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1 Introduction
In 1973, Ayala and Gilpin et al. [1] proposed the following model for studying the dynamics

of competition in the fruit fly:

X (t) = rx()[1 - (%))91 _ “lzyzi—?]»

(1.1)

() =ray(®)[1 - an2 - (G2)%],
where r; is the intrinsic rate of growth of species, K; is the environment carrying capacity
of species i in the absence of competition, 6; provides a nonlinear measure of interspecific
interference, and a;; provides a measure of interspecific interference. In the same year,
Gilpin and Ayala presented a more realistic and complicated competition model in the

literature [2] as follows:

0; n X
x;(t):rix,-(t)|:1— <x1§t)> -y ai,(t)%(t)}, i=1,2,...,n, (1.2)
i j

j=Lii
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where x;(¢) is the ith-species population density of at time ¢, r; is the ith-species intrinsic
exponential growth rate, K is the ith-species environment carrying capacity in the absence
of competition, 6; provides a nonlinear measure of intraspecific interference, and a;(z)
(i #J) is the interspecific competition rate between the ith species and the jth species at
time ¢.

It is generally called to the Gilpin—Ayala population dynamics model such as (1.1) and
(1.2). Compared with the Lotka—Volterra population model, the Gilpin—Ayala population
model is important and essential due to its wide applications and advantages. In fact, it
is easy to see that the rate of change in the size of each species is a nonlinear function of
the sizes of the interacting species in the Gilpin—Ayala population model. However, the
rate of change in the size of each species is a linear function of the sizes of the interacting
species in the Lotka—Volterra population model. In addition, when the value of all nonlin-
ear measure of interspecific interference is equal to 1, the Gilpin—Ayala population model
is changed into the Lotka—Volterra population model. Therefore, as soon as it was put
forward, the Gilpin—Ayala models have been widely focused and deeply studied by many
scholars. For example, in [3], the author proved that system (1.1) is globally stable while
0; > 1 and 0; < 1 (i = 1,2). In [4], the authors discussed the structure and global stabil-
ity of equilibria for system (1.1) with infinite delay. In addition, Li and Lu [5] studied the
following Gilpin—Ayala population model, more complicated than (1.2):

X0 =x(O)[ri(e) - YL, az®)x, (0], i=1,2,...,m,
() = %O =ri(0) + Y1 agO,” (£) = Y a5 ()], (1.3)

i=m+1,...,n

They obtained sufficient conditions for the existence of a unique globally attractive peri-
odic solution of system (1.3). For more work on the Gilpin—Ayala population model, one
could refer to [6—16] and the references cited therein.

Motivated by the above discussion, in this paper, we mainly study the two-layer Gilpin—
Ayala predator—prey model with time delays described by

X; (t) xi () [ri(t) Zk 1 a( xkk(t) Zl 1 byt n+l t)
= Y r e @O (- T () = X1 il(t)x,,+,(t - sz(t))],
0 =50 0150+ T &k,(t>x2’k’(t) - S By

N 8y R
+ 2 o Gt xk (t = T5(0) = 212, dy(t)x,, (¢ = 65(2)],

(1.4)

wherei=1,2,...,m,j=1,2,...,m, x(t) (i=1,2,...,n) and x,,,;(¢) (j = 1,2,...,m) stand for
the population density of ith prey and jth predator at time ¢, respectively. r; (i = 1,2,...,n)
and 7(t) (j = 1,2,...,m) present the ith prey natural growth rate and the jth predator
natural death rate at time ¢, respectively. a(t), ci(£), l;;,-(t) and Zilj(t) (Lk=1,2,...,m
j,0=1,2,...,m) stand for the intraspecific competition rate between preys at time ¢. b;(z)
and dj(¢) (i=1,2,...,n;1=1,2,...,m) are the predation rate of /th predator on ith prey at
time ¢. ay;(¢) and & (k=1,2,...,1;j = 1,2,...,m) are the conversion rate of kth prey to jth
predator at time t. Ty (t), 0y(2), Tx;(t) and oy(2) (i, k = 1,2,...,m;j,0 = 1,2,...,m) are the dis-
crete time delay at time ¢. The constants a, Bi, Viks 8i» Qs ,BAZI«, Vi and 31,- (,k=1,2,...,m;
7,1=1,2,...,m) provide a nonlinear measure of intraspecific interference.
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To the best of our knowledge, few authors have considered the existence and global
exponential stability of positive almost periodic solutions for model (1.4). However, the
previous papers deal with the permanence, periodic solution and their global attractivity of
the Gilpin—Ayala population models. Indeed, the effects of an almost periodically varying
environment are important for evolutionary theory as the selective forces on systems in
a fluctuating environment differ from those in a stable environment. Therefore, we will
establish some sufficient conditions of existence and global exponential stability of positive
almost periodic solutions for model (1.4).

The remain of this paper is organized as follows. In Sect. 2, we give some notations
and lemmas. In Sect. 3, some new sufficient criteria for the existence of positive almost
periodic solutions have been established by means of Mawhin’s continuation theorem of
coincidence degree theory. In Sect. 4, we also obtain the global exponential stability of
the positive almost periodic solution of this system by constructing appropriate Lyapunov
functionals and inequality techniques. As applications, an example and its simulation are
given to illustrate the validity of our main results in Sect. 5. Finally, we conclude with the

main results and their biological meaning in Sect. 6.

2 Preliminaries
In this section, we first recall some basic definitions and lemmas which are used in what
follows.

Definition 2.1 ([17]) Let u(t) : R — R be continuous in ¢. #(¢) is said to be almost periodic
on R, if, for any € > 0, the set K(u,€) = {5 : |u(t + 8) — u(t)| < €,Vt € R} is relatively dense,
that is, for any € > 0, it is possible to find a real number /(€) > 0, for any interval with length
I(€), there exists a number § = §(¢) in this interval such that |u(¢ + §) — u(f)| <€, Vt € R.

Definition 2.2 A solution (x1(£), ..., %,(£), %41 (%), - - ., Xnem(£))T of (1.1) is called an almost
periodic solution if and only if x;(¢) and x,,;(t) (i =1,2,...,m; j = 1,2,...,m) are almost

periodic.

For convenience, we denote AP(R) is the set of all real valued, almost periodic functions
on R. For f € AP(R), define

T -
/\(f): {XERThm %/ f(s)ei)»Sds#O}
— 00 0
and

N
mod(f) = {Zn,ii :n; € Z,NeN', & € /\(f)}

i=1

to be the set of Fourier exponents and the module of f, respectively. m(f) = % fOT f(s)ds
be the mean value of f on interval [0, 7], where T > 0 is a constant. Clearly, m(f) depends
on T. m[f] =limr_ % fOTf(s) ds. Suppose that f(¢, ¢) is almost periodic in ¢, uniformly
with respect to ¢ € C([-0,0],R), let K(f,¢,S) denote the set of e-almost periods with
respect to S C C([-0,0],R) and (¢, S) denote the length of inclusion interval.
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Lemma 2.1 ([17]) Suppose that f and g are almost periodic. Then the following statements
are equivalent:
(i) mod(f) D mod(g),
(ii) for any sequence {t;}, if lim,_, o f (¢ + t;) = f(£) for each t € R, then there exists a
subsequence {t,} C {t}} such that lim,_, . g(t + t,) = f(t) for each t € R.

