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Jgg;?;ggszcci Abstract

Bgrficgz‘ho;maagjhisg?ﬁasoumeaﬁ This paper concerns the problem of enhanced results on robust finite time passivity
Full list of author information is for uncertain discrete time Markovian jumping BAM delayed neural networks with
available at the end of the article leakage delay. By implementing a proper Lyapunov—Krasovskii functional candidate,

reciprocally convex combination method, and linear matrix inequality technique, we
derive several sufficient conditions for varying the passivity of discrete time BAM
neural networks. Further, some sufficient conditions for finite time boundedness and
passivity for uncertainties are proposed by employing zero inequalities. Finally, the
enhancement of the feasible region of the proposed criteria is shown via numerical
examples with simulation to illustrate the applicability and usefulness of the
proposed method.
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1 Introduction and problem statement with preliminaries

There has been a growing research interest in the field of recurrent neural networks
(RNNs) largely studied by many researchers in recent years. The network architecture in-
cludes various types of neural networks such as bidirectional associative memory (BAM)
neural networks, Hopfield neural networks, cellular neural networks, Cohen—Grossberg
neural networks, neural and social networks which have received great attention due to
their wide applications in the field of classification, signal and image processing, parallel
computing, associate memories, optimization, cryptography, and so on. The bidirectional
associative memory (BAM) neural network models were initially coined by Kosko, see
[1, 2]. This network has an extraordinary class of RNNs which can have the ability to store
bipolar vector pairs. It is composed of neurons and is arranged in two layers, one is the X-
layer and the other is the Y-layer. The neurons in one layer are fully interconnected to the
neurons in the other layer. The BAM neural networks are designed in such a way that, for
a given external input, they can reveal only one global asymptotic or exponential stability

equilibrium point. Hence, considerable efforts have been made in the study of stability
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analysis of neural networks, and as a credit to this, a large number of sufficient conditions
have been proposed to guarantee the global asymptotic or exponential stability for the
addressed neural networks.

Furthermore, the existence of time delays in the network will result in bad performance,
instability or chaos. Accordingly, the time delays can be classified into two types: discrete
and distributed delays. Here, we have taken both the delays into account while modeling
our network system, because the length of the axon sizes is too large. So, it is noteworthy to
inspect the dynamical behaviors of neural systems with both time delays, see, for instance,
[3-11].

In [12], Shu et al. considered the BAM neural networks with discrete and distributed
time delays. Some sufficient conditions were obtained to ensure the global asymptotic
stability [12]. Also, time delays in the leakage term have great impact on the dynamic be-
havior of neural networks. However, so far, there have been a very few existing works on
neural networks with time delay in the leakage term, see, for instance, [13-17].

Further the stability performance of state variable with leakage time delays was dis-
cussed by Lakshmanan et al. in [18]. While modeling a real nervous system, stochastic
noises and parameter uncertainties are inevitable and should be taken into account. In
the real nervous system, the synaptic transmission has created a noisy process brought on
by apparent variation from the release of neurotransmitters and the connection weights of
the neuron completely depend on undisputed resistance and capacitance values. There-
fore, it is of practical significance to investigate the stochastic disruption in the stability of
time-delayed neural networks with parameter uncertainties, see references cited therein
[19-22]. Moreover, the hasty consequence (impulsive effect) is probable to exist in a wide
variety of evolutionary processes that in turn make changes in the states abruptly at certain
moments of time [23-28].

The conversion of the parameters jump will lead to a finite-state Markov process.
Recently, the researchers in [29, 30] investigated the existence of Markovian jumps in
BAMNN:Ss and exploited the stochastic LKF approach, the new sufficient conditions were
derived for the global exponential stability in the mean square.

The BAM-type NNs with Markovian jumping parameters and leakage terms were de-
scribed by Wang et al. in [31]. In [32], a robust stability problem was studied and some
delay-dependent conditions were derived for the neutral-type NNs with time-varying de-
lays. The authors in [33-35] developed some conditions for the stability analysis of neu-
ral networks with integral inequality approach. The criteria to obtain the stability result
of neural networks with time-varying delays were checked in[36—38]. It should be noted
that, with all the consequences reported in the literature above, they are concerned only
with Markovian jumping SNNs with Lipschitz model neuron activation functions. Up to
now, very little attention has been paid to the problem of the global exponential stability of
Markovian jumping SBAMNNSs with non-Lipschitz type activation functions, which fre-
quently appear in realistic neural networks. This situation motivates our present problem,
i.e., a-inverse holder activation functions.

Our main objective of this paper is to study the delay-dependent exponential stability
problem for a class of Markovian jumping uncertain BAM neural networks with mixed
time delays, leakage delays, and «-inverse Holder activation functions under stochastic

noise perturbation.
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To the best of authors knowledge, so far, no result on the global exponential stability
of Markovian jumping stochastic impulsive uncertain BAM neural networks with leak-
age, mixed time delays, and «a-inverse Holder activation functions has been available in
the existing literature, which motivates our research to derive the following BAM neural

networks:

dx(t) = |:—Cx(t —vy)+ WQf(y(t)) + ng(y(t - ‘El(t))) + W5 / h(y(s)) ds + I] dt

—01

+p1(x( = 1), y@),y(t - 11(2))), ) doo(t);  £> 0,8 # by,
Ax(t) = Mi(%(tc-), %y ) t =tk € Ly,
, (1)
dy(t) = |:—Dy(t —W) + VQf(x(t)) + Vig(x(t - w2(1))) + VZ/ ljz(x(s)) ds +]:| dt

+ P2 (¥(t — v2), %), %(¢ — 12(0))), ) dd(t);  £> 0,8 F 1y,

Ay(te) = Ne(y(te- ), y- ); - t=tik € Zy,

where x(£) = (x1(£), %2(2), ..., %,(£))T € R” and y(£) = (y1(£), y2(2), ..., y.(£))T € R" denote the
states at time ¢; f(-), g(-), A(-) andf(-), 2(), h(-) denote the neuron activation functions,
C = diag{c;}, D = diag{d;} are positive diagonal matrices; ¢; >0, d; > 0, i,j = 1,2,...,n, are
the neural self inhibitions; Wy = (Wo;i)nxns Vo = (Voij)uxn are the connection weight matri-
ces; Wi = (Wiji)uxns Vi = (Viij)uxn are the discretely delayed connection weight matrices;
and Wy = (Wy;i)uxn, Va = (Vaij)uxn are the distributively delayed connection weight ma-
trices; I = (I, b, ...,1,)T and J = (J1,/5,...,J,)T are the external inputs; 7;(¢) and 7,(t) are
the discrete time-varying delays which are bounded with 0 < 7;(¢t) < 71, 71(t) < 71 < 1, and
0 < 7o(t) < T, To(t) < 15 < 1, respectively; o; and o5 are constant delays. The leakage de-
lays v; > 0, vy > 0 are constants; p; : R” x R” x R” x R* — R” and p; : R* x R" x
R” x R* — R” denote the stochastic disturbances w(t) = (w1 (t), w2 (t),...,w,(t))T and
() = (01(t), D3(2),...,0,(8)T are n-dimensional Brownian motions defined on a com-
plete probability space (A, F, {F;}:>0, P) with a filtration {F;},>¢ satisfying the usual condi-
tions (i.e., it is right-continuous and F contains all P-null sets) and E{dw ()} = E{d®(t)} =
0, E{dw?(t)} = E{d®*(¢)} = dt; Mi(-) : R” x R" — R”, Nk (1) : R” x R” — R", k € Z, are
some continuous functions. The impulsive time # satisfies 0 =ty < £ <--- < fx — 09, (i.e.,
limy_, o0 £k = +00) and infke& {tk —tx_1} > 0.
The main contributions of this research work are highlighted as follows:

+ Uncertain parameters, Markovian jumping, stochastic noises, and leakage delays are
taken into account in the stability analysis of designing BAM neural networks with
mixed time delays.

