(E) — c2y2(B)2a(2), (2)
21(t) = a3y2(0)22(8) — dorz1(8) — aze™ 1295 (¢ — 1) 25t — 2),
(

2(t) = a3e™ 22y, (t — 1) 25 (¢ — T2) — daaza(t) — Pazi(8),

where all parameters are positive constants.
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Table 1 Parameters for system (2)

Parameter Description

o Intrinsic growth rate of the prey

k Environmental carrying capacity of the prey

& Capture rate of the mature predator

‘Z—f Conversion rate of nutrients into the reproduction of the mature predator
C Capture rate of the mature top predator

(Z—; Conversion rate of nutrients into the reproduction of the mature top predator
dy Death rate of the immature predator

dir Death rate of the mature predator

dan Death rate of the immature top predator

dr» Death rate of the mature top predator

B Intra-specific competition rate of the mature predator species

B> Intra-specific competition rate of the mature top-predator species

T Maturity of the predator

%) Maturity of the top predator

The remainder of this article is organized as follows. In Sect. 2, the preliminaries in-
cluding the initial conditions, the positivity and boundedness of the solutions of system
(2) are presented. In Sect. 3, we deal with the existence of various equilibria. By analyzing
the corresponding characteristic equations, the local stability of the equilibria of system
(2) are discussed in Sect. 4. In Sect. 5, we investigate the global stability of the interior
equilibrium E*, the boundary equilibrium E; and the axial equilibrium E;. One illustra-
tive example and simulations are shown in Sect. 6. Finally, a brief discussion is drawn in
Sect. 7.

2 Preliminaries
Considering the biological interpretation of the model, the initial conditions for (2) are

required to be

x(0) = (9), ¥i(0) = 9:(0), z(0) = ¥:(9),
$(0) >0, ;(0) >0, ¥i(0)>0, i=1,2, 0 €[-1,0], (3)

where

T= maX{Tl, 72}’ (¢('),¢1(')1¢2(')1 1/f1('), ¢2()) € C([_Tr 0]; Rio);

Rio = {(xl;xZ;x?nle:xE) TXi = O,i: 112y 3;415}'

Theorem 1 Let I'(¢) = (x(2), y1(2), y2(£), z1(¢), 22(¢)) be a solution of system (2) with initial
conditions (3), then the solutions of system are strictly positive for all t > 0.

Proof Firstly, we prioritize y,(t) for ¢ € [0, t*], where * = min{ty, 72}. From the initial con-
ditions (3), we can know that ¢(6) > 0, ¢,(0) > 0 for 6 € [-t,0]. Thus, we obtain the third
equation of system (2), for ¢ € [0, T¥],

Pa(t) = are™ MG (t — 11)@a(t — T1) — d1oya(t) — Bry3(E) — a2 (t)za(E)

> —d1ya(t) - B3 (t) — c2y2(£)za(2). (4)
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By the comparison theorem, we get
¥y () > y2(O)ef(f(—dlz—ﬂlyz(S)—CQZz(s))ds 5 0.

Similarly, from the third equation of system (2), we obtain, for ¢t € [0, T*],

2(t) = aze 1205 (¢ — )Yt — T2) — dan2a(t) — Baza (t)

> —dynzy(t) - Baz5 (1), (5)

since ¢3(0) > 0, ¥»(0) > 0, 6 € [-1,0].

By the comparison theorem, one has
2(t) > 22(0)efé(—dzz—ﬁzzz(s»ds S 0.

Repeat the process above, it is obvious to derive that y,(¢) > 0, z,(t) > 0 on the intervals
[t*,2t%],...,[nt*,(n+ 1)t*],n € N.

The first equation of system (2) together with initial conditions (3) gives
x(t) = x(O)efOt("l(l‘J%)-Clyz(s))ds S 0.

By the second equation of system (2), we can get

t
mw=f 21 x(5)y () s > 0. (6)
t-11
With the fourth equation of system (2), one has

t
mmfawW%mmmw. ?)
t—19

This completes the proof. O

Remark 1 Taking account for the maturity of predator and top predator, we incorporate
two delays in model (2), which is more general than system (1.2) in [8]. To investigate
the positivity of system (2), we extend and improve the method in [8]. Specifically, we
define a new t* satisfying t* = min{ty, 7o}. If £ € [0, T*], then ¢ — 7; € [-7,0] (i = 1,2), where

T = max{1y, 72}

Theorem 2 Let I'(t) = (x(£), y1(£), y2(t), 21(¢), 22(t)) be a solution of system (2), then the so-

lutions of system (2) with initial conditions (3) are ultimately bounded.

Proof Define p(t) associated with (2) as

cic ¢
p0) = axx(t) + i (t) + 1a(0) + =21 (0) + —~22(0).
3 3
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Denote d = min{d11,d12, da1,d2}, by calculating the derivative of p(¢) with respect to sys-

tem (2), we derive

o(t) = 051“2(1 - j%)x(t) - crduyi(t) - c1(dia + Brya (1))

cic cc
- 2 dnz(t) - =2 (dn + Paza(t))2a(2)
o3 o3

< —dp(t) + (a1 + d)atort) - alaz%xz(t)

<—dpt) + 2y + a2,
40(1

Hence, one obtains

k
limsup p(¢) < el

(0
t—+00 4o

+d)?
o

This completes the proof. d

3 Existence of equilibria
In this section, we consider the existence of equilibria. From system (2), (x,¥1,y2,21,22) €

R%, is an equilibrium if and only if:

xlor(1-7) —c132] =0,

aaxyy — di1y1 — ape 11T xy, =0,

e My — disys — B1y3 — €2y222 = 0, 8)
asyrzy — dyiz1 — aze212y,z, = 0,

aze™ 22 yy 70 — dyyzy — Pzl = 0.