Lemma 2.2 ([17]) Ifu € AP(R), then ft . u(s)ds is almost periodic.
Lemma 2.3 ([17]) Ifu(t) € AP(R), then u(t) is bounded on R.
Lemma 2.4 ([18]) Iff(t) € AP(R), then there exists ty € R such that f(ty) = m(f).

Lemma 2.5 ([18]) Assume that u(t) € AP(R) N CY(R,R), then there exist two point se-
quences {(5x)32, and {ni}3o, such that u' (&) = u' (i) = 0, limg— o0 & = 00, limy, o Nk = —00.

Lemma 2.6 ([18]) Assume that u(t) € AP(R) N C}(R,R), then u(t) falls into one of the
following four cases:
(i) There are &,1 € R such that u(§) = sup, g u(t) and u(n) = infer u(t). In this case,
u'(§)=u'(n)=0.
(i) There are no &,1 € R such that u(€) = sup,cg u(t) and u(n) = infier u(t). In this case,
for all € > 0, there exist two points §,n € R such that u'(§) = u'(n) =
u(€) > sup, g u(t) — € and u(n) < infrep u(t) + €.
(iii) Thereisa & € R such that u(§) = sup,. u(t) and there is no n € R such that
u(n) = infycr u(2). In this case, u'(§) = 0 and for all € > 0, there exists an n € R such
that u'(n) = 0 and u(n) < infeg u(t) + €.
(vi) There is an n € R such that u(n) = infycr u(t) and there is no & € R such that
u(n) = sup,cp u(t). In this case, u'(n) = 0 and for all € > 0, there exists an & € R such
that u/'(§) = 0 and u(&) > sup,.p u(t) — €.

For the sake of convenience, we denote v/ = inf,cg (t), v/ = sup,p v(£), here v(t) is a
continuous almost periodic function on R. For simplicity, we need to introduce some no-
tations as follows:

’

n+} bl
yi

)

M
aji

I = ( Zk Lk %ik (l+)a k= Zl 1 bﬁ/l(lnﬂ)ﬁil - ZZ:l c?]f(l]i)l’ik - ZZI dz{}/[(l;H)ail ) 0%”

(Zk 1y ) + 3y GG =P -3 11 7l by, )" - ZZlle m,l)(S/)ﬂ1
bM )

y

wherei=1,2,...,n,j=1,2,...,m
Throughout this paper, we need the following assumptions.
(H) ri@), 7(8), ai(e), ba(e), cae), da(t), (@), by(e), &(®), dy(®) ik = 1,2,...,m,1 =
1,2,...,m) € CR,R*) and ty(t), ou(t), Ti(t), oy(t) (k= 1,2,...,mj,0 = 1,2,...,
m) € C(R,IRy) are all continuous positive almost periodic functions with respect to
the time variable ¢, where R~ = (—00,0), R* = (0, 00), R} = [0,00), R = (—00, +00).
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(H,) The nonlinear measures of intraspecific interference o, B, Yit» 8it» Q) ﬁlj, P and
8y (bk=1,2,...,m j,l =1,2,...,m) are all the positive constants, that is, ay > 0,
ﬂﬂ>0,]/zk>0 5,1>0 &kl>0 ﬁ[]>0 )’/\k/>0,81/'>0.

(Hs) ’"5 > D ke Lk+i zk(l+)ak + 2L 1b{\1/1(l+ l)ﬁ” + D ha i ()7 + Z;"ldy(ﬁ 1)8” and

n Al atk Vk ﬂ] M + 5[ .
Zk:l“k DY 1Ck, 7> "M + 20 1171119 Lo+ 1d G, i =
1,2,...,mj=12,...,m

3 Existence of positive almost periodic solution
In this section, by using Mawhin’s continuation theorem, we shall show the existence of
positive almost periodic solutions of (1.1).

Let X and Z be Banach spaces. L : Dom(L) C X — Z be a linear mapping and N : X x
[0,1] — Z is a continuous mapping. The mapping L will be called a Fredholm mapping
of index zero if dimKer(L) = codimIm(L) < co and Im(L) is closed in Z. If L is a Fredholm
mapping of index zero, then there exist continuous projectors P: X — X and Q: Z — Z
such that Im(P) = Ker(L) and Ker(Q) = Im(L) = Im(/ — Q), and X = Ker(L) & Ker(P), Z =
Im(L) @ Im(Q). It follows that L|pom) N ker(p) : ({ =P)X — Im(L) is invertible and its inverse
is denoted by Kp. If Q2 is a bounded open subset of X, the mapping N is called L-compact
on Q x [0,1], if QN(€2 x [0,1]) is bounded and K,(I - QN: Q x [0,1] — X is compact,
where [ is the identity. Because Im(Q) is isomorphic to Ker(L), there exists an isomorphism
J: Im(Q) — Ker(L).

Let L be a Fredholm linear mapping with index zero and let N be a L-compact mapping
on Q. Define mapping F : Dom(L)NQ2 — Zby F = L—N.If Lx # Nx for allx € Dom(L) N3<2,
then by using P, Q, Kp, / defined above, the coincidence degree of F in Q with respect to
L is defined by

deg, (F,Q) =deg(I- P - (J"'Q + Kp(I - Q)N, Q,0),

where deg(g, I, p) is the Leray—Schauder degree of g at p relative to I'.
The Mawhin’s continuous theorem [19], p. 40, is given as follows:

Lemma 3.1 ([19]) Let L be a Fredholm mapping of index zero and N be L-compact on
Q x [0,1]. Assume

(a) foreach A € (0,1), every solution x of Lx = AN (x, 1) is such that x ¢ 3Q N Dom(L);

(b) QN(x,0) #0 for each x € 92 N Ker(L);

(c) deg(JQN(x,0), 2 NKer(L),0) #0.
Then Lx = N(x, 1) has at least one solution in 2 N Dom(L).