* By fabricating suitable LKF, the global exponential stability of addressed neural net-
works is checked via some less conserved stability conditions.

* For novelty, some uncertain parameters are initially handled in Lyapunov-Krasovskii
functional which ensures the sufficient conditions for global exponential stability of
designed neural networks.

* Inour proposed BAM neural networks, by considering both the time delay terms, the
allowable upper bounds of discrete time-varying delay is large when compared with

some existing literature, see Table 1 of Example 4.1. This shows that the approach
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developed in this paper is brand-new and less conservative than some available re-
sults.

Suppose that the initial condition of the stochastic BAM neural networks (1) has the
form x(t) = ¢(¢) for ¢t € [-w,0] and y(¢) = Y (¢) for ¢ € [-®,0], where ¢(t) and Y (t) are
continuous functions, @ = max(7;, v1,01) and @ = max(%, vy, 07). Throughout this section,
we assume that the activation functionsﬁ,ﬁ,gi,gj, h;, };,»; i,j=1,2,...,n,satisfy the following

assumptions:

Assumption 1
1) f, ﬁ are monotonic increasing continuous functions.
(2) Forany p1, p2,61,62 € R, there exist the respective scalars g,, >0, 7, >0and g,, >0,
14, > 0 which are correlated with p;, o, and « > 0, 8 > 0 so that

fi(61) —fi(p1)| = i, 161 — 1%, VIO —p1| <7y, and

[]?(92) —J;/(,Oz)| > Gj,, 162 — p21f, Y16y —pa| < Fipy -
Assumption 2 g;, /4; and gj, ilj are continuous and satisfy

|gi(51) —gi(52)| = eilfi(sl) —fi(s2)
8G1) -] < &lfiG1) —£62)

; |hi(6‘1) - hi(S2)| = kilfi(sl) —fi(s2)
; ‘ilj(gl) - ilj(gz)’ = /;jl/;j(gl) —ﬁ(gz)

’

’

Vs1,82,51,52 € R, 51 #s5 and 81 #59, i,j = 1,2,3,...,n. Denote E = diag{e;}, K = diag{k;} and
E= diag{e;}, K= diag{l}j} respectively.

Remark 1.1 In [39], the function f; used in Assumption 1 is said to be an «-inverse Holder
activation function which is a non-Lipschitz function. This activation function plays an
important role in the stability issues of neural networks, and there exists a great number
of results in the engineering mathematics, for example, f(6) = arctan® and f(6) = 63 + 0
are 1-inverse Holder functions, f(6) = 3 is 3-inverse Holder function.

Remark 1.2 From Assumption 2, we can get that ¢;, & and k;, l~(, are positive scalars. So E,
Eand K, K are both positive definite diagonal matrices. The relations among the different
activation functions f;, fj (which are a-inverse Holder activation functions) g;, g and 4;, 171/
are implicitly established in Theorem 3.2. Such relations, however, have not been provided
by any of the authors in the reported literature.

In order to guarantee the global exponential stability of system (1), we assume that the
system tends to its equilibrium point and the stochastic noise contribution vanishes, i.e.,

Assumption 3 p(x*,y*,y*,£) =0;i,j=1,2,...,n.

For such deterministic BAM neural networks, we have the following system of equa-
tions:

dx(t) = [—Cx(t —v1) + Wof (0(8) + Wi (g(v(2 - 1(®))))

t
+W2/ h(y(s))ds+l}dt, t>0,t#,
L

—01
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Ax(t) = Mi(%(tc-), %4 );  t =tk € L,

dy(t) = [—Dy(t — ) + Vof (x(0) + Vig(x(¢ - (1)) 2)

t
+V, / h(x(s)) ds +]] dt, t>0,t+ty,
t—op
Ay(te) = Nk(V(te- ) - )s - t =tk € Z,.

Thus system (1) admits one equilibrium point (x*,y*) = (x},%3,...,2% y%, 55, ..., 75T under
Assumption 3. In this regard, let u(¢) = x(¢) —x* and v(¢) = y(¢£) — y*, then system (1) can be
rewritten in the following form:

du(t) = |:—Cu(t —v1) + WQf(v(t)) + W (g(v(t — ‘Cl(t)))) + Wg/ Ijz(v(s)) ds:| dt

+ 01 (u(t = v1),v(@®), v(t - 11 (D)), t) do(t), £>0,¢# b,

Au(ty) :]\_/Ik(u(t,:),utl;), t=t,kel,,
(3)

dv(t) = [—Dv(t — )+ VQ}:‘(u(t)) + Vlé(u(t - rz(t))) +V, /t Z(M(S)) ds] dt

t—o9

+ oo (V(E = va), u(®), u(t - 12(0)), £) dd(e), t>0,t#t,
Av(t) = Ne(v(8),vi;),  t=tok €y,

where

T

u(t) = (ur(2), uz(t), ..., un(t)) ",
v(8) = (10, Vo). val()

u(t =) = (1 (£ = vi) g (E = V1), .y g (E = 11))
V(= v3) = (vi.(£ = v), valt = va), ..., vt = ),

F®) = (D), L(©O),.. L (),

F(®) = (. ((0)), o (w®), .. fu(0))) "
gv(t-n0) = @ -10). 2@t -1@)). &t - w®))"
<é(u(t— (1)) = (§1(u(t— rz(t))),éz(u(t— rg(t))),...,é,,(u(t— r,,(t))))T,

h(v(®) = (i (V) (), ..., s (v(2)))

R((®)) = (i (u(®)), iy (u(®)), ..., T (1(2))) "

S(v(0) =fi(ve) +57) = ("),

(14() =i ((0) + 2*) = ("),

&(v(t-n®)) =g(v(e-n®) +y*) &),

g (1(t = 12(0))) = g (u(t ~ 22(0) + ) - g (x),
hi(V(®)) = hi(v(e) + ) = hi(5"),

N‘zl
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iy (w(8)) = i (1(8) + &7) = ("),
o1 (u(t = v1), v(8), v(t — 1), t)
= p1(u(t —v1) +2%,v() + ¥, v(E - T1(0) + %, 8) — oo (x5, 0%, 97, 1),
P2 (V(£ = v2), u(t), u(t - 1), t)
= P2 (v(E —v2) +¥%,u(t) + 5%, u(t - ©a(2)) + &%, 8) — p2 (v, 5%, 5%, 2),
pr (4t = v1), v(0), W(t - 1), £)
= (P (wt = v1), (), v(E = T1(8)),8), ., Prn(E = V1), v(8), V(2 = 11 (®)), 2))
2 (v(£ = v2), u(t), u(t — 1), t)

= (D21 (V(£ = v2), u(®), u(£ = T2(2)), £), .., Pan (V(E = v2), u(t), u(t — T2(2)), t))T.