Therefore, there are four equilibria of system (2):
(i) The trivial equilibrium E(0,0,0,0,0) and the axial equilibrium E; (k,0,0,0,0) of
system (2) exist irrespective of any parametric restriction.
(ii) If the following inequality (C1) holds:

(Cl) Olzkeidllrl - d12 >0,

then there exists the boundary equilibrium boundary equilibrium E,(x,9,59,0,0),

where

xO _ k(al,Bl + C1d12)
a1 B + apc ke~din ’
cnakion i + erdia)(1 = 1) (ke 171 — dyy)
diy (o By + aycrked1im)2

0
1

Y

’

o arlonke ™ —dy)
2

a1 B+ 01261/(87‘11111 )

Y
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(iii) If the following inequalities (C2), (C3) and (C4) hold:

(C2)  aazcre™™™ + Bycrdiy — cicadny >0,
(CB) azﬂgke_d“” - ﬁ2d12 + ngzg > O,
(C4) alage"”bm (Olgke_dnrl - d12) - d22 (OILBI + O[zClke_dHTl) > 0,

then, apart from the axial and boundary equilibria, there exists a unique interior

equilibrium E*(x*,y7,3,2],23), where

« kA4 N OllO[zk(l—e_dHTl) A1 A3
X =— = 2
A di A2
% 061A3 « 051053(1 - e‘d2172) A3A4
y = , Z, = )
2T Ay ! dn A}
zy = ﬂ,
A

and

—dy1 T
A1 = a1 B1Ba + arazcpe™ ™ + Bocidry — cicadn,

Az = Ollﬂlﬂz + 011013C2€7d21f2 + Olzﬂzclkeidllrl,

—di1t
A3 = ayfrke™™ ™ — Brdis + cadn,

A4 = OlIOlge_dzlrz (Olgke_dllrl — dlg) - d22 (Ollﬂl + C(zClke_dHTl).

Remark 2 Since we consider a three-species-food-chain model, the dynamical behaviors
are more complicated and the system has more equilibria than those in [4, 10, 12]. Al-
though these conditions of (C2), (C3) and (C4) seem to be intricate, take Case I (please
see the section of Numerical simulation (Sect. 6)) as an example, one can find that these

conditions can achieve.

4 Local stability analysis of the equilibria
In this section, we study the local stability of system (2) at equilibria. For this purpose, we

first introduce the following lemma.

Lemma 1 ([6]) For the equation
2+ aih+as + (bih + by)e™ =0, 9)

assume that ay + by 70, a3 + b? + b3 # 0, the number of different positive (negative) imagi-
nary roots of (9) can be zero, one, or two only.
If a3 > b and b? + 2ay — a3 < 2\/a} — b3, then (9) (for T > 0) has the same stability or

instability as when T = 0.

4.1 The local stability of the trivial equilibrium E((0, 0, 0,0, 0)
Theorem 3 The trivial equilibrium E is unstable.



Huang et al. Advances in Difference Equations (2018) 2018:186 Page 7 of 26

Proof The characteristic equation for the linearized system of (2) about E((0,0,0,0,0) is

given by
p— 0 0 0 0
0 A+dnp 0 0 0
0 0 X +diy 0 0 |[=0. (10)
0 0 0 A +dy 0
0 0 0 0 X +da

Then the characteristic equation (10) about the equilibrium Ej is
A =o)X +di)(A + di2)(X + do1)(X + dyy) = 0.
Since A1 = o1 is a positive root, the trivial equilibrium E(0, 0,0, 0, 0) is unstable. O

4.2 The local stability of the axial equilibrium
Theorem 4 Basing on the existence of equilibria which has been presented in Sect. 3, we
have the following results:
(i) If ayke 1™ < o, then the axial equilibrium E, is locally asymptotically stable
(LAS).
(it) Ifofzke‘”l“rl > dy, then the axial equilibrium E; is unstable.

Proof The characteristic equation for the linearized system of (2) about E;(k,0,0,0,0)
takes the form

A+ 0 ik 0 0
0 A+dn (e~ Grn _ 1)k 0 0
0 0 A +dig — agke TN 0 0 |=0. (11)
0 0 0 A +dyn 0
0 0 0 0 A+dy

Hence, the characteristic equation (11) about the equilibrium E; can reduce to
()\. + 061)()\ + dll)()‘- + d12 - Olzkeidurl eikrl)()\. + d21)(}\ + d22) =0.

It is obvious that A; = —a1, Ay = =d11, As = —do1, As = —dyy are all negative eigenval-
ues, thus the stability of axial equilibrium E; is determined by the equation of A + d1, —
arke 171 e=*T = 0, Let f(1) have the following form:

FA) = A +dyy — agke T

By analyzing, one can obtain the following cases.
If ayke1™ < dy,, we assume that Re A > 0. By calculating, we get

Re X = —diy + apke 117 e 1R cog(7; Im A)

< —dyy + arke™ 1T <,

which is a contradiction. Hence, Re A < 0. Consequently, the result (i) of Theorem 4 holds.
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If apke™171 5 5, then we have

f(O) =dy — Olzke_dllrl <0,
limk—woof()\) =+00,
£(A) =1+ ryagke@1me=41 5 0,

Therefore, for f(A) = 0 there must exist a positive root. Thus, the result (ii) of Theorem 4

holds as well. This completes the proof. O

4.3 The local stability of the boundary equilibrium E;(x°,y?,y2,0,0)
Theorem 5 Under the condition (C1), we get the following results:
(1) Ifagyge’dzm < dyy and a1 1 — aacrke™ ™17 > 0, then the boundary equilibrium E, is
LAS.
(i) 1f otgyge‘dﬂr2 > dyy, then the boundary equilibrium E, is unstable.