By making the substitution x;(¢) = ¢“® (i = 1,2,...,n), Kuaj(t) = ei® (j=1,2,...,m),
then system (1.4) is rewritten in the form of

M;(t) = ri(t) Zk 1 ,k(t)e ik (¢ Zl 1 ll(t eﬂtl“m—l()
— Zk 1 Cik(t)eytk”k(t*‘flk( )
—Zl 1 ll(t Sillbp+l t_atl(t)) i= 1’2’.”’”’
u/n+j(t) = —T‘j(t) + Zk:l akj(t)eolkjuk(t _ Z;’Zl blj(t)eﬂl/u”+l(t)
+Y 0 2kj(t)el9kj”k(t*fkj(f))

= () O G190,

(3.1)

Page 5 of 23
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Let X =Z =V, @ V5, where

Vi= {w(t) = (W1 (t),W2(t),...,W,,+m(t))T cwi(t) € AP(R),mod(wk(t)) - mod(Fk(t)),
Vi € /\(wk(t)) satisfies [A¢| > B,k =1,2,...,n+ m},

V2 = {W(t) = (Clr CZ)""CVI+W1) € R;Hm};

m

_ }"l(t Z a k zk¢k(0 Z t)eﬁzl¢n+l Z Clk e)/,k(f)k -7 (2))

=1

m
=Y da(e it o), 21,2, m,

=1

VH—/(t) = _r/ t) + Zak (t ak/¢k Z bl t)eﬁ11¢n+l + ch er]¢k Tk](t))

k=1

m
_ Z &lj(t)esl/“/’ml(—&l/(t)), j=1,2,...,m
I=1

in Wthh ¢k S C([—G,O], R); k = 1;2 on+m, o = max1<lk<n,l<]l<m Suptg]R{le(t) Oll(t)

=LK= =

7x(£), 641(2)}, and B is a given constant. Define the norm

Vw = (Wl: W2;~-»Wn+m)T €EX=Z (32)

wll =

Lemma 3.2 X = Z is a Banach space equipped with the norm || - || defined by (3.2).

Proof Assume that {wl¥} = (w{lk},wé LooowS ey convergetow = (W1, Wy, ..., Wpim)?,

that is, wilk} — Wy, as k— 00, h=1,2,...,n+ m. Then it is easy to show that w;, € AP(R)

and mod(wy,) € mod(F},). For any |3:h| < B, we have
1 (7 o

lim — / w,i }(t)e‘“htdt =0, h=12,...,n+m,
T Jo

therefore,

1 (r 5
lim ?/ W (e ™t dt =0, h=1,2,...,n+m,
0

T—00
which implies w € V7. Then it is not difficult to see that V7 is a Banach space equipped
with the norm | - ||. Thus, we can easily verify that X and Z are Banach spaces equipped
with the norm || - ||. The proof is complete. O
Lemma3.3 LetL:X — Z,Lw = dztt) , then L is a Fredholm mapping of index zero.
Proof Clearly, L is a linear operator and Ker(L) = V,. We claim that Im(L) = V. In fact,
we suppose that z(t) = (z1(£),22(t), ..., Zpem(t))” € Im(L) C Z, then there exist z!V(f) =

@M @), 20, ..., 20()T € V1 and constant vector 2{2} 22 @), 27 @), ..., 250} € Vo
such that z(¢) = 21 (¢) + 2%, that is, z,(¢) = z;, W)+ 2% h=1,2,...,n+m. From Lemma 2.2
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and the definitions of z;(¢) and zl{-l}(t), we know that ftia z(s) ds and ftia z}ll}(s) ds are al-
most periodic functions. So we have zf} =0,h=1,2,...,n+m,then 2% = (0,0,...,0)7,
which implies z(¢) € V1, that is, Im(L) C V7.

On the other hand, if w(t) = (w1 (£), wa(£), ..., Wuem(®)T € V1 \ {(0,0,...,0)T}, then we
have fot wu(s)ds € APR), h=1,2,...,n+m. Ith # 0, then we obtain

1 T t ~ 1 1 T -
lim — f f wi(s)ds |e™* dt = ~ lim — / wi(t)e " dt,
T-o0o T Jo 0 iAy T—o0 T Jo

h=1,2,...,n+ m. It follows that

A[/(;twh(s)ds—m(/otwh(s)ds>:| =/\(wh(t)), h=1,2,...,n+m,

hence

/tw(s)ds—m(/tw(s)ds) eVicX.
0 0

Note that f(f w(s) ds — m( fot w(s) ds) is the primitive of w(¢) in X, we have w(t) € Im(L), that
is, V1 € Im(L). Therefore, Im(L) = V7.
Furthermore, one easily shows that Im(L) is closed in Z and

dimker(L) = n + m = codim Im(L).
Therefore, L is a Fredholm mapping of index zero. The proof is complete. d

Lemma 3.4 Let N:X x (0,1) - Z, N(u(t), ») = (N*,N¥,...,N*, )T, where

" Sn+m

n m
N* =ri(t) - a;;(£)eiti® _ ), Z ay(£)e®ik @ _ ) Zbil(t)eﬁﬂumz(t)
k=Lk+i I=1

n m
—A Z cir(£)eVikiuE=Ti®) _ 5 Zdﬂ(t)eﬁil”ml(t*”il(t))’ i=1,2,...,n,

k=1 =1

and
~ n m ~
Zﬂ, = _ fﬂl(t) _ bjj(t)eﬁ,yumj(t) + Z&kj(t)eak/uk(t) _a Z blj(t)eﬂl/”””(t)
k=1 =15
n m R
+ Z Ekj(t)e};k/uk(t_fk/(t)) _ Z ;ilj(t)eal/u”*l(t_&lf(t)), j=1,2...,m.

k=1 I=1

Define the projectors

P:X—Z, Pu = (m(ul),m(uz),...,m(u,,+m))T,

Q:Z— 27, Qz= (m[zl],m[zz],...,m[zn+m])T.

Then N is L-compact on 2, where S is an open bounded subset of X.
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Proof Obviously, P and Q are continuous projectors such that
Im(P) = Ker(L), Im(L) = Ker(Q).

It is clear that (/ — Q)V, = {(0,0,...,0)}, ( — Q) V7 = V7. Hence
Im(/ - Q) = Vi =Im(L).

In view of
Im(P) = Ker(L),  Im(L) = Ker(Q) = Im(I - Q),

we find that the inverse Kp: Im(L) — Ker(P) N Dom(L) of Lp exists and is given by

Kp(z) = /Otz(s)ds—m[fotz(s)ds].

Thus,

QNu = (m[HY], m[HE], .., m[H",,])")

Kp(I = QINu = (F (ur) = Q(f (1)), f (142) = QU (12)), -, f (thrm) = QU ()T

where
t
f(uh):/(HZ—m[HZ])ds, H=1,2,..m4m,
0

Clearly, QN and (I - Q)N are continuous. Now we show that Kp is also continu-
ous. By assumptions, for any 0 < € < 1, let [,(e;,S) be the length of the inclusion in-
terval of K,(Fy, €, S), h = 1,2,...,n + m. Suppose that {zX(t)}  Im(L) = V; and zK(¢) =
(X (8), 2 (), ..., 25, )T uniformly converges to z(t) = (z1(£),Z2(t), ..., Zuem(t)) T, that is
z’h( — Zp,as k— oo, h=1,2,...,n + m. Because of fotzk(s)ds e€Z k=1,2,..., there ex-
ists o5, (0 < oy, < €,) such that Kj(Fy,05,S) C Kh(fotz’;l(s) ds,op), h =1,2,...,n + m. Let
In(on,S) be the length of the inclusion interval of Kj(Fy,0%,S), h =1,2,...,n + m and
Iy = max{ly(ey, S), ly(on, S)}, h=1,2,...,n + m. It is easy to see that [, is the length of
the inclusion interval of Kj,(Fy,04,S) and Kj,(Fy, €5, S), h = 1,2,...,n + m. Hence, for any
t ¢ [0,1;], there exists & € Kj,(Fp,0p,S) C Kj( (fz';(s) ds,o0y,S) such that t + & € [0,1;],
h=1,2,...,n+m. So, by the definition of almost periodic function we have