) Apparently,_fi(s), ]:”j(s) is also an a-inverse Holder function, and ﬁ(O) =g(0) = 1;(0) =
£0)=g(0)=h(0)=0,4,j=1,2,...,n

Let {r(¢),t > 0} be a right-continuous Markov chain in a complete probability space
(2, F, {Ft}t=0,P) and take values in a finite state space 9 = {1,2,...,N} with generator
[ = (yj)nxn given by

VAt + O(AL), ifi#j,

P{r(t + AL) =j|r(t) = i} =
1+ y;At+ O(AY), ifi=j,

O(AY)
At

to j if i #, while i = = Y, v
In this paper, we consider the following BAM neural networks with stochastic noise dis-

where At > 0 and lima o ) = 0. Here y; > 0 is the transition probability rate from i

turbance, leakage, mixed time delays, and Markovian jump parameters, which is actually

a modification of system (3):
du(t) = [—C(r(t))u(t — 1) + Wo(r(®)f (v(®))

WA (0) @t~ @) + Walrt0) A(v(s) ds} dt

+ p1 (u(t — 1), ¥(2), V(t - ‘El(t)), t, r(t)) do(t), t>0,tFt,

Au(ty) = ]_\/Ik(r(t)) (u(t,:), ut];), t=t,keZ,,
(4)

dv(t) = [—D(?(t))v(t — v3) + Vo (F(E))F ((8))

t

FVI(FO)Z(u(t - ) + Va(F®) | R(u(s)) ds] dt

t—o9

+ P2 (v(E = va), u(t), u(t — T(1)), 1, 7(2)) d(t), t>0,t#t,

Av(ty) = Nk(;(t)) (V(tkf), Vtk_), t=t,kelZ,,

where i(t - v1), 71(6), 72(6), W(e), 1(t), ¥t = v2), FO0), F(ue)), g0t — 1a(0), ut (),

h(v(2)), h(u(t)) have the same meanings as those in (3), p1(u(t — v1), v(£), v(t — 11(2)), £, 7(2))
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and po(V(t — vp), u(t), u(t — to(t)), t,7(¢)) are noise intensity function vectors, and for a
fixed system mode, C(r()), D(r(¢)), Wo(r(¢)), Vo(7(2)), Wi(r(2)), Vi(7 (), Wa(r(2)), Va(7(£)),
M;(r(t)), and Ni(7(t)) are known constant matrices with appropriate dimensions.

For our convenience, each possible value of r(¢) and 7(t) is denoted by i and j respectively;
i,j € Min the sequel. Then we have C; = C(r(t)), D; = D(7(t)), Wo; = Wo(r(2)), Vo = Vo(7(2)),
Wi = Wi(r(9), Vi = Vi(#(2), Wai = Wa(r(2)), Vo = Vo (7 (t)), My = Mi(r(t)), Nig = Nk (7(2)),
where C;, Dj, Woj, Vo, Wai, Vij, Wai, Vaj, My, Nig for any i,j € 9.

Assume that p; : R” x R” x R” x R* x Mt — R” and p; : R” x R” x R” x R* x M — R”
are locally Lipschitz continuous and satisfy the following assumption.

Assumption 4

-7 N = , T T T
traCC[Pl (u1,v1,v2, £,0) p1 (11, v1, V2, t,l)] < uy Ryjuy + vy Ryyvy + vy R3vo;

- T N = . D D D
trace[ 0o " (v1, u1, U, £,)) 2 (ve, 1, tn, £, )| < Vi Rujvi + ] Rojuy + ug Rajuao;

for all Uy, Uy, V1, Vy € R” and }"(t) =1 ;’(t) =j, l,] (S W,where RU, 7%1]', Rzl', 7%21', Rgl', and E3j are

known positive definite matrices with appropriate dimensions.

Consider a general stochastic system dx(t) = f(x(2), £, 7(¢)) dt + g(x(£), ¢, r(¢)) dw(t), t > 0
with the initial value x(0) = xp € R”, where f : R” x R* x 9t — R” and r(¢) is the Markov
chain. Let C*}(R” x R* x 9%;R*) denote a family of all nonnegative functions V on R” x
R* x 99t which are twice continuously differentiable in x and once differentiable in ¢. For
any V € C*1(R” x R* x O;R*), define LV : R” x R* x M — R by

,CV(x(t),t, i) = Vt(x(t),t, i) + Vx(x(t),t, i)f(x(t), t, i)

+ % trace(g” (x(2), ¢, i) Vi ((2), £, 1) g (2(2), £, i)

N

+ Z vV (%(6), £,)),
j=1

where
Vi (x(6),t,i) = W,
VGOLLD VLD VOO
N e

32V (x(t), i)

Vxx(x(t): Z, l) = o, 0t
]

By generalized Ito’s formula, one can see that
t
]EV(x(t),y(t), t, r(t)) = IEV(x(O),y(O), 0, r(O)) + E/ L'V(x(s),y(s),s, r(s)) ds.
0

Let u(t; £) and v(t; €) denote the state trajectory from the initial data #(0) = £(0) on - <
0 <0in L% ([-@,0];R") and v(0) = £(9) on —& < 0 < 0in L% ([-, 0]; R"). Clearly, system
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(4) admits a trivial solution (¢, 0) = 0 and v(¢, 0) = 0 corresponding to the initial data § =0
and £ =0, respectively. For simplicity, we write u(; &) = u(¢) and v(t, £) = ().

Definition 1.3 The equilibrium point of neural networks (4) is said to be globally expo-
nentially stable in the mean square if, for any & € L2]_—0([—LZ), 0;R"), & € Lfro([—cf), 0; R™),
there exist positive constants n, T, I, and (“)é correlated with & and & such that, when
t > T, the following inequality holds:

E{]Ju(t:)]"} + E{ 6]} < (e + ©p)e ™.

Definition 1.4 We introduce the stochastic Lyapunov—Krasovskii functional V €
CPLHR* x R" x R" x M;R*) of system (4), the weak infinitesimal generator of random
process LV from R* x R” x R” x 91 to R* defined by

LV (t,u(t),v(t),i) = Altii%+ é[E{V((t + At),u(t + At),v(t + AL), r(t + At))|

u(®), v(e), r(t) = i} = V(& u(t), v(e), r(t) = i)].

Lemma 1.5 ([39]) Iff; is an a-inverse Holder function, then for any po € R, one has

[ U@ st as = [ [a0) - sto]ds =+

0 0

Lemma 1.6 ([39]) Iff; is an a-inverse Holder function and f;(0) = 0, then there exist con-
stants q;, > 0 and r;, > 0 such that |f,(0)| > q;,101%, Y|0| < riy. Moreover, |fi(0)] > qi, 75,
Y|0] = 1.

Lemma 1.7 ([21]) For any real matrix M > 0, scalars a and b with 0 < a < b, vector func-
tion x(«t) such that the following integrals are well defined, we have

/ ? f o) Mx(a)da dB < (b-a) / (o) Mx(a) dar.

Lemma 1.8 ([39]) Letx,y € R", and G is a positive definite matrix, then
Ty <xTGx+yTGly.

Lemma 1.9 ([21]) Given constant symmetric matrices Y1, Yo, and Y3 with appropriate
dimensions, where Y[ =Yy and Y] =15 >0, Y1 + Y] Y513 <0 if and only if

T, ! T, Y
! 3 <0 [or] IT > | <o.
Tg —Tz Tg _TZ
Lemma 1.10 ([21]) For any constant matrix Q@ € R™", Q = QT > 0, scalar y > 0, vector
function w: [0, y] — R”, such that the integrations concerned are well defined, then

1 ¥ T ¥ v,
;(/0 w(s)ds) Q(/O a)(s)ds> 5/0 o’ (s)Qw(s) ds.
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Lemma 1.11 ([33]) For given matrices D, E, and F with F'F < I and scalar € > 0, the
following inequality holds:

DFE + ETFT'DT < eDDT + ¢ 'EET.

Remark 1.12 Lakshmanan et al. in [18] analyzed the impact of time-delayed BAM neural
networks for ensuring the stability performance when the leakage delay occurred. In [12],
the authors discussed the stability behavior in the sense of asymptotic for BAM neural
networks with mixed time delays and uncertain parameters. Moreover, the comparisons
for maximum allowable upper bounds of discrete time-varying delays have been listed.
Lou and Cui in [29] conversed the exponential stability conditions for time-delayed BAM
NNs while Markovian jump parameters arose. Further, the stochastic effects on neural
networks and stability criteria were conversed via exponential sense by Huang and Li in
[40] by the aid of Lyapunov—Krasovskii functionals. In all the above mentioned references,
the stability problem for BAM neural networks was considered only with leakage delays
or mixed time delays, or stochastic effects, or Markovian jump parameters, or parameter
uncertainties, but all the above factors have not been taken into one account and no one
investigated exponential stability via delays at a time. Considering the above facts is very

challenging and advanced in this research work.