Proof The characteristic equation for the linearized system of (2) about E,(x°,?,%9,0,0)

is given as below

»+ 0 c1x® 0 0
2739 A+din oAx® 0 0
—otge‘(“dllmyg 0 A+ A 0 ) | =0, (12)
0 0 0 Atdy  asAyh
0 0 0 0 A+A,

where

A = ,313/(2) + apale~dn (1 - e‘“l),

Az = d22 — agyge_dzme_“%

As = e—(l+d11)71 —1,

Ay = el _ 1

Thus, the characteristic equation (12) about the equilibrium E, is

0
()\ + du)()n + dgl)()» + A2)|:()\, + A1)<)\. + %) + clagxoyge_(“‘ill)”} =0.

Clearly, Ay = —d11, Ay = —d;, which are always negative. Hence, the stability of the bound-

ary equilibrium Ej is determined by the following equations:
A+ Az =0,
and

0
x
(A + Al)()\. + —alk > + c1a2x0yge_(“d“)’1 =0.
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For A + Ay =0, thatis, A + dpy — otg,yge‘dﬂr?e‘Mz =0, let f(1) have the following form:
f)=A+dy - ozgyge"bme’m.

By analyzing, one can obtain the following cases.

If ozgy e 5 g, then we have

f(0)=dy - otgyge‘dzm <0,
lim;, 10 f(X) = +00,
=1+ Tya3)9e ™24 5 (),

Thus, for f(1) = 0 there must exist a positive root, thereby, the result (ii) of Theorem 5
holds.
If a3)9e™%1™ < dy,, we assume that Re A > 0. By calculating, we get

Oe —d>1 12 e—Tz Re i

Re A = —dy + asy, cos(toImA)

< —d22 + agyge_d21 2 < 0,

which is a contradiction Hence, Re A < 0.

For (A + A ) + c1ax%y9e~+d11)7 = 0, by calculating, we can obtain
2t aih +as + (bia + by)e™™ =0, (13)
where
o1 0 0 0 _—diit1 alxo 0 _—-diin
a1:T+ﬁ1y2+a2xe , aZ:T(ﬂ1y2+a2xe )
0 _—dnt —dit alxo
b1 = —apx e 1T by = apaxle™n cy—T .

When 11 =0, Eq. (13) can reduce to

0
A%+ (% + ﬁlyg)k +xoyg<a1 > =0.

Obviously, there only exist negative eigenvalues. Hence, the boundary equilibrium E, is
LAS when 7; =0 and otgy(z)e“”z”2 < d.

When t; #0, one can derive that

o\ 2
b% +2ay — a% = _(otlkx ) - (ﬂlyg)z - 2a2,31x0yge_d11’1 <0,
and
*%)%y5 -
- b% = Tyz[Zkalage dun (061,31 + Cldlz)

+ (051;31 - azclke_d“”)otl(otgke‘d“” - du)].
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Under the condition (C1) apke 1™ — djy > 0, if a1 ) — apcike 1™ > 0, then a? > b2, by
Lemma 1, the boundary equilibrium E; is LAS. Therefore, the result (i) of Theorem 5 holds
as well. This completes the proof. 0

4.4 The stability of the interior equilibrium E*(x*,y7,y3,27,25)
Theorem 6 Under the conditions (C2), (C3) and (C4), if 2a; > anke 17, 281 > ape=171

03e ™2 gnd 2B, > aze 12, then the interior equilibrium E* is stable.
Proof The linearized system of (2) about E*(x*, 57,5, 27,25) is

®(t) = = Fa*x(t) — c1x*ya (),
J1(8) = a2yx(t) + aax*yo(8) — diry1 (£) — ape™ MM yix(t — 1)
— o™ My (£ - 1y),
J2(t) = cpe™ M ysx(t — 7)) + cpe™ MK o (E — 1)
— (o™ x* + B1y3)y2(8) — 2y za(2),
21(t) = 325y (t) + a3ys22(8) — donz1 () — ase™ 1223y, (¢ — 1)
- aze 2y (t - 1),

(14)

2(t) = a3e™ 1225y, (t — o) + 036”1 2y525(t — To) — (03”2125 + Bazh)Z3(8).

Define V (x¢, y11, Va1, 211> 22;) associated with (14) as

R0+ =20

1 1
Vx1 ) » 214 2 = T - 2t +
(%t Y16 Yat> 216 21t) 5 x°(t) 225

x* 2y;
x* —d1171 ! 2 y; ~d2172 ' 2
+ Z—y;age /t_r y5(s)ds + Z—Z*age /_ z5(s) ds
1 2 t-19
—d1171 ~d2172

t t
+ L/ x%(s)ds + L/ y%(s) ds.
2 t-11 2 t-19

By calculating the derivative of V' (x;, 11, Y21, 211, 22:) With respect to system (14), we derive

. 1 . 1 . 1 .
V(e y16: Yar 216 220) = —%(0)x(2) + —y2()y2(8) + — 22(2)22(2)
x Va2 2

*

x
+ ——ape™ M y5(t) - y3(t — 1)
2y;
b 22 e[ () - At - )]
27
—d1171 —ds1 T2
“232 [22(t) (¢ - )] + %[y%(t) ~R(t-)]
= _%xz(t) —c1x(t)y-(t)
x*
+ape M x(t — 1))yo(£) + J704267‘1””)120 —1)y2(t) - Bry3(2)
2
x* .
— Y2 (t)zo(t) — —*age_d“”y%(t) - )Zl—iage_dzmz%(t)
2 2

Sk
o2y, (- 1)z (t) + Z—iage-dm@(t — 0)2(t) - B2A(E)
2
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ok

x _
+ ——ape™ My (8) - y3(t — 1)
2y;
y; —dy110[ 2 2
+ = oze [zz(t) —z;(t - rz)]
27,
aze—dlln 5 a3e—d2172