/0 tzk(s) ds

= max sup
1<h<n+m gcR

f t 2} (s)ds

0

/ ZZ (s)ds
0

t t+§; t+§;
_ k k
/0 z],j(s)ds /0 z,(s)ds + /0 z,(s)ds

< max sup
1<h<n+m ;¢ [04]

+ max sup
1<h<n+m £¢[0,0),]
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t
<2 max sup / z’,j(s)ds
l§h§n+mt€[0’[h] 0
t t+§;
s k
+ max sup n(s) ds — z;,(s)ds
1§h§n+mt¢[0’[h] 0 0
Iy
<2 max z';(s)ds + max €. (3.3)
1<h<n+m 0 1<h<n+m

From (3.3), we conclude that fot z(s)ds is continuous, where z(f) = (z1(£),z2(2),
vy Znem ()T € Im(L). Consequently, Kp and Kp(I — Q)Ny are continuous. Meanwhile, we
also have fot z(s) ds and Kp(I — P)Nu are uniformly bounded in . Further, it is not difficult
to verify that QN () is bounded and Kp(I — Q)Nu is equicontinuous in 2. By the Arzela—
Ascoli theorem, we have immediately conclude that Kp(I — Q)N (S2) is compact. Thus N is

L-compact on . The proof is complete. g

Theorem 3.1 Assume that (H,)—(H3) hold. Then system (1.4) has at least one positive

almost periodic solution.

Proof In order to use Lemma 3.1 establishing the existence of positive almost periodic
solutions of (1.1), we set Banach space X and Z the same as those in Lemma 3.2 and set
mappings L, N, P, Q the same as those in Lemma 3.3 and Lemma 3.4, respectively. Then
we find that L is a Fredholm mapping of index zero and N is a continuous operator which
is L-compact on Q.

Now we are in the position of searching for an appropriate open, bounded subset 2 for

the application of the continuation theorem. Corresponding to the operator equation
Lu=2N(u,1), Ae(0,1),

we obtain

n m
wi(t) = |:Vi(t) —aa(O)e W — 3 Y " ag(t)e® O — ) by(t)elinn?
I=1

k=1ki
n m
—A Z Cik(t)e)/ikuk(t—rik(t)) —A Z dil(t)eﬁilun+l(t—afl(t)):| L, i=1,2,...,n, (3.4)
k=1 I=1

and

n m
TG [-?,(t) = b(0)el 7O+ " ag()e O —n Y " by(e)el )
k=1 =1l

n m
Y Eg(e)elg =) _ ) Zdl,(t)eﬁlf”wl(”’f“”}, j=12..,m.  (35)
k=1 =1

Assume that u € X is an almost periodic solution of (3.4)—(3.5), for some A € (0,1). Then,
by Lemma 2.6, for any € > 0, there exist &, n, € R such that u(&,) > ug/l — €, up(np) < "‘Z +¢€
and u} (&) = u,(ny) =0, h=1,2,...,n + m. From this and (3.4)-(3.5), for i = 1,2,...,n,j =
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1,2,...,m, we have

(él) a”(%‘ )eo‘nuz (&) —A Z a k(g )e ikt (i) —A Z bl é )eﬁzl”nd@z

k=1,k#i =

—A Z Clk(s )eylkuk (Ei—Ti (&) —A Zd l(é: )e ittn1(Ei—0i1(§7)) — 0’ (3.6)

k=1 =1

n m
_;'j(‘é;:nﬂ) _ b/,].(%'n+j)eﬂ/jun+j@n+j) + Z&Iq(snﬁ)eakiuk(sw) _a Z blj(gmj)eﬁz;umz(fmj)
k=1 I=11%

+ Z Crj $n+ )er/”k(Enﬁ_fk/ éwf] -\ Z dl/ S}’H} 5[/”n+l(§n+j_al;(én+1)) 0, (37)
k=1 =1

n m
(i) — al,l,(m)eauw(m) _a Z aik(m)evﬁkuk(m) _a Zbil(ni)eﬂil”n+l(77i)

k=1,ksi I=1
—A chk(n )eYikitkmi=Tikmi)) _ Zdzl(n )elittnsi(ni=oi(n)) _ o (3.8)
k=1
and
~ n m A
—;‘j(ﬂnﬂ‘) _ b},].(nn+j)eﬂjjun+j(77n+j) + Z&ki(nnﬂ)eDtkjuk('?nﬁ) _ Z blj('}n+j)€ﬂl’””+l("”*j)
k=1 I=1,1f
n m R
+ Z ekl,(nnﬂ.)el/k;uk(nmjfrk/('in+,')) — Z dlj(nnﬁ)eﬁljunﬂ(nnﬁ‘*ﬂlj(7In+j)) = 0. (3.9)
k=1 =1

On the one hand, according to (3.6), we have

ﬂl eau”t@z) <a; (i: )eau” i(&)

n m
< al,l,(gi)eail“i(fi) +A Z aik(é-l,)eaikuk(%‘i) +)\'Zbil(£i)eﬂilun+l(ét)

k=1ki =1
n m
ey Z ci(&;)erick EiTicE) 4y Z dyy(&;)ebitvn+iEimoul)
k=1 =1
= ri(&) <rM, (3.10)
which implies that
ui(&)<Inilf, i=12,...,n (3.11)
By means of (3.7), we obtain
bl ﬂ/}un+1(én+1 < b (%‘nﬂ)eﬂ]}unﬂ(énﬂ)
< ;"j(gwrj) + E]j(EnJrj)eﬂ”umj(gm/)

m m
+ A Z l;lj(gnﬁ)eﬁljun”@nﬂ) + A Z ;ilj(EnJrj)eéljuml(énﬁ*&[/‘(énﬂ))
1=1,l% =1
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n n
= Z &kj(€n+j)eak/.uk(én+i) + Z 2kj(gn+j)eykjuk($n+j_rkj(En+j))

k=1
<3 a3 e
which indicates that

Unsj(Ensj) < ll‘ll;ﬂ», j=L12,...,m

k=1

Vk
()™,

Similar to (3.10)—(3.13), it follows from (3.8) and (3.9) that

wi(m) <Inlf, i=1,2,...,n
and

un+/(77n+1) <In lnH, j=12,...,m

On the other hand, in view of (3.8), we obtain

n m
v < ri(ng) = aa(n)e ™0 + 0y " ap(n;)e kO 3N " by ()Pt

k=1ki

=1

+ A E cik(n ;e ik =Tk 4 E dy(n Sitnr1(ni=0il(ny))