2 Global exponential stability for deterministic systems

Theorem 2.1 Under Assumptions 1 and 2, the neural network system (4) is globally ex-
ponentially stable in the mean square if, for given 1;,7; > 0 (i,j € M), there exist positive
definite matrices S, T, S, T, Ry, Ry, N1, Na, N3, Nu, N5, Ng and H;, H; (i,j € 9), positive
definite diagonal matrices P, Q, and positive scalars A; and ; (i,j € M) such that the fol-
lowing LMIs are satisfied:

Hi < )“ilr (5)

M{H;M; - H; <0, 7)

l

NIHNy-H; <0 [herer(ty) =i and 7 (&) = j], (8)
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[Qn Qp Q3 0 0 0 0 0 Qp 0 0 0 0 0
* 922 0 0 925 Q25 927 0 ng 0 0 0 0 0
* * Qgg 0 935 936 937 0 0 0 0 0 0 0
* * x*  Qu 0 0 0 0 0 0 0 0 0 0
* * * * Qs 0 0 0 Q5 0 0 0 0 0
* * * * * Qg O 0 Qg 0 0 0 0 0
Q.= * * * * * Qi 0 Qe 0 0 0 0 0
U * * * * * * * Qg O 0 0 0 0 0
* * * * * * * % Qoo 0 0 0 0 0
* * * * * * * * * Q1010 0 0 0 0
* * * * * * * * * *  Qun 0 0 0
* * * * * * * * * * *  Qpp 0 0
* * * * * * * * * * * * Q1313 0
L * * * * * * * * * * * * * Q1414 |
<0, (10)
where
N Y
= 5 — i _n:T
E11 = ARy, Q11 = uiRyj, 8y =-CH; + Z vy + 17 ¢ MRy + niH,
I=1 1
N w
Qo =-DiHj+ Y b+ ——~—e PRy + iH;,  Bss= E2S + 01K*T,
1 1- T 1- 71

1 e s _ ~ ~
Q33 = ——E*S + 0o KT, Bu=-e""S, Qe =H;Vy,  Qun=-wk,

1- T
Qui=-¢ 25, Qss=Np e =—(1-m1)e "N,
7T — 1 1 ~
Q66 = —(1 = 12)e” "Ny, Egg=——T, Qgg =——T,
o1 (o))

o]

N
9=y vaClHCi+niCIH,C;,  Biz=miP-PC;, Qe =-D]HVy,
=1

N
Qg9 = Z )7le,~TH1Dj + ﬁijTH/Dj, Q1010 = 4jR3), Q37 = QVy;,
=1

Q13 =7,Q-QD;, E19=0, Q19 =0, Eos = H;Woi, Q5 = ﬁjvop
Ea6 = H;Whi, Eo7 = H;Wa, Qo7 = HVy,

Eg9 = CTH,C; - Z yuCiH; — n;:CI H;, E1212 = —AiRy,
=1

835 = PWy;, Q35 = QVy;, Eze = PW1;, Q36 = QVyy, E37 = PWy,
S1010 = AiRs; S50 = —C! H; Wy, Q50 = D H;Vy; Beo = —C H; W
=1010 = AR34 =59 = —L; i Woi 59 = L Ij Vo), =69 = —L; W1

- > - T Try
8s5 = Ny, Q111 = UiRyj, 879 =—C; H;Wo;, Q79 = =D; H;V,

N
T3 - ST o~ T =
Q29 = D; H;D; - Z viDiHi - n;D; Hj, Q12 =0, Ei111 = AiRy;,
=1
81313 = N3, Q1313 = Ny, E12=0, E1414 = 01N5,

1 1
877 = ——Ns, Q21414 = 02N, Q77 = ——Np.
o1 02
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Proof Let us construct the following Lyapunov—Krasovskii functional candidate:
8
V(& u(®),v(e), /) = Y Vi(tu(®), v(t),i,)),

=1

where

t T t
Vi(t, u(®), v(t),i,)) = e””{ [u(t) -G / u(s) dS] H; [u(t) -G / u(s) dS]}

-V

t T t
+ eﬁ/t{ [v(t) - D,/ v(s) ds:| ﬁj[v(t) - Dj/ v(s) ds] },

t
/ e’7i(s+f1(s))MT(S)R2u(S) ds
t-11(2)

Vs (t, M(t), V(t)’ l’]) = 1 ’

-T1

. t _ »
o / 2O T (O Ryu(s) ds,
1-1 t-1o(t)

/t e’“(s)gT(u(s))Sg(u(s)) ds

-71(t)

1 /t eﬁfséT(v(s))ggf(u(s)) ds,

L-1 Jerye)

Vs (& u(0),v(2),i,j) = -1,

o gt )
Va(t, u(®), v(t),i,j) = [ / " " (u(9)) Th(u(9)) 46 ds

0 t _ B
; / . /t R (v(6)) Th(v(6)) db s,

Vl(t) —

n w(t) _ . -
Vs (& u(®), v(t),i,j) =2¢" Y " py f f10)do +2e7 > " g £i(6) do,
I=1 0 I=1

0
Vi (&, u(t), v(8), 1,j) = /0 e"f T (v(s))Nyf (v(s)) ds

+ ft eﬁfsf:T (u(s))NZ):‘(u(s)) ds,
0
Vo (&, u(t), v(t),i,j) = / €"°g" (v(s))Nsg(v(s)) ds

t-11(¢)

+ / eﬁ/ig:fT (u(s))N;;Ef(u(s)) ds,

t-1o(t)
0 pt _ ~
Ve (&, u(®),v(t),i,j) = / / " h" (v(0))Nsh(v(9)) do ds
—01 JI+s
0 4 ~ o~ ~
+ / / "’ h" (u(0))Neh(u(0)) d ds.
—09 JIt+s
By Assumption 4, (5) and (6), we obtain

trace[ oy (u1,v1,va, t, i))H;py (11, v1,va, £, 8) | < Ai[uf Ry + v{ Rogvy +v3 Rava ),

o NH. 5 ; T% % T3
trace[pz (vi,u1, 42,8, j)H; po(v1, u1, g, t,])] < u,[vl Ryjvi + uj Ryjuy + u, stuz].
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It is easy to prove that system (4) is equivalent to the following form:

d|:u(t) - Ci/ u(s) ds:| = |:—C,'u(t) + Wof(v(t)) + Wlig(v(t — Tl(t)))

+ ng‘/t ljt(v(s)) d5:| dt
+ p1 (u(t = v1), v(8), v(t — 11(2)), 8, ) dao(2),

d|:v(t) —D,-f v(s) ds] = [—D,v(t) + Voi(u(t)) + Vllé(u(t -1(1)))

+ Vy /t }:z(u(s)) dsi| dt

t—o9

+ D2 (vt = v2), u(t), u(t — Ta(t)), t,j) da(t).