[#*(6) - 2*(t - 1)] + [130) - y3(t - )]

2 2

Applying fundamental inequality, one has

. o
V(%0 Y10 Yarr 211 Zar) < —?lxz(t) 00

ane 1t
[P +530]
x* —d1171[42 2
+ 23 e [yz(t —-71) + yz(t)]
2
x*
~ Buys(8) — 02> (D)za(8) — y—*aze‘d“”y%(t)
2
—dp1T)
age
& 5 DA -m) + 50
y; —dy112[,2 2
+ 2—Z*age [zz(t -7+ zz(t)]
2

Sk
— Bad(t) - Laze 2 (0)
£2)

*

e
Olze_zdm1 [%*() - *(t - 7))
age;izm [2(0) - 3t - )]

—-d11m1
_ _(% _ %)x%) ~ ex(tal)

o e*dllfl o e*d21'52
(B - 2 _ 3 y%(t) —Czyz(t)zz(t)
2 2
~d21 72
o3e
_ (/32 - %)zg(t).

If 201 > apke™ 171 281 > ape™ 1T 4 @ge™®172 and 28, > aze~%12, then V(¢) < 0. With
the help of Lyapunov—-LaSalle’s principle, the equilibrium (0, 0,0, 0, 0) of linearized system
(14) is asymptotically stable. Therefore, the interior equilibrium E* of system (2) is stable.
This completes the proof. d

Remark 3 Incorporating two delays in system (2), the dynamical behaviors are more com-
plicated than the system with one delay (for example, see [8, 10, 14, 24]). Obviously, the
method applied in the mentioned papers cannot be applied to system (2) directly. For
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example, when deal with the distribution of characteristic roots for the transcendental
equation like A3 + cA% + a1 A + ay + (b1 A + by)e ™™ = 0, the local stability of the interior equi-
librium E* cannot be derived by Lemma 3.1 [8]. As for this problem, we investigate the
stability of the interior equilibrium E* by constructing a suitable Lyapunov functional and
applying Lyapunov-LaSalle’s principle. That is novel and different from [8, 10, 14, 24].

5 Asymptotical stability analysis of equilibria
In the previous section we have found that the trivial equilibrium Ej is unstable. In this
section, we will discuss the global asymptotic stability for the equilibria £*, E; and Ej,

respectively. For this purpose, we first introduce the following lemma.

Lemma 2 ([35]) Counsider the following equation:
B () = o0t - 1) — 6V (£) - w2 (2),

where all parameters are positive constants, ¥ (t) > 0 for t € [-7,0], one has
(i) Ifo > ¢, thenlim,_, .o 9 (t) = £=.
(i) Ifo < g, thenlim,_, . ¥ (t) = 0.

By Lemma 2 and using an iterative technique, we can obtain the following theorems.

Theorem 7 Under the conditions (C2), (C3) and (C4), further suppose that

20 > agke_d“”,

2B1 > ape T 4 gpe 172,

2By > auze” 1™

and

—d- —d
18182 > d1a3cae” 1 + ay Brcr ke,

then the interior equilibrium E* of system (2) is AS.

Proof Under the conditions (C2), (C3) and (C4), if 201 > anke @171, 28; > ape~1™ 4
aze™ ™™ and 28, > aze ™, by Theorem 6, one find that the interior equilibrium
E* is stable. Therefore, we need only prove that lim;, o0 (x(£), y1(£), y2(2), z1(2), 22(2)) =
(", 91, 53,215 23)-

Define

U, = limsup x(¢), V1 = liminfx(¢),

t—+00 —>+00

U, =limsup y, (), Va = liminfy,(t),
t—>+00

t—+00
Us = lim sup z;(¢), V3 = liminfz,(¢),
t— +00 t—>+00

in the next, we will state and prove that U; = Vi =x*, Uy = Vo =93, Us = V3 = 25,
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From the first equation of system (2), we obtain

0 =sofa(1-2))

By the comparison theorem, one has

U, = limsupx(t) <k d:efo. (15)

t—>+00

Since ¢ > 0 is sufficiently small, then there exists a 77; > 0 such thatx(t) < N} + ¢ for ¢ > T1;.

We obtain from the third equation of system (2), for ¢ > T1; + 7,
$2(t) < e ™M (NT + &) ya(t — 1) — dioya(t) — Bry5(2).
By constructing the following auxiliary equation:
0(t) = ane™ ™M (N + £)0(t — 71) — d120(2) — B10*(2).

Noting that condition (C4) implies that ayke 1171 > d},, and so, by applying Lemma 2(i),

we obtain that

—d11T1 Nx _d
lim v() = 2 Ni+e) —di
t—+00 :31

Using the comparison theorem,

—d1171 N* —-d
U, = limsup y,(t) < i Ny +¢) 2
—>+00 ,31

(16)

age’dllrle—du

Let NJ = o
there exists a Ty > T1; + T such that y,(£) < N + ¢ for t > T}s.

, since ¢ > 0 sufficiently small, thereby, I/, < N]. Consequently,
From the fifth equation of system (2), we have
2 (t) < aze 1™ (le + s)zg(t —Ty) —dypz(t) — ﬂzzg(t) fort>Tp+1.

Using Lemma 2(i) and comparison theorem, one can get

—d1 12 Yy
. ase Nj +¢&)—d
Us = limsup z,(¢) < 3 (N +¢) 2,
t—+00 ﬂz
Let N7 = B¢ 212N -
1 B2
there exists a Ty; > T + T such that z,(£) < N7 + ¢ for £ > Ty;.

, since ¢ > 0 sufficiently small, so we obtain U3 < N7. Therefore,

We obtain from the first equation of system (2), for £ > T3 + 7,

x(t)

x(t) > x(t) [al (1 - 7) —ci (N7 + 8)]
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Using the comparison theorem,

klay —ci(N]
Vi = ltiminfx(t) > M.
— +00 o1

—aN)) . . . .
Let M} = k(ala—ill), since ¢ > 0 is sufficiently small, then one has V; > M7. Hence, there is
a Ty > T1p + T such that x(¢) > M} — ¢ for £ > Toy.