=1

M D(nuz ni) + g k lk ik +Zb + 1 /311
u n+

k=1,k#i
n m s
Vi i
DAL HUME
k=1 =1
which implies that
wi(n)>Inl;, i=12,...,n

According to (3.9), we get

ak/ Vk/
Zak/ )™+ § :Ck} k)

’

n n
< Z &kj(nn+j)eak/uk(n"+j) + Z 2](].(y’nﬂ,)e}’kj”k('7n+j_fkj(nn+/))

k=1 k=1

m
= ;"1(77n+;) + 2]7(T]n+j)eﬂ/fu”+/(n"+f) + A Z glj(nnﬂ,)eﬁl]‘”nﬂ(’]nﬂ)

=1

m
+ A Z 2111,(nn+j)e‘ilj“n+l(ﬂn+j_&lj(ﬂmj))

=1

m
M M Bt (1)) oM
Srfw+b]«je/1”+/ ntj) 4 E b,j(

I=1,14

+
n+l

14

ﬂl[ +Zd n+l 4’

Page 11 of 23

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)
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which implies that

Wpij(Nnag) = lnl;ﬂ, j=12,...,m. (3.19)
Similar to (3.16)—(3.19), it follows from (3.6) and (3.7) that

ui(n)=Inl;, i=12,...,n (3.20)
and

Upij(Npsg) = I l;ﬁ’ j=12,...,m. (3.21)

By (3.11), (3.13)—(3.15), (3.17), (3.19)—(3.21) and noticing that 0 < [, <[} (h=1,2,...,n +
m), we have, for all £ € R,

Inl, <uy(t)<Inl), h=12,...n+m. (3.22)

Denote the open bounded set Q C X by Q =1 x Iy X -+ X I, where I} = (Inl, -
On),Inlf +6y), 6, € (0,00) (h=1,2,...,n+m). Clearly, [}, [; and 6, (h=1,2,...,n + m) are
independent of A. Thus 2 satisfies the requirement (a) in Lemma 3.1.

Now we show that (b) of Lemma 3.1 holds, namely, we prove when u € Q2 N Ker(L) =
Q2 NR™™, QN (,0) # (0,0,...,0)T. If it is not true, then when z € 3Q N Ker(L) =92 N

R"™, constant vector u = (u1, Uy, ..., Upsm) . With u € dQ satisfies

n m n m
m (r,'(t) _ Z aik(t)eaikuk _ Z bil(t)eﬁiluml _ Cik(t)e}’ikuk _ Z dﬂ(t)esilu”*l> =0,
k=1 =1 k=1 =1

n m n m
m(—f”j(t) + Z&kj(t)e&kjuk _ Zl;lj(t)eﬁzjun+z + Zekj(t)eﬁkjuk _ Z&lj(t)esz,-umz) =0.
k=1 =1

= =1 k=1 =

In view of the mean value theorem of calculous, there exist # + m points ¢;, fj (i=1,2,...,m
j=1,2,...,m) such that

n m n m
ri(t:) - Zﬂik(ti)ea”‘uk - Z bi(t;)eltnst — Z cik(£)e"** — Z R
k=1 I=1 k=1 I=1
_o, (3.23)
n m . n m .
—7i(E) + Z g () — Z blj(ij)eﬁljuml + Z & (1)) e — Z dlj(ij)ealf“”*l
k=1 I=1 k=1 I=1
- 0. (3.24)
By the analogous argument of (3.10)—(3.21), it follows from (3.23)—(3.24) that In/;, — 6;, <

up <Inlj +6, (h=12,...,n+ m), that is, u € Q N R"™. This contradicts the fact that
u € dQNR"™™, So (b) of Lemma 3.1 holds.
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Next we show that (c) in Lemma 3.1 holds. Consider the following algebraic equation:

n

0 - a0~ S ar @)™ -3 b0 (1)
=1

k=1,k#i

N @) =Y du (i) =0, i=1,2...m, (3.25)
and

—#(t) - by (el + Zak,(t) L)% = Z by (12.,)"

k=1 I=1,1

+ch,(r) )7 AZd[,(t )Y =0, j=12.m. (3.26)

Obviously, (3.25)—(3.26) has an unique solution (u},u3,...,u}, ). It is easy to verify that
Inl;, — 6y <uj <Inlj +6, (h=1,2,...,n + m). Therefore, (u},u3,...,u},,) € Q. Since
Ker(L) = Im(Q), we can take J = I. A direct computation gives

deg{JQN(u,0), 2 NKer(L), (0,0,...,0)"}

= sign|:1_[ l_[(—aii(t)u;k b”(t) n+]):| =41.

i=1 j=1

So far, we have proved that 2 satisfies all the assumptions in Lemma 3.1. Hence, system
(3.1) has at least an almost periodic solution (z;(t), u3(£), ..., Up.m(2)). Therefore, system
(1.4) has at least one positive almost periodic solution (e21®,e"2(®), ., e#+m®) The proof

is complete. O

4 Global exponential stability
The aim of this section is to derive the sufficient condition of a unique globally exponen-
tially stable positive almost periodic solution of (1.4).

Under the assumption of Theorem 3.1, we know that system (1.4) has at least one
positive almost periodic solution (x1(£),%2(£), ..., Xuem(t)) satisfying I < x,(£) < i (h =
1,2,...,n + m). Now let p be a positive constant satisfying 0 < p < mini<p<umi{l,}. We
assume further that

(Ha) ti(t), out), Tii(t), o)k = 1,2,...,m55,0 = 1,2,...,m) € CH(R,R{) satisfy 0 <

7;.(2), o (1), rk](t) crl](t) <1(,k=1,2,...,m},0=1,2,...,m).

(Hs) ai; > malekgn,lglsm{azk’ﬁzl; Vie: 8t} By = maxi<kzmi<i=m{@i By POy} i = 1,

2,...,mj=12,.
D‘lL i
(Hs) aupﬂ”‘*'Zk 1,k+i Xkk P kk dkz +Z[ 1/311pﬂ” a +Zk 1 ¥k P kkc%"’Z[ 1,811pﬁ”CM
Bik ﬁ/l (Sk
0 and ﬂ,,,o it ke 10‘kkpakkbk + Xy Bup ”b + ke P e
31

+Z;‘11,é,,pﬁzzd34<o,i= L2..,mj=12,...,m
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Making the change of variable y;(t) = 1 20 (= 1,2,...,n), Ynsj(t) = > 5{,@) (=

1,2,...,m), then system (1.4) is transformed into

Yk Bi
¥i(£) = oyi(t) n(t) Iy lp i alk(t)yk” (6 - Z, 1p i blz(t)y,, (®)
Vtk Sl
- Zk 1/) i Clk( )yk (t_ tlk Zl 1 :0 i ll( )yn+1(t O'zl(t))]
"‘k} ﬁ ﬂl/ ﬁ (41)
y,,+](t) ﬂ}]ynﬂ(t) r/(t) + Zk 1P i ak](t)yk” () - Z[ 1)05” bl](t)yn ®
Vk/ ﬁ ‘511 i
F Y 0P gy (¢~ By(0) — X 0 dy(e)y,) (- 6y(@)).