By utilizing Lemmas 1.6 and 1.10, from (4) and Definition 1.4, one has

EVl < e’“t<uT(t)(—2CiHi + T]iHi)M(t) + 2MT(t)Hl‘ W()f(V(If)) + ZMT(t)HiWU
T
u(s) ds) Cl.THi
T
u(s) ds)

t N N
X CL.THL»WZI' (/ iz(v(s)) ds> +ul(¢) Z vaHu(t) - 2u® (t) (Z vuCiH;

=1 =1

t t T N
+ meH,) (/ u(s) ds) + (/ u(s) ds) (Z y,-;CiTHiC,' + niCiTH,'C,)
t-v1 t-v1

=1

X <Q(V(t - Tl(t))) +2ul () H; Wy (/t }_z(v(s)) ds> + 2</t

V1

¢ T ¢
x Cu(t —vy) — 2([ u(s) ds> CIHWg(v(t-n(0)) - 2(/

V1

X (/t u(s) ds) +ul (¢ = v)MRyu(t —v1) + v ()M iRoyv(t) + vT(t - rl(t))
x AiRsv(t — 71(2)) } + eﬁft{vT(t)(—2Dj1~{j + H)V(E) + ZVT(t)IF-VI/Voj}:’(u(t))

+ 2VT(t)I?}-V1j§(u(t — 'Eg(t))) + ZVT(t)ITI,»ng (/t l:z(u(s)) ds)

t T t
+ 2(/ v(s) ds) D],T]’;(ijv(t — V) — 2(/ v(s) ds)

x D]T]':[jvljé(u(t - Tz(t)))

t T £ N
- 2</ v(s) ds) DjTﬁj Vo (/ Ijz(u(s)) ds) +vI () Z ﬁlﬁlv(t) 227
t—vy i-o2 =1

N t t T /N
X (Z VuDiH; + ﬁijTH}) ( ./: v(s) ds) + ( /; v(s) ds) ( )7ﬂD}.TH/D/
=1 V2 V2 =1

T
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t
+ %D}T]-GD]) (/t v(s) ds) +vIe- Vo) iR yv(E — vg) + uT(t)M,'sz
.

x u(t) + u” (t - va()) 1 Raju(t — 72(2)) } (11)
LV, < li—irle’““‘ﬁ)uT(t)RQM(t) — hie"u” (¢ - 7)) Rouu(t - 71 (2))

+ l’f—”heﬁﬂf—fﬂﬂ(t)fegv(t) — eV (¢ - () Rv(t - Ta(8), (12)
LVs < _111 M T (u(e)) EXSF (u(t) — e g” (u(t - 11(1)))S

X g(u(t -7 (t))) + ﬁeﬁitj‘T (V(t))z‘zgj‘(v(t)) _ eﬁj(t*fz)
x &' (v(t - n))Sg(v(t - =()), 13

t T
LV, < 01" f T (u(t)) K*Tf (u(t)) - ! —et (/ h(u(s)) ds> T
o1 t-o1

X (/_ h(us)) ds) + azenlth( t))K2 Tf( (t)) - 1

02

t - T [
xe%t( / ﬁ(v(s))ds> T( / iz(v(s))ds), (14)

LV < 2e" f (u(t)) (P — PCu(t — v1) + 2™ f T (u(t)) PWoif (v(2))

t

+ 2" T (u(t)) PWrig (v(e - 1(0))) + 2eM T (u(t)) PWo; / h(v(s)) ds

t—o1

+ Ze;’}'t]:’T(v(t))('rTjQ - QD)v(t —17) + Ze;’}'tf:T(V(t))QVoj}:”(u(t))

+ 2eﬁftj:fT(v(t))QV1j§(u(t - ‘Ez(t))) + Zeﬁitf:T (V(t)) QVZ// ;t(u(s)) ds, (15)

LV = e FT (W) NF (D)) + €777 (u(t))Nof (1(2)), (16)
LV; < g (v(t))Nag(v(2)
g (v(t-n(@®))Nsg(v(t - 11())) A - 1)
+ Mg (u(t) ) Nag (u(d))
— MG (u(t - 12(t)) )Nag (u(t - (1)) (1 - ), (17)

_eﬂz t-171) 5

- - 1 £ T t_
LV < ale"ithT(V(t))N5h(v(t)) - 0—6"”(/ h(V(s)) ds) N; (/ h(v(s)) ds)
1 t-o1 t-o1

+ azeﬁ/t}:zT (u(t))Nﬁli(u(t))

t - T t
- Gizeﬁit (/Hn il(u(s)) ds) N (./,:az iz(u(s)) ds). (18)

By combining Egs. (11)—(18), we can obtain that

LV (t,ult),v(t),i,)) < "W ()EW(t) + 1 DT (H)2;0(0), (19)
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where

w(e) - [ (= vt O (u(0), 8" (1t = 70(0)) T (M), (v(t = 11 0)),

([ see) ([ o) ([ o) 7t-sc0

V@O (¢ - 7 (0), (1), iz(v(t))]
and

() - [ (=) 0" (O] (), 3 (v(t = 1®)) T (), (u(t - :(0))),

t - T - T t T
(/ h(u(s)) ds) , (/ h(v(s)) ds) , (/ v(s) ds) ,uT(t— ‘L’z(t)),

Wl (), (£ - 1a(0), 37 (u(t)), ZT(u(t))].

Page 14 of 31

Let @ = minjes Amin(—E;) and B = minjes fimin(—€2j). From conditions (9) and (10), it is easy

to see that @ > 0 and B > 0. This fact together with (19) gives

LV (&, u(e), W(8),i,)) < —(ae" ([u@)|* + |[v@e)|*) + BT (|u@)|” + [v®)]*))-

Then, for ¢ = #, by some simple calculations, one gets

V(8 u(tr), V&), i) = Vi (b, ulta-), v(ta-), ) < 0.

(20)

Therefore Vi (¢, ulte), v(te),i,j) < Vil u(te-), v(te-),i,/), k € Z,, which implies that
V(e ulte), v(tk), i,7) < V(ti-, u(te-), (te-), 1,j), k € Z,. Using mathematical induction, we

have that, for all i,j € 9t and k > 1,

EV (& u(tic), (&), irj) < BV (b5, (i), vtx-) )
< EV (tk-1, u(tio1), V(tir)s 1tk F(Er1))
<EV(4 1,u(tk Dov(6e)or(6ey), 7(6y))
< EV/(to, u(to), v(to), r(to), 7(to)).

Since ¢ > t/, it follows from Dynkin’s formula that we have

EV (¢, u(t),v(t),i,j) <EV(¢,u(t'),v(¢),r(¢),7(¢)),
EV (¢, u(t), v(2), i) < EV(0,(0),(0), 7(0), 70)).
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Hence it follows from the definition of V (¢, u(t), v(¢), i,j), the generalized Ito’s formula, and
(20) that

hmin EYE([ @ [|* + [vO]) + smin EE ()| * + [v0) )

< ¢ MEV(0,u(0),1(0), (0), 7(0)) + e"th[ /0 t —ae([|uts)|” + || vs)|) dsi|

+ e I"EV(0, u(0), v(0), (0), 7(0)) + e IR |:/Ot —Beit (|| uls) ”2 + [ v(s) ”2) ds:|

< e MEV(0,u(0),¥(0), (0), 7(0)) + e I EV (0, u(0), v(0), (0), 7(0)). (21)

By (21), we can get that lim,, oo E(Jlu(®)]?> + [v®)]?) = 0 and lim, 0o E(Jlu(t)||* +
Ilv(®)|1?) = 0. Furthermore,

lim E(|u1(t)’2 + |v;(t)‘2) =0 and
t—+00

2 2 (22)
lim E(’um(t)‘ +’vm(t)| ):O, Lm=1,2,...,n.

t—+00

For f_;(G) and fm(G), by Lemma 1.6 there exist constants g > 0, G0 > 0, and 779 > 0, 7,0 > 0
such that [ﬁ(@)l > qnlbl*, V10| <rp, I=1,2,...,n, and [fm(Q)l > qmol01%, Y|0| < Ty, m =
1L2,...,n.