From the third equation of system (2) we obtain, for ¢ > max{T5;, T2},

2(8) = ape™ ™ (M - )ya(t — 71) — d12ya(t) — Bry3(8) — ca(NF +€)pa(8).

By applying Lemma 2(i) and the standard comparison theorem, then

_dllfl Mx _ _ d _ NZ
V, = ltlmlnfyz(t) 5 %2 (M 8?3 12 — (N7 + 8),
— +00 1

are” T ME—dyp—coN?

Let M7 =
quently, there eXlStS a T3 > max({Ts, Ty} such that y,(£) > M) — ¢ for t > Ts;.

, since & > 0 sufficiently small, obviously, V, > M). Conse-
We obtain from the fifth equation of system (2), for t > T3; + 7,
2(t) > aze” ™2 (M} - &)z (t — T) — dn2a(t) — Poza(2).

From this differential inequality, by applying Lemma 2(i), one can get

—d21‘[2 My _ _ d
V3 = 11m1nfz2(t) %3¢ (M, - ) 2
t— +00 Bo

01367‘121 72 M}ll —dyo

Let M5 = 7
a T5y > T3 + T such that zy(¢) > M5 — e for t > Ts;.

Similar to the above discussion, we obtain from the first equation of system (2), for ¢ >
T317

x(t) < x(¢) [al (1 - 9%) - cl(M{ - 8)j|

By comparison,

, since ¢ > 0 is sufficiently small, then V3 > M%. Hence, there exists

kloey — e1(M —
Uy =limsupx(t) < lon = (M 8)].

t—>+00 o1

M)
Let Nj = %1), since ¢ > 0 is sufficiently small, thereby, {/; < N;. Thus, there exists a

T3 > T3 + T such that x(t) < N3 + ¢ for t > Ts3.
We obtain from the third equation of system (2), for ¢ > max{Ts;, T53},

72(t) < ae™™ (NG + &) ya(t — 11) — d1oya(t) — Prya(t) — ca (M5 — £)ya(2).
By applying Lemma 2(i) and comparison, we obtain that

Uy = limsup y,(t) < e (NG +6) — iy — (M — )

t—+00 ﬂl
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—d
Let N = 21 st
1

Therefore, there exists a Ty; > max{T3, T33} such that y,(£) < Nj + ¢ for ¢ > Ty.

, since ¢ > 0 is sufficiently small, so one has U < N, holds.

From the fifth equation of system (2), for £ > Ty,
2(t) < aze™™ 2 (N} + £)z2(t — 72) — daza(t) — P23 (8).

Similarly, we get

Us = limsup z,(¢) < e (Ng +e)—dn
3= 2(f) < .

—+00 /32

aze212N) —dy,

Let N3 = A
Consequently, there exists a Ty > T4 such that z3(¢£) < N5 + ¢ for £ > Tys.

, since € > 0 is sufficiently small, then we find that {3 < N3 holds.

We obtain from the first equation of system (2)

x(t) > x(¢) |:Oll (1 - 9%) - (Ng + 8)] fort> Ty +7.

Using a comparison argument,

klog — 1 (N3 +¢)]

V1 = liminfx(¢) >
t—+00 o

o\
Let Mj = k(alTilNz), since ¢ > 0 is sufficiently small, then obviously V; > M7 holds. Hence,

there is a Ty > T41 + v such that x(¢) > Mj — ¢ for t > Tys.

We obtain from the third equation of system (2), for ¢ > max{T42, Tas},
7o) = ae™ M (M — £)ya(t — 71) — dioya(t) — Bry5(8) — ca(NF + £)y2(2).
By applying Lemma 2(i), one can get

—d1171 M — —diy — N?
Vy = liminfyy(e) > 225 My = &) —din =g +e)
t—+00 B1

~A1171 ME—dyg—coN?
aze 12—C2
Let My = 2 2

2 B1

Thus, there exists a Ts; > max{T4y, Ta3} + T such that y,(¢) > M) — ¢ for t > Ts.

From the fifth equation of system (2), for ¢ > T51,

, since & > 0 is sufficiently small, then one has V, > M} holds.

2(t) > aze™ ™2 (M), — &)z (t — T2) — donza(8) — Poza(8).

By applying Lemma 2(i) and the standard comparison theorem, one obtains

—d1 7 Y

oze M, —¢)—d

Vs = liminfz,(£) > — M=) —do
t—+00 ﬂz

Let Mz = B 212Mydn
2 B2

there exists a T5p > T5; such that zy(t) > Mj — ¢ for t > Ts.

,since € > 0 is sufficiently small, thereby, V5 > M5 holds. Therefore,
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So far, we have completed the first step of the iterative scheme. Repeating the above

argument and using mathematical induction, we obtain six sequences N*, Ny, N2, M%,
My, M%, n=1,2,..., such that, for n > 2,

N* = k(Oll - CIM{,_l) N = aze‘dH”Njf —diy — Cszl_l
n> - n= ’
o B
y —d
MZ _ k(oq —Can), M% _ ane 11f1Mif’13— du—CzNﬁ, (17)
o7 1
—da2 N[V _ —dnn AP _

z z
N7 = ose Nn d22 M = asze Mn d22

! B2 ' ! B2

By analyzing, one can get

M, <Vi<Ui<N,;, M;<V,<U<N;, M, <V3<U;<N;,. (18)
From (17), we obtain that
_ _ _ 2
Ny =B (1= B @) (@ + Bu)ys + (B @) N, (19)

where
o= al‘lazclke‘d“” + agﬁz‘lcze‘dﬂfz.