Obviously, ¥(¢) = ¥, (£),...,¥,(t),¥,,1(t),. ..,7n+m(t))T is the positive almost periodic solu-

tion of system (4.1), where ¥,(¢) = 1_0‘”(1:) (i=12,...,n), ymj(t) p_ﬁﬁ](t) (Gj=1,2,...,m).
From Theorem 3.1, we know that lh <xp(t) <l (h=1,2,...,n + m). Therefore,
1 New 1 +\ Yii — \j I B
I< _(li ) Eyi(t) < _(li ) ’ I< _(ln+/) 7 <yn+1(t) < _( n+1) & (4'2)
o o

Theorem 4.1 Assume that (H,)—(Hg) hold. Then for system (1.4) there exists a unique
positive almost periodic solution which is globally exponentially stable.

Proof According to conditions (H;)—(Hs), it follows from Theorem 3.1 that system
(4.1) has a positive almost periodic solution ¥(£) = (¥,(£),¥,(2), ..., ,,.,.(£)T. Let y(t) =
31(8),y2(t), .., Yurm(t))T be any positive solution of system (4.1). Now we construct a Lya-
punov functional V' (¢) = V1(t) + Va(¢), where

Vi(e) =Y |Iny(t) — Iy ()| + Y _|Iny,.;() - In¥,,, ()] (4.3)
i=1 j=1
and
Yik Vlk
=33 et [ o5t ol
i=1 k=1 =Tk (£)
n m M t f%l il
e Y aaptid)l [ |y -5 (s)] ds
i=1 I=1 t—a;y(t)
Y t 7 7
+ 22’3”'0 By oM k/ / |y/5/1 (s) - yﬂ/l )| ds
j=1 k=1 £=25(8)
m  m 51, ¢ 511 Slj
+ ZZ P ”d / . |yn+l yn+l( )|d (4-4')
]‘:1 1=1 L (71/

From the definition of V(¢), we easily see that V(0) < +oco and V(£) > V;(¢). Noticing that
sgn(ln y,(2) — Iny,(£)) = sgn(yn(t) - 3,(¢) (h=1,2,...,n + m), we have

D*(|lny,-(t) - lnyi(t)|)

= sgn(Iny;() - Iny,(¢)) (ilg; - ?Eg)

Page 14 of 23
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— sen(y(0) - y,(t ))( AU, W)

i(0) ¥, (©)

= sgn(y;(t) - 7;(9)) |:_aiipﬂii(t) (yi(®) - y,(1))

n L3 u_k Bil le Bi
- Z ojip i ﬂik(t)(y ZO(”,OO‘” by(t) y,,+, t) - yn+1( ))
k=1,k#i
Yik Yik Zzl
- Za”p i a0 (8= ) = 5,7 (¢ - (D))
k=1

=3 o dy)( ni,(t ou(t)) - yil(t_ail(t))):|

=1
—Ol“,Oﬂu ’yl t) yz Z o0 a” azk ’yk i —_ u )|
k=1,k#i
Bit g’l n Vik 27]( le
+ Za,,p i bf\l/[|yn+ ynill t)| + Zaiip i C?/fiyk” (t_ Tik(t)) —5;(” (t - Tik(t))|
I=1 k=1
tl
+ Z%p iy |y§i’z(t—oiz(t)) ¥ (t—oa®)|, i=1,2...n, (4.5)
and
D*([Iny,j(£) = Iny,,,;(0)])
_ ey (£) M(t))
= Iny,.;(¢) —Iny,, (¢ -
sgn(Iny,;(t) = ny,,(2)) (yn+;(t) S0
= 0 () = V(£ -
003,00 (225 -7
= 520 (s (1) = F,5(8))
n "‘k/ OA& 6&

A

X |:_/§1'1'pl;j1’(t)(yn+j(t) _ynﬁ‘(t)) + ) Bip " ay(t )()’lf” (t) _ylfjj (t))

k=1
m By By By
=3 B by ) ) -5, 0)
I=1,1%
n 7K 7% &
+Zﬂ,,p 7 Ckl(t)(yk” (-~ 25(0)) - J’k " (t - t5(0))
k=1
mo % 3
- Zﬂllp U dll(t)(yml(t &;(t)) - 7:fl(t_&li(t))):|
-1

Gy Gk D‘kj

< —Biob |y () = 5,0 + 3 Bo i ]y 0 -7 (0
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By By By
A M B
£ 3 Bl byl -5,0)|
=1,
Vk/ yﬁ }7&

* Zﬂup ey (t-20) -3 (¢ - 20)|

%

+Zﬁ,,p Ay (- 65(0) -5 (= 650)], j=12..,m. (4.6)

511'

By the condition (H,), we obtain

t Yik Vzk 4
(/ |yk” (S) u |dS>
=ik ()

Yik Yik Yik

=l 6 - yk (t)|—|ya” (£ = @) =3 (¢ = Ta(®) | (1 = 7))

VL_I< Vtk Vtk Vtk
= |yku” (t) - |_ ’y/ (t Ti(t )) yk (t flk(t)) (4.7)
! oL oL '
(/t ® ’yn:l yn-l:l(s)’ ds)
=0l
8t L 8
Iymz(t) -5 t)l s (¢ = 0u(8)) = 7, (¢ = 0u(®)) | (1 — 0(8))
|y;”:1 iﬁi’z(t)\ (£ = 0u(®)) = 7,5 (¢ = 0a(®))], (4.8)
t @ @ /
( / y )!yf"’ (5)-7," ()| ds)
=1yt
Vk/ Vk/ Vk/ Vk/
= |y ﬂ” () - J’k 0] - b’k (£ - t(0)) - yk (¢ - 25(0)](1- (1))
T 7 i 7
< @-50 0 -y (¢ - 20) -5 (- 20)| 4.9)
and
. 51/ 311
(\/t . ’y::-ll yn+l S)’ ds)
65i(0)
by by b b
= [y 0 = 30| = |y = 5(0) =710t - 85(0) | (1 - 670)
o o b b
|yn (t) yn+l(t)i - |yn+l(t Gb(t)) yn+l(t al}(t))| (4'10)

3 .
By (Hs), we have 0 < 2& %, Yk, 2—’ ‘;ﬁ % % ﬁ—l’ < 1. Observe that g(x) = |a* — b*| is an
womw e Py Py P Pl

increasing function for a>1and x > 0. Therefore, according to (4.1) and (4.5)—(4.10), we
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derive