By (22), there exists a scalar 7 > 0, when ¢ > T, E{u;(¢)} € [-70,70], L = 1,2,...,n, where
7o = minj <<, 1o and E{v,,(¢)} € [=70, 7o), m = 1,2,...,n, where 7y = ming <j<y Fmo. Hence

when £ > T, one gets

e BV (0,u(0), v(0), 7(0)) + e *EV (0, u(0), v(0), 7(0))

2pq St 2pg ot
= P max B(Ju@)|*} ] * + 225 max B{|wao)]"}] 7, (23)

where pP= minlglfnpl» ]3 = minlgmsni)m and qo = minlflfn qio, ‘?0 = minlsmgn émo' BY (23),
we get

at+l
2

max f o]} " + | max (| ])]

1<i<n

a+1\" . ot
< <2pq0) {(EV(0,(0),¥(0),7(0),7(0)))e "}

a+1\* a+1l o+l . ) s
Put =max{ ——, === ( and n = min {mm n;, min ’71'} ,
2pqo 2pqo 2pqo ipjemt Liem " jeom

where
- ~ Ai
]EV(O, u(0), v(0), V(O),V(O)) < Amax(FDE[ | + Mmax (H))E|IE 12 + Amax (R2) 1_+
— 4
el — 1 ~ W ei-1
x ———E[&]1* + pmax(Ro) —— =——
ni(l+1) 1-1 (1 + 1)

1 —elity _ -
: ]E”g(é) ”2 + Mmax(S)

- 1
X ]E”E ”2 + )‘max(S)—
1- T1
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x l_lrzﬂﬂillg@n (T
x E|| (&) + s (P lEIIh(S)H
+2PE[6f ()] + 2QE!§J:‘(§)|. (24)
Let
Ty is, = (5, + )T, (25)
where
m;n{(ip;i) (max(H)Ensn A (R) 1% HE
() Eg(6)
¥ Amax(T)ml%ijuh(s)nz + 2PE|sf(5)|) }
7, =] (g;qj)*(um( FEIEN + B 1 %Ensnz
+umax(§>ﬁ%wé<é)n2
e Do = B0 + 208[E7 @) )|
Let x = maxjem {7, . It follows from (23), (24), and (25) that
E{ Ju()|*} + E{ w0} = xe .
Therefore
E{]|u@)]} + E{| ()]} < xe @t forallt>o0. (26)

By Definition 1.3 and (26), we see that the equilibrium point of neural networks (4) is
globally exponentially stable in the mean square sense. O

Remark 2.2 To the best of our knowledge, the global exponential stability criteria for im-
pulsive effects of SBAMNNSs with Markovian jump parameters and mixed time, leakage
term delays, a-inverse Holder activation functions have not been discussed in the existing
literature. Hence this paper reports a new idea and some sufficient conditions for global
exponential stability conditions of neural networks, which generalize and improve the out-
comes in [9, 11, 21, 37, 38].

Remark 2.3 The criteria given in Theorem 2.1 are dependent on the time delay. It is well
known that the delay-dependent criteria are less conservative than the delay-independent
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criteria, particularly when the delay is small. Based on Theorem 2.1, the following result

can be obtained easily.

Remark 2.4 If there are no stochastic disturbances in system (4), then the neural networks

are simplified to

du(t) = [—C(r(t))u(t —v1)+ W (r(t)) (v(t))
WA () @0l - 10)
+mmmf

t-o1

h(v(s)) ds] dt, t>0,t#t,

Aulte) = Mi(u(ty), u,;;), t=t,keZ,,
) (27)

mmzfgampuﬂm+%Gw)@m)
+ Vi (7(0)g (u(t - 72(2)))
+wmm/

t—o9

Z(u(s)) ds] dt, t>0,t#t,
AV(tk) = Nk(V(t];), Vt];), t= tk;k € Z+.

3 Global exponential stability of uncertain system
Now consider the following BAM neural networks with stochastic noise disturbance,
Markovian jump parameters, leakage and mixed time delays, which are in the uncertainty

case system:

du(t) = [—(C + AC()) (r(2))ult — vy)

+(Wo + AW, (@) (r(0)f (v(®))
+ (W1 + Wi (@) (r@) (g(v(t - 1 (®)))

+ (Wz + AWz(t)) (r(t)) /t I_1(v(s)) ds] dt

+ p1(u(t = v1),v(@®), v(E = 11(0), £, (1)) dd(t), £>0,t# 1,

Au(ty) = (My + AM(0)) (r(0)) (u(t ), usp),  t=tik € Zs, o8
28

dv(t) = [—(D + AD(t)) (?(t))v(t —1y)

+ (Vo + AVo(@®)) (7(@))f (u(2))
+ (Vi + AVI(D) (?(t))é(u(t -1(t)))

+ (Vo + AVa(0) (F(8)) / t lfz(u(s))dsj| dt

+ 2 (vt = v2), u(®), u(t — Ta(t)), £, 7(2)) did(e), £>0,t 71,

Av(te) = (N + ANK(0) (7)) (v(tx- ) vey- ), £ = tiok € Zs.
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Assumption 5 The perturbed uncertain matrices AC(t), AD(t), AWy(t), AWy(¢),
AW(t), AViyi(t), AV1(t), and AVy(¢) are time-varying functions satisfying: AW;(¢) =
MF(6)Nw,, AW(t) = ME(6)Nw,, AW(t) = MF/({)Nw,, AVo(t) = MF(£)Ny,,
AVy(£) = ME(()Nvy;, AVi(t) = ME(£)Ny,,, AC(t) = MF/(t)Nc, and AD(t) = MFi(t)Np,,
where M, Ny, Nw,;, Nw,,, NVo;’ NV1," NVz/’ N¢;, and ND;‘ are given constant matrices, re-
spectively. F;,(t) (I = 0,1,2,3) (where z = either i or j) are unknown real time-varying ma-
trices which have the following structure: F, () = blockdiag{é;, (t)IZzl ,...,8;k(t)lzlk,Fll(t),
L F 006, eR 18,1 <1,1<z< k andFlz;F;p <I,1<p<s.Wedefinetheset A;as A; =
{FZZ(t)Flz(t) <I,F;,,N,, =N, F,,,VN,, €~Flz},where I';, = {N;, = blockdiag[Nj,, ... ,{\[lk, ”hlle s
...,mslfls]}, Nj, invertible for 1 <z <kand n, € R, n, #0,for1 <p <sand p, k, s € M.

Also AH;, AHj, ARy;, ARy, AR3;, ARyj, ARoj, AR3j, ARy, ARy, AS, AT, AS, AT, ANy,
AN,, AN3, ANy, ANs, and ANg are positive definite diagonal matrices that are defined as
follows: AH; = EXFy,, AH; = EXFy and ARy; = EXFr,,, where E, Fy, Fiy, Fryyy Fry» Fry
F%lj, F’kzj, FT?s;’ Fry, Fy,, Fs, F5, Fr, F3, Fny, Fny» Fngs FN,» Fng, and Fyg are positive diago-
nal matrices (i.e., FHZ.PIQ = diag(h}, I, ..., ), F,;,/,Flg = diag (%, il; e 1712), where £}, izj* >0
(i,j = 1,2,...,n)) and the remaining terms are defined in a similar way, which characterizes
how the deterministic uncertain parameter in ¥ enters the nominal matrices Hj;, F[/, Ry,
(b=1,2,3), INQC], (c=1,2,3),S, S, T, T, Ny, No, N3, Ny, N5, and Ng. The matrix ¥ with real
entries, which may be time-varying, is unknown and satisfies ©7 % < I.