As N, > ys and a1 B1 B > o1 03Cre” ™2 1 vy Bycr ke 1171, one can obtain from (19) that

Ny = NJ = B (1= B @) (@ + Bu)ys + (B @) - 1]
< (-7 o) (1+ B ®)ys + [(B7®) - 1]3
=0.

Consequently, the sequence Nj is monotonically decreasing and

lim N7 = a1 (o foke ™M™ — Bodyy + coddnr)

n—+00

— aF

=9. 20
o181 B2 + arazcae 172 + ap Brcikednn 72 (20)

Therefore, from (17) and (20) we see that the sequences N} and N7 are decreasing and the
sequences M, M, and M are increasing, furthermore,

lim Nj =x% lim N7 =z,
n—+00 n—+0Q (21)
lim M, =%, lim M) =y3, lim M =2}
n—+00 n—+00 n—+00
Hence,
tEI}loox(t) =x", tEI}looyz(t) =95 lim z,(¢) = 25.

t—>+00

We obtain from (6)

ay ftt_ . eM1155x(s)y, (s) ds

(0= o : (22)
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According to L'Hospital’s rule, one can get

ax[e1tx(8)ya(£) — e (- 11)yy(t — 11)]
dlledllt

tlim y1(t) = tlim

= =% tim [x(Oa(0) - e x(e = (e — )]

11 —+00
— :;_2(1 _ e—dun)x*yﬁzﬁ =y’{. (23)
11

We obtain from (7) that

as ff_rz €152, (s)ya(s) ds

21l = o (24)
According to L'Hospital’s rule, one has
A1ty (H)zo (F) — e21E=T2)y, (f — t—
lim 2,() = lim az[e™y,()zo(2) — e y2(t - )2t - 1))
t—+00 t—+00 dy et
as . it
= d_3 lim [y2(8)z2(t) — e 2y(t — 1) 2a(t — 1) |
91 I—=>+00
_ % _ —d211’2 k, 0k %
=—(1-e )yszs =z} (25)
dxn
This completes the proof. O

In the next, we will discuss the global stability of the boundary equilibrium
E>(x2,99,99,0,0) of system (2) when

ayaze e (agke_d“” — du) —dyy (051131 + azclke_dlm) <0.

Theorem 8 The delays have great impacts on the dynamics for system (2). More precisely,

0
_ 1 azcrk _ 1 ark _ 1 az(e1fr1—c1d12) 1 a3)y .
let my = o In wh M2 = g7 In e and my = rnax{—le In e o In v Lifue

(m1,my) and Ty € (my, +00), then the boundary equilibrium E, of system (2) is AS.

Proof By t1 € (m3,my), one finds that (C1) and o181 — ascike™™™ 5 0 hold. Thus, the
boundary equilibrium E; exists. At the same time, by 1, € (14, +00), it is obvious that
o3€1%2 (arpke™ 1T — dy,) — Brdyy < 0 and azy3e 2172 < dy,.
Using Theorem 5, we have found that the boundary equilibrium E;(x,9,9,0,0) is LAS.
Therefore, it is sufficient to show that lim,_, ,o0 (%(£), y1(£), y2(£), 21 (£), z2(2)) = (x°,52,%5,0,0).
Since ape™ 171 (k + €) > dyo, the same arguments as those in the proof of Theorem 7 show
that (15), (16) hold, i.e.,

Uy =limsupx(t) <k d:efNi‘,

t—>+00

—d
e NINY — dyy d_efNy

U, = limsup y,(t) < 1

t—+00 /31

Hence, for ¢ > 0 sufficiently small, there is a T15 > T1; + t such that y,(¢) < Nf + ¢ for
t> le.
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We obtain from the fifth equation of system (2), for t > T15 + 7,
2(t) < aze ™2 (N} + &) za(t — T2) — donza(8) — Poza ().
By applying Lemma 2(ii) and the standard comparison theorem, one has

lim z(¢) = 0.

—+00

Thus, for ¢ > 0 sufficiently small, there exists a T5; > T, + T such that 0 < z;(¢) < ¢ for
t> Tgl.
We obtain from the first equation of system (2), for £ > T15 + 7,

x(t) > x(¢) |:a1 (1 - 9%) - (le + 8)]

By the comparison theorem,

_ y
V, = liminfx(e) > A=+ ol

t—+00 o1

kla@1-c1N?) . . . .
Let M7 = %, since ¢ > 0 is sufficiently small, obviously, V; > M7 holds. Therefore,
there exists a Ty > T + T such that x(¢) > M] — ¢ for t > Ts,.

We obtain from the third equation of system (2), for ¢ > max{T5;, To},
$2(8) = e (MF — £)y2(t — T1) — d12y2(t) — Bry3(8) — c269(2).

By applying Lemma 2(i) and the standard comparison theorem, one has

—d1171 X
Lo e M —¢e)—dip — e
Vo =liminfy,(¢) > 2 (M —e) —dip - 2 .
t—+00 ﬁl

—-d117 x_g
Let M = W, since ¢ > 0 sufficiently small, so we get V5 > M. Consequently,
there exists a T3; > max{T5;, Ty} such that y,(¢) > M{ —¢fort> Ts.

Similar to the above discussion, we obtain from the first equation of system (2), for ¢ >
T31 +7T,

x(t)

x(t) < x(¢) |:a1 (1 - T) - (Mjll — 8):|
By the comparison theorem,

—c (M -
U, =limsupx(t) < klon = e (0, 8)].

t—+00 o1

— M, . .
Let N3 = k(‘“ai?l), for ¢ > 0 sufficiently small, one has U; > N3. Hence, there exists a

Ts, > T3; + T such that x(£) < N + ¢ for £ > Tss.
We obtain from the third equation of system (2), for ¢ > max{Tsp, T>1},

J2(8) < ape ™M (NG + )ya(t — T1) — diaya(t) - Buy3(8).
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By applying Lemma 2(i) and comparison, one can get

Olze_dnrl (N%c + 8) — d12

U, = limsup y,(t) <

—>+00 ,Bl

Let A = 20Ny
2 B1
there exists a Ty; > max{7T3y, T51} such that y,(¢) < Ng +efort>Ty.