D'V() <

IA

n

|: a”,oa”|y, £) -yt Z akkp“kkakl |y; —akk t)’

i=1 k=1,k#i

77} Yii Yii Yii

O(ll i
+Zﬁﬂpﬂuah " (0 -5 (o) Zakk e ci [y, (€)= 5 (1)

Vlt Vlz
+ Zﬂ”pﬁ” 624|y u (t) yl Fu (t)|:| + Z|: ﬁ]/p '|yn+j(t) _yn+j(t)|

=1 j=1
n b ik Bk Bi Bi
« b B
Y ap By, (1) -5, (6)] + Z ﬁzzp“” Y yle) = 3,0(0)]
1=1,1

/k jk Il /l
3 —%kk B
+ E ko kkdff s () =5 (@) E ﬁupﬂ”dM y2e) =74 t)l}
k=1

n

" [
Z[—aﬁpuf,»lyi(t)—ii(t)l Y awp e ag|yi(t) - 50|

i=1 k=1,ksi

N} " i
+ 3 Buo Ml yie) - 7,0] + 3 o & |yi(e) - 7,0
=1 k=1

+Z/§ﬂp'§j€f?lyi( -7 ]+Z|: ﬁllp .\y,,+,'(t)—y,,+j(t)|

I=1

+ Zakkp “kk bk |yn+1 () - yn+} t)’ Z ,Bllp ﬂ” bl ‘ynﬂ(t ynﬁ'(t)’
=11

n 51
+ Zakkpakkdk |yn+l(t yn+} t)| Zﬁ”pﬂ”dl |yn+] £ - yn+}(t)|:|
=1

n
Yki
Z |:—0fu,0ﬂ” + Z Ok P o ﬂkl + Z ,311,0 ﬁ” ap + ZOlkk,O"‘kk cy

i=1 k=1,ki I=1 k=1

A A " Bk
+ Zﬂuﬂ e i } lyi(6) = 3,(0)| + Z[—ﬁiipbjl‘i + Z“kkp % b

j=1 k=1

@A
+ Z BupPu b +Zakk/0“kde

I=1,14 k=1

+Zﬂ”pﬂu l}ynﬂ(t) ~ Vi (®)].

In addition, from the condition (Hg), there exists a positive constant « such that

m
—aipal; + Z e alf + Zﬁupﬁ” ay + Zakkp“kk [+ BupPuey! + <0
=1

Yki Vi

k=1k+i I=1 k=1

Page 17 of 23

(4.11)
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and

m 5

jil
—517,0 +Zakk,0“kkbk + Z ,311/0‘9”191 +Zakkp°‘kkdk +Z,311/0’9”d1 +k <0.

I=1,1% I=1

The above two inequalities together with (4.11) lead to

n+m

D V() <=k ) |yn(®) - 3,(8)]- (4.12)
h=1

Integrating both sides of (4.12) with respect to ¢, we have
t n+m
() + K/ Z|yh(s) —yh(s)| ds < V(0)<+o00, t>0. (4.13)
0 =

Equation (4.13) shows that

t n+m

/0 ZW:«(S) V()| ds < ﬂ <400, t>0, (4.14)

which implies that

n+m

> " lyn(s) = 3,()| € L0, +00). (4.15)
h=1

(4.2) means thaty,(¢) (4 = 1,2,...,n+m) is uniformly bounded from below and above, and
so Iny,(¢) is bounded. From |Iny;(t) — Iny,(t)| < V1(t) < V(t) < V(0), we get

7,060 < yu(t) <7, ()e" . (4.16)

(4.16) and (4.2) show that y,(t), ¥,(¢), h = 1,2,...,n + m are uniformly bounded. This fact
together with (4.1) lead to y},(¢), ¥,(¢), h = 1,2,..., n+ m are uniformly bounded on [0, +00).
Therefore Y ;"1 lyu(s) — ¥,(s)| is uniformly continuous on [0, +00). From (4.14) we know
that Y "1 [yn(s) — ¥,,(s)| is integrable on [0, +00). By Barbalat’s lemma (Lemma 1.2.2 and

Lemma 1.2.3, [20]), we can conclude that

tggnoo|yh -3®]=0, h=12,...,n+m. (4.17)
Thus, we have proved that the positive almost periodic solution (¥, (¢), ¥,(£), ..., ¥, ()T
of system (4.1) is globally attractive.

Next, we shall prove that the positive almost periodic solution (¥,(£),%,(t),... ,ymm(t))T
of system (4.1) is globally exponentially stable. In fact, in the light of (4.2) and (4.17), we
know that, for any ¢ > 0 (¢ enough small), there exists T > 0 such that for t > T

1 all

1< ;(ll )a” —e<yt)—e<yi(t) <y () +e < ;(l*) (4.18)
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and
(- B _ ¥ _ ; v l I* By
1< P ( n+1) € < T () =€ <yuij(t) <7, () + £ < P ( m]) +e. (4.19)

By (4.18)—(4.19) and the mean value theorem of calculus, we have

[In7:(6) - In5,(6)] = ' 1|yl - yl(”|—|yf(z)T_’_()| (4.20)
and
| n+‘(t)__n+‘(t)|
10 9,04/(8) = In3,,,,(8)| = ‘ (0) = Fy(0)| = 22 e 1’(1 ); _’8 (4.21)
n+j

wherei=1,2,...,m,j=1,2,...,m, A, (h=1,2,...,n + m) lies between y;(t) and y,(¢). Ac-
cording to (Hg), there exists a constant p > 0 such that

Yki
—apal; + E Olkkp"kkdk +§ ﬂzzpﬁ”ﬂ;, + E ik Kk

k=1ki I=1 k=1

Vlt
+Z,B”p zzc;%Ww, i=1,2,...,n, (4.22)
i —g
I=1

and

—B/jp i+ Zakkp i bk + Z Bup ’3” b, + Zakkp it dk

I=1,1%

+Z,Bupf’lld <0, j=1,2,...,m. (4.23)

Construct the Lyapunov functional W(t) = e** Vi (¢) + Va(t). Applying (4.11), (4.22) and
(4.23), we have

n “lz Yki
RAOEDY |:—Olupﬂ,, + Z e al+ Z Bup P ' + Zakkp W Cl

i=1 k=1k#i I=1 =

37 PVES W

m /311
¥ Z[‘ﬂﬁ/’ i+ Zakkp“kk byl + Z BupPu b + Zakkpakk a
s=1 I1=1,1#
M I _
+ Z /311,0 Bll d W} |yn+,‘(t) —y,,+j(t)| <0. (4-.24-)
n+j

Equation (4.24) means that

W) < W(T) = e*TVi(T) + Vo(T) < e*TV(T) < e*TV(0), ¢>0. (4.25)
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Similar to (4.18)—(4.21), we also have

(£) —Iny L&) =501
Pt =58> Ly +e’
i) = F (O (4.26)

1(l+ )ﬂl/ +e

n+/

|1ny,,+,(t) - 1n§n+j(t)| >

(4.25) and (4.26) lead to

S 0 -50] 2o 3 POIO ey 4y i <o i0)

%(li*)"‘ii +e =Y (l*)“n t+e
and
e 2 Y (@) = ¥, (O]
-5, 0] e Y 2 iy ) < Wi < 0TV O
%(l;ﬁ)ﬁﬁ s = = (l;ﬂ)ﬁll +e

Letting ¢ — 0" in the above two inequalities, we have
lyn(®) = y,(6)] < Me™, h=1,2,...,n+m,t>0, (4.27)

where M = e*TV(0) max; <<, 1<j<m{ Ly, (l;ﬂ)ﬁ//} (4.27) indicates that the unique pos-
itive almost periodic solution (¥, (¢ y2( )se s Ve ()T of system (4.1) is globally exponen-
tially stable.