Remark 3.1 Overall, the stability of time-delayed neural networks fully depends on the
Lyapunov—Krasovskii functional and LMI concepts. In particular, based on the neural
networks, different types of LKF are chosen or handled to lead to the system stability. Up
to now, no one has considered uncertain parameters in Lyapunov—Krasovskii functional
terms. Without loss of generality, the gap is initially filled in this work, and also this kind
of approach gives more advanced and less conserved stability results.

Theorem 3.2 Under Assumptions 1, 2, and 5, the neural network system (28) is global
robust exponentially stable in the mean square if, for given n;,7; > 0 (i,j € M), there exist
positive definite matrices S, T, S, T, Ry, Ry, Ni, Ny, N3, Ny, N5, Ng and H;, ITI, (5,j € M),
positive definite diagonal matrices AS, AT, AR, AS, AT, AR,, AH;, A]:I(j, ANi, AN,,
AN3, ANy, ANs, ANg, P, Q and positive scalars L; and i (i,j € M) such that the following

LMIs are satisfied:
(Hi + AH,) < )\.i[, (29)
(Hj + AH) < ), (30)
(My + AMR)" (H; + AH)(My + AMy) - (H; + AH)) <0, (31)
(Ni + AN)T(H; + AH)(Ny + ANy) — (H; + AH)
<0 [here r(ty) = i and 7(ty) =j], (32)
[ % (=i [=E] [=E =k ]
sl &y 83 8y &5 By
* 2 0 0 O 0
* * 25 0 0 0
Q* - 7 — < 0; (33)
* % x g 0 0
* % x x B 0
L+ x  x  x kB
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* Af 0 0 O 0
* ¥ AF 0 0 0
IT= ’ <0, (34)
* * * A 0 0
* % % % A7 0
Lx * x x %  A]]
where

g = diag{®;},  Ei=diag{®,), A} =diag(®;}, A} =diag{d,)},
ij=1,23,...,12and I, I, = 13,14, 15,...,24;

B} = diag(O;}, E% = diag{Oy,}, A} =diag{®y), A} =diag{dy,),
5,5°=1,2,3,...,12 and I3, I, = 13,14, 15, 16;

g =diag{®}}, A} =diag{®}}, l5l=1,2,3,...,10;

[En 81 B3 0 0 0 O 0 Ep O 0 0 0 0 7
* Hp 0 0 Exp Ep By 0 EH O 0 0 0 0
* * Ezz 0 &z Bz By O 0 0 0 0 0 0
* * * By O 0 0 0 0 0 0 0 0 0
* * * ¥ EHs O 0 0 Es 0 0 0 0 0
* * * * * Bee O 0 &% 0 0 0 0 0
o |k * * * * * By 0 Bl 0 0 0 0 0
U * * * * * * Hgg O 0 0 0 0 [
* * * * * * * * By 0 0 0 0 0
* * * * * * * * * E1010 0 0 0 0
* * * * * * * * * * 1111 0 0 0
* * * * * * * * * * * E1212 0 0
* * * * * * * * * * * * E1313 0
| * * * * * * * * * * * * * E1414 |
Qn Qpn Qi3 0 0 0 0 0 Qp 0 0 0 0 0 7
* Qn 0 0 925 926 Qz7 0 ng 0 0 0 0 0
* * 933 0 935 936 937 0 0 0 0 0 0 0
* * * Qu 0 0 0 0 0 0 0 0 0 0
* * * * Qs 0 0 0 Qs 0 0 0 0 0
* * * * * Qg O 0 Q 0 0 0 0 0
Af= | * * * * * * Qo 0 QF 0 0 0 0 0
17 « * * * * * * Qg O 0 0 0 0 o |
* * * * * * * * Q3 0 0 0 0 0
* * * * * * * * * Q010 0 0 0 0
* * * * * * * * * * Q1111 0 0 0
* * * * * * * * * * * Q1212 0 0
* * * * * * * * * * * * Q1313 0
| * * * * * * * * * * * * * Q1414
0 0 0 0 0 0 0 0 0 0 0 0
N T 9] ©E Ty e&ME 0 0 0 0 9r 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
Ny, 0 Ts 0 Ty O 0 0 0 0 0 0
N, 0 I's 0 I 0 I, o % o 3 o
gt [Nk, 0 TI's 0 Ty 0 Ty 0 B 0 or 0
> 0 0 0 0 0 0 0 0 0 0 0 o |
of 0 of o oI 0o o] «C'E ol eM'H, o] eM'E
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
L O 0 0 0 0 0 0 0 0 0 0 (VI
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0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
enE FL. 0 0 0 0 0 0 0 0
0 0 epE oFf, 0 0 0 0 0 0
- 0 0 0 0 e3E I''s 0 0 0 0
0T 0 0 0 0 0 0 0 0 0 o |’
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 euE Fi, 0 0
Lo o0 o 0 0 0 0 0 esE oFL
"0 0 0 0 0O 0 0 0 0 0 ]
0 0 0 0 O 0 0 0 0 0
0 0 0 0 0O 0 0 0 0 0
0 0 0 0 O 0 0 0 0 0
&nE Fi, 0 0 0 0 0 0 0 0
0 0 &E BFf, 0 0 0 0 0 0
AT = 0 0 0 0 é&sE I''s 0 0 o0 o |
0 0 0 0 0O 0 0 0 0 0
0 0 0 0 0O 0 0 0 0 0
0 0 0 0 O 0 0 0 0 0
0 0 0 0 0O 0 0 0 0 0
0 0 0 0 0O 0 0 0 0 0
0 0 0 0 0 0 &E F, 0 0
Lo 0 0 0 0 0 0 0 ésE ooFf |
where
O =0, =—€1, O3 =04 = -6, O; = Og = —€4l, O11 = O = —€6l,
O19 = —€10], B9 = B9 = —€51, O13 = O = —€71, O15 = O = —€3l,
O17 = O3 = —€9l, Oy = —€101, O5 = O = —€31, B9 = Oy = —€111,
O3 =On=—€pp], D1=Dy=&l, D3=0u=0E1  ds=dg=ésl,
D7 = by = €4, b5 = Py =€l D1 =Py =61, Di3=Pu =671,
Dg = &g = €5, Dy = Prg=é9l, D19 = Pyg = €0/, Dy1 = Pyy = €11,

Dy3 = Doy = €121, 07 = 0] = —€xl,

@;F = @; = —624,1,
Df = Df = —&pl,  DF = D = —&yl,

Ty =NEF,

* *
®9 = @10 = —6251,

s =F} Wy, Ty =F; Ny,

03 =0, = —enl,
OF = % = &yl
Of = dF, = —&ssl,

T's = F W,

®§ = @Z = —6231,
®F = D = —épl,
Fl = GlMHi,

T AT
I's = FHiNWIi’
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r;=-W{Fj, T = F Wy, Ty = CEf Ny, , Tyo=-W, Ff,
-1 —A:
T = CFZ:'N\?VU’ Iy = FIQN\%;’ [z = 2—0‘11:'77:, [y = TlFRTz’

[ =&MH, Ty= N Fip = Fy oy Ty= FiNy,, s = Fi Vi,

Fe=FyNyv,  T7=-V(Fy,  Ts=FgVy,  Tw=-V,F,

i } . ~ -1

T T AT _ T T - T

Iy _FH/NVZ/ ' _DFI?/‘NVU’ IBD) _DFﬁjNVZj’ I3 = E T’
IS - O = @ 5 = €

[a = 21FET2, 01 = 0y = —€3l, O3 =04 = —€14], 05 = O = —€15,

Oy = Og = —€361, 05 = DfN},} ng , Og = O19 = —€171,

O11 = Oy = —€58], O13 = O14 = €10, O15 = O16 = —€20l,

&)1 = ci)2 = _6131, ci)3 = &)4 = _5141) &)5 = <FI’>6 = _6151’