From the first equation of system (2), for t > Ty + 7,

, since & > 0 is sufficiently small, thereby, U/, < Nj. Accordingly,

x(t)

x(t) > x(¢) |:a1 (1 - 7) - (Ng + s)]
By the comparison theorem,

ko — cl(Ng +¢)]

V1 = liminfx(¢) >
t—+00 o

kle1—alN3) . . . .
Let M} = %, since ¢ > 0 is sufficiently small, then obviously V; > M3. Therefore,
there exists a Typ > T41 + T such that x(¢) > M; — ¢ for t > Ty,.

We obtain from the third equation of system (2), for ¢ > max{T4p, T>1},
J2(t) > ae™ ™M (M5 — £)ya(t — T1) — d12y2(t) — Bry3(8) — c29(2).

By applying Lemma 2(i), one has

Olge_dllrl (Mg —&)—diy— e

B

V2 = 11m1nfy2(t) >
t—>+00

O(ztfdllfl M%—dlz

Let M) = 5
there exists a T5; > max{7T4y, T51} + T such that y,(¢) > Mg —¢gfort>Ts.
So far, we have completed the first step of the iterative scheme. Repeating the above

, for & > 0 sufficiently small, so we can get V, > Mg Consequently,

argument and using mathematical induction, we obtain four sequences N¥, N;,, M*, M3,
n=1,2,...,such that, for n > 2,

y —d
k(Oll — Can_l) _ one HHN;C —d12
=

Np= LTl
" o1 " ﬁl
(26)
M = k(o — c1N3y) M = Olze_d“IlMﬁ —di
! o ’ ! B '
By analyzing, we can get
M, <Vi<Ui<N,, M;<V,<U, <N, 27)
From (26), one has
N = (o181 — azcrke™ 17 ) (ke 171 — dly,) . apc ke im ZNJ,' (28)
e a1p? a1B "
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As N), > yg, we can obtain from (28)

(@1B1 — arcrke ™17 (01 1 + ancrke” ™)

(1 p22 ”

ke~411m1 2
[y -]
a1B

_ (@ —aperke M) (o By +opcrke ™)

~NJ =

2
(1 1)?
. (aacrke ™1™ — oy By)(aacrke™™M™ + a1 B1)
2
(18})?

=0.
Therefore, the sequence Nj, is monotonically decreasing and

ke~11m _ g4
lim N? = o (@rke 2) 58, (29)
n—+00 0[1,31 + OlzCﬂ(Gfdllfl

Then from (26) and (29) we see that the sequence N is decreasing and the sequences M

and M;, are increasing, furthermore,

lim N¥=x° lim M =4, lim M =y). (30)

n—+00 n—+00 n—+00

Hence, we obtain

lim x(¢) = «°, lim y,(¢) :yg, lim z(¢) = 0.
t—>+00 t—+00 t—>+00

Similar to the proof of (22)—(25), by a direct computation, we obtain

lim y,(¢) = 2(1 _ e—dnn)xoy(z) :y(l)’
t—+00 dll

lim z;(¢) =0.
t—>+00
This completes the proof. O

In the next, we shall study the global stability of the axial equilibrium E; (k,0,0,0,0) of
system (2) when kope™ ™1™ < gy,

Theorem 9 The delay due to the maturity of the predator has great impacts on the dy-
namics for system (2). More precisely, if T1 € (m3,+00), then the axial equilibrium E; of
system (2) is AS. In this case, all predators will go to extinction.

Proof By 11 € (my,+00), one finds that ayke™®1™ < dj, holds. Using Theorem 4, we
find that the axial equilibrium E;(k,0,0,0,0) is LAS. Hence, it suffices to prove that
limy—, 100 (%(2), y1(2), y2(£), 21 (), 22(2)) = (k,0,0,0,0).

The same arguments as those in the proof of Theorem 7 show that (15) holds, i.e.

limsupx(¢) < k. (31)

t—+00
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Hence, for & > 0 sufficiently small, satisfying ase 1171 (k + &) < d},, there is a T > 0 such
that x(¢) <k + ¢ for ¢t > T;.
We obtain from the third equation of system (2), for ¢ > T + 7,

Pat) < are™ 1T (k + £)yy(t — 1) — dioya(t) — Buyi(t).
By applying Lemma 2(ii) and comparison, one can get

lim y,(£) = 0.

—+00

Consequently, for any ¢ > 0 sufficiently small, there exists a T, > T + T such that 0 < y,(¢) <
g fort>T,.

From the first equation of system (2), for ¢ > T5,

x(t) > x(t) |:a1 (1 - 9%) - clsi|.

Using the comparison theorem,

k —
liminfx(z) > M.
t—+00 o7

This inequality holds for € > 0 sufficiently small, one has

liminfx(z) > k. (32)

t—+00

By (31) and (32), we obtain
lim x(¢) = k.

t—>+00

We obtain from the first equation of system (2), for ¢ > T,
2(t) < aze ez, (t — 1y) — dypza(t) — Poza(8).
By applying Lemma 2(ii) and comparison, one can get
tEl;noo z5(t) = 0.