Now let us to show that the unique positive almost periodic solution (¥ (), x5 (¢),...,
Xnem ()"

Indeed, by the mean value theorem of calculus and (4.18)—(4.19), we have

of system (1.4) is globally exponentially stable.

_ 1 g _an Ni(e) L _
|x:(6) = %:(2)| = p&i |y () =y (8)] < ol yi(t) = 5,(2)] (4.28)
and
L5 10
_ 3 By _ﬁ
) 508 = 0 0 - 5000 = 2 5y, 05, (429)
jj
wherei=1,2,...,n,j=1,2,...,m
1oy 1-gy
Nie) {(1 (lf)a"‘ ) i (1 (F)aii )“n }
Je)=maxq | —() " —¢ A=) +e ]
o P
-5 1-5;

P p

Letting ¢ — 0" in (4.28)—(4.29), and employing (4.27)—(4.29), we obtain

lon (@) =% ()| < M*e ™, h=12,...,n+mt>0, (4.30)
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where M* = Mmax; <i<u,1<j<m{ =L

positive almost periodic solutlon (X1 (2), %2(8), ..

N(O

L
i,

Nn+/( )
ﬁ]}

Page 21 of 23

ﬂ// }. Thus, we have proved that the unique

o Znem(t))T of system (1.4) is globally ex-

ponentially stable. The proof of Theorem 4.1 is complete. d
5 llustrative example
Consider the following two-layer Gilpin—Ayala predator—prey model with time delays:
#,(t) = 21 (O[r(0) - ale)x (6) = b(e)xy () = e(0)a] (¢~ T(2))
—d(0)x5(t - ()], 5.1)
% (2) = %o (£)[-7(8) + a(t)xl(t) — l;(t)xzﬂ(t) +E(8)x (£ - T(2))
- d®)x5(t - 6 (),
whereo[:%,ﬂ: %,8:%,&:3,324,)9:%,321, r(t):10+COS«/§t,;”(t):
2+si2110ﬁt, ﬂ(t) =6+ sin ﬁt, b(t) — 2—sin«/§t’ (t) — IHSiﬁ)ﬁt‘! d(t) - 2+C(i%«/§t’ El(t) - 3—co5sﬁt’
DN 7+sina/7t are\ _ 142]siny/2¢] 5 2+c0s /3
be) = Tt o(p) = LA gy _ 2sconit gng
L+sin /2t 2kn bid 2km b4
=] ¢ viTwstE kel
1-sin /2t 2kn bid 2km 3
T A taaSts gt apkel
Lising/3¢t  2%kx _ _w_ 2k, m_
c=] 3 v sI=stamked
Lsin3t - gkn 7 oy 2kn 31 gy
37 3 2/3—="— V3 243’ ’
1—cos /2t 2k 2k, w
O A st kel
1+cos+/2¢ 2k bid 2k 21
3 5 $+E§t§—2+—2,kez,
2-cos /3t 2k 2k | w
50 - —4f, ﬁ§t§ﬁ+\/§,keZ,
2+c0s /3t kr b4 2km 2
2 2—3+ﬁ§t§—3+—3,keZ.

Obviously, r(t), 7(¢), a(¢), b(t), c(¢), d(¢), a(¢), b(t), &(8),

dt), t(8), o (t), () ando(

) are all
positive almost periodic functions. By simple calculation, we have ¥ = 11, 7/ = 9, 71 = %
Al _ 1 _7 I_ 1 _ _ I_1 4 4 Al _ 2
r ‘%’?M‘%“ 35 bM‘m;b ‘310'CM‘5'C =g d" =14 ‘10'“M‘§ a =5

A Bl aM_3 Al_1 M _ !
bM=4,b"=3M=2,¢=4,d"=2,d" =5 and
. (™ VARAN
i=(— =|— ] =2.8613,
al 2
AM l+a ch+ Y
l;_(M) ~1.590,
b
l_le+ﬂ ch+y dMl+8 é
1;_(r . M( ) (2)> ~1.1951,
a
2 (1) PR M §
1;_(“(1) i ( )>5 1.1303,
oM

M)’

dM

()" ~0.9991,

) +cl(l) ~07155>rM+dM(l+) ~ 0.6270.
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Thus, the assumptions (H;)—(Hs) are satisfied. So we derive from Theorem 3.1 that system
(5.1) has at least one positive almost periodic solution (x;(z),%,(¢)) satisfying 1.1951 <
%1(t) < 2.8613 and 1.1303 < %, (¢) < 1.590.

In addition, obviously, 0 <1 —7/(¢) =1 —
0<1—f/(t):l—M<1,0<1—&’(t):1—M<1,a:%>max{,3,y,8}:
max{%, %, i} = %, B =4 > max{&, 7,8} = max{3, %, 1} = 3. Take p = 1 < min{/},;} = 1.1303,
we have

VUM 1,01 —0'(f) = 1 - LS g

-1 4
—ozpal+,6pf‘21M+ap%cM+,3pﬁéM=—0.10<O,

A a 8 A S
—,prl+apEbM+apng+ﬂ,oﬂdM=—10.35<O.

Thus we verify that (Hy)—(Hg) hold. Therefore, according to Theorem 4.1, we conclude
that the unique positive almost periodic solution (x;(¢),%>(£)) of system (5.1) is globally
exponentially stable.

6 Conclusions

Compared with the Lotka—Volterra models, the Gilpin—Ayala models are more advanta-
geous because the rate of change in the size of each species is a nonlinear function of the
sizes of the interacting species in the Gilpin—Ayala models and the rate of change in the
size of each species is a linear function of the sizes of the interacting species the Lotka—
Volterra models. It is more precise to describe some ecosystems by the Gilpin—Ayala mod-
els than by the Lotka—Volterra models. Therefore, we mainly study a class of two-layer
Gilpin—Ayala predator—prey model with time delays in this paper. By means of Mawhin’s
continuation theorem of coincidence degree theory, we obtain some new sufficient con-
ditions of the existence of positive almost periodic solutions. We also obtain the global
exponential stability of the positive almost periodic solution for this system by construct-
ing appropriate Lyapunov functionals and smart transformations. Our results provide a
theoretical basis for the detection and artificial control of some ecological systems with

periodic or almost periodic phenomena.
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