Similar to the proof of (22)—(25), we obtain lim;_, ;o0 y1(£) = 0, lim;—, 100 21(£) = 0.
The proof is complete. d

Remark 4 It is obvious that «iB18s > @1a3c2e™ 12 + @y Bycike 1™ implies «18; >
ayc ke 1™, And then, by calculating, the condition (C4) can reduce to T, < m4. Therefore,
by Theorem 7, if the interior equilibrium E*(x*, y7,¥5, 2}, z5) of system (2) is GAS, then the

7, must satisfy 1, < m.
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Remark 5 From Theorem 8, when t; € (m1,m;) and 7, € (m4, +00), then the boundary
equilibrium E,(x°,9,99,0,0) of system (2) is AS, i.e., the prey species and the predator
species will coexist, the top-predator species will go extinct. Comparing with Remark 4,

one can find that longer delay 7, will lead the top-predator species to extinction.

Remark 6 According to Theorem 9, when 1, € (m3,+00), then the axial equilibrium
Eq(k,0,0,0,0) of system (2) is AS, i.e., all predators will go extinct. Comparing with the
Remark 5, it is obvious that longer delay 7; will lead the predators to extinction.

6 Numerical simulation
In this section, one example is presented to demonstrate the correctness and effectiveness

of the obtained results.

Example 1 Consider the following system with two different time delays:

i(t) = x(O[15(1 - 22) — 5y,(0)],

J1(2) = 6x(£)y2(2) — In2y1(2) — 66" 2"x(t — 71)y, (¢ - 11),

72(t) = 6e M2 x(t — 11)ya(t — 1) — y2(£) — 5¥3(6) — 1y2(D)22(2), (33)
21(2) = 692(£)z2(8) — In 221 () — 622y, (£ — 1)z (¢ — T2),

2(t) = 6e7 22y, (¢ — 1)z (E — T2) — 22(8) — 223(2),

where 7; > 0 and 1, > 0 are constant time delay.
Casel Let 1y =2 and 175 = 1, then

(C2)  arascre™ ™™ 4 Byeydiy — crcadyy = 20 > 0;
(C3)  aafoke ™™™ — Bydiy + cyday = 10.25 > 0
(C4) ajaze ™ (Olzke_”l“Il - dlz) —dy (oclﬁl + azclke_d“”) =120>0;
201 — apke 1T =245 0;
2B1 > ape T 4 gze 12 =555 0;
2By > a3 =150, and
a1B1B2 — arazcae ™ — gy Bocike™ 1 = 78.75 > 0.

Thus, the conditions of Theorem 7 hold and the interior equilibrium

(526 291,141 123 _11,808 32 : o o
E* (333, 3133013’ 179 Toadaina” 39) Of system (33) is AS. The numerical simulation is shown

in Fig. 1.
Case Il Let 711 = 2 and 1, = 10, then

(Cl) azke"d“” - du =5>0;

30
ozgyge’dzm —dyy = - X 710~ 1<0;

6
O[3€_d21r2 (O(zke_dnfl - du) — ,31d22 = 5(ﬁ - 1) < 0, and

a1 B1 — apcrke T = 45 5 0.



Huang et al. Advances in Difference Equations (2018) 2018:186

Page 23 of 26

14 T T

-
o
T

solution x,y,.¥,,,Z,Z,

0
0 5 10

(B(6),91(60),92(6), ¥ 6),¥,(6)) = (04, 525,06,

81
50In2’

1
15
time t

0.9)

20

25

30

Figure 1 The temporal solution found by numerical integration of system (33) with 7 =2, 7, = 1 and

15 T

solution x.y,.y,.2,.2,
=

()]

81
' 3512 X

15
time t

20

(- 2+0>,0.9)

25

30

Figure 2 The temporal solution found by numerical integration of system (33) with t; =2, T, = 10 and
(@(0),91(6), 92(0), 41 (6),2(6)) = (04, 555,06

According to Theorem 8, we can show that the boundary equilibrium Ej(
of system (33) is AS. The numerical simulation illustrates our result (see Fig. 2).

Case IIl. Let 1 = 15 and 1, = 1, then

3
Olzke_durl — d12 = ﬁ -1<0.

64

217 4912’ 7’

0,0)

Therefore, the condition of Theorem 9 holds and the axial equilibrium E; (4,0, 0,0,0) of

system (33) is AS. The numerical simulations also confirm this phenomenon (see Fig. 3).
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solution x,y,.¥,,,Z,,Z,
N

. . L
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time t

Figure 3 The temporal solution found by numerical integration of system (33) with 7y =15, 7, = 1 and
(@), 910),9200), 91 (0),¥,0)) = (04, % x (1- 2+5),O.6, SOBI%,OQ)

7 Discussion

In this paper, by taking full consideration of maturity and stage structure of the preda-
tors, a new delayed three-species food-chain model with stage structure for predators is
proposed and investigated. The positivity and boundedness of solutions of the model have
been verified. By analyzing system (2), the existence and stability of four nonnegative equi-
libria of system are proved. And (C1) determines the existence of the boundary equilib-
rium Ej; (C2)—(C4) determine the existence of the boundary equilibrium E*; the trivial
equilibrium Ej and the axial equilibrium E; exist irrespective of any parameters.

Some interesting findings show that the delays have great impacts on dynamical behav-
iors for the system: if the delay 7 is too large, that will account for the top-predator species
going to extinction; if the delay 1, is too large, that will account for the predators to extinc-
tion. More precisely, according to Theorems 8 and 9, if 7, € (m1,m;) and 1, € (m4, +00),
then the prey species and the predator species will coexist, the top-predator species will
go extinct; if 71 € (m,, +00), then all the predators will go extinct.

The obtained results in this paper may provide some new insights for predicting the
dynamical behaviors of the food-chain system and protecting the ecological balance in a
real ecosystem. By the way, we consider an autonomous system and the coefficient pa-
rameters of our model are restricted to constant. However, it would be very challenging
whether one can derive sufficient conditions for the dynamical behaviors of the three-

species food-chain model with time-varying coefficients. This will be our future study.
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