O, =Dy =—E6l, Tp= ézong MNp,  g=d1p=—énl,

By = By = ], P13 = By = —Er0], B15 = 1 = —Eol, T3 :NDT].]TI,-T,
91 = C Fu,Ci + M'NG FiMNc,, O = D/ Fi.Dj + M" N}, Fy MNp,,

9y =C/NEFL,  Ti=-C'F}, T3;=N/Hl, T}=NlFu,

Ti=esME,  Ti=NcHY, Ti=NpH!, T}=e,CMT,

Ii=esM'E,  Tj=enFiMNE,  Tp=&,DM',  Ti=&sM'E,

r'*=-DIFL,
1 J T H;
N N
Qo= ) 7D HiD;+ ) 7uM"Nj HiMNp, - ;D] H;D; + M"Nj HMNp,
=1 =1
N
83 = C/ HiCi— Y vaCiHy + M'NEHMNG, - i Cl H;,
=1
Q¢ = —D] H;Vyj - M'Np, HiMNy,, 49 = —C! HiWy; - M' N. HMN,,,
N
Q= D/ HiD; - ) 7uD;H; + M"Np HMNp, - ;D] Hj,
=1

N N
=Y vaClHICi+ Y yaM" N H:MNc, + n:Cl H;C; + M"N. H:MN,,
=1 =1

I} = Np Fri,

879 = —C/ HiWy - M'NEHMN,, Qg = =D HjVoy - M'NS HiMNy,,
I:Z = g15ME, F15 = _—IFIZ; 5 1:15 = __IFIZ; )
o1 5 (o)) 6

af = —(1-1)e, B =-(1-1p)e ™,
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=k *

Page 24 of 31

The remaining values of %, A} are the same as in Theorem 2.1, and x means the symmetric

terms.

Proof The matrices C;, H;, D;, ﬁ,, Ry, 1~€2, S, §, T, 7", Ni, N>, N3, Ny, N5, and N in the
Lyapunov—Krasovskii functional of Theorem 2.1 are replaced by C; + ACi(¢), H; + AH,,
D; + AD;(t), Hy + AHj, Ry + ARy, Ry + ARy, S+ AS, S+ AS, T + AT, T + AT, Ny + AN;,

N + ANy, N3 + AN3, Ny + ANy, N5 + ANs, and Ng + AN, respectively.

Hence, by applying the same procedure of Theorem 2.1 and using Assumption 5, Lem-

mas 1.8, 1.9, 1.10 and 1.11 and putting 7 = max;jeon {max;con 1;, Max;eon 7;}, we have from

(28) and Definition 2 (weak infinitesimal operator LV that

LV <™ W) w(t) + 7)1},

where W(t) and ®(¢) are given in Theorem 2.1. The remaining proof of this theorem is

similar to the procedure of Theorem 2.1, and we get that the uncertain neural network

(28) is global robust exponentially stable in the mean square sense.

4 Numerical examples

O

In this section, we provide two numerical examples with their simulations to demonstrate

the effectiveness of our results.

Example 4.1 Consider the second order stochastic impulsive BAM neural networks (4)
with () = (1(2), ux (@) T, v(&) = (v1(8), v2(2))T; @(2), @(¢) are second order Brownian mo-

tions and r(¢), 7(¢) denote right-continuous Markovian chains taking values in 90t = {1, 2}

with generator

02 0.1 ~ 05 02
I'= , I'= .
|:0.4 O.3j| |:0.4 0.3i|

The associated parameters of neural networks (4) take the values as follows:

1 0 2 0 2 0 5 0
G = ) G = ) D, = ) D, = ,
0 3 01 0 3 0 2

0.02 0.01 0.02 0.01 0.03 -0.02
Wor = , Woz = , Wi = ,
-0.02 0.01 0.02 0.01 0.03 0.02
0.02 0.02 0.03 0.04 0.02 -0.02
Wia = , Wo1 = , W = ,
-0.01 0.01 0.03 0.02 0.03 -0.01
0.02 0.02 0.02 0.01 0.01 -0.02
Vo = ) Voa = ) Vi = ,
0.01 0.03 0.01 0.02 0.02 0.01
0.01 0.02 0.02 0.01 0.02 0.02
Vig = ) Vo = ) Vo = )
0.02 -0.03 0.02 0.01 0.03 0.02

0.02 0 ~ 0.05 0 0.06 0
Ry = ) Ry = ) Ry = )
0 0.03 0 0.02 0 0.04
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[0.03 0 002 0
R12 = ’ R21 =
0 002 0 003
[0.03 0 007 0
Ry = . Reyy=
R o.os} 2 [ 0 004
~  lo2451 o0 ~  [o.1802
R12 = ’ R21 =
0 00251 0
= _[o1212. 0 % _[o02
271 0 00140] S )
_ Joo04 o0 _ foos o
Mk = b Nk =
0 005 0 003
Taking

1 ((t = v1), v(8), v(£ — 11 (2)), £,1)

[0.04 % 1 (t — v1) + 0.04 % v, (t) + 0.03 x v, (£t — T})
0

o1 (u(t = v1),v(2),v(t - T1(2)), £, 2)

[0.04 % 11 (t — v1) + 0.03 % v1 () + 0.05 % v, (t — T;)
0

P2 (V(£ = v2), u(t), u(t — (1)), £,1)

[0.02 % vy (t — vy) + 0.02 % 141 () + 0.02 % 11 (£ — T»)
0

P2 (V(t — o), u(t), u(t — 12(1)),£,2)
_ [0.01 % vy (£ — va) +0.03 % 21 (£) + 0.03 * uy (£ — T5)
- 0

V1 =V = 1, ‘L_'l = 'L_'z = 746, o1 = 06,

~ 0.2341 0
, Ry = ,
0 0.3421
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005 0
R = )
2 [ 0 0.02}

0
0.0102 |’

0 ~ 0.03 0
, R3; = ,
0.05 0 0.04

] |

0

0.05 s 15 (£ — v1) + 0.02 5 Vo (£) + 0.03 s vy (£ — fl)]’
0

0.02 s 1y (£ — 1) + 0.04 % vy (£) + 0.02 % vo(t — T1) |
0

0.03 % vy (¢ — vy) + 0.02 % 15 (£) + 0.05 * uy (¢ — 7o) ’

0
0.04 % vo (£ — 1) + 0.03 5 145(£) + 0.02 % 1o (¢ — fz):l’

Oy = 0.8.

The following activation functions play in neural network system (4):

f_(v) = sinh(v), ;(u) = sinh(z),

é(u) =u, h(v) = sin(v),

}:z(u) = sin(u).

gv) =v,

It is easy to obtain that, for any a,b € R with a < b, there exists a scalar ¢ € (4, b) such

that

fi(b) - fi(a) B sinh(b) — sinh(a) B
b-a b-a =¢

osh(c) > 1.

Therefore f;(-) and ﬁ,(.), i,j = 1,2, are 1-inverse Holder functions. In addition, for any a,b €

R, it is easy to check that

|hi(b) — hi(a)| = [sin(b) - sin(a)| < |g:(b) - gi(a)| = |b - al
< M(b) —fi(a)‘ = ‘sinh(b) - sinh(a)|.
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By a similar way, we get the same inequalities for <ng,-(~) and also izj(~) (f=1,2). That means
the activation functionsﬁ(-),f,»(-), (), 57,»(~), hi(e), ilj(-) (i,j = 1,2) satisfy Assumptions 1
and 2.

Then, by Theorem 2.1, solving the LMIs using the Matlab LMI control toolbox, one can
obtain the following feasible solutions:

[ 02968 -0.0000 [ 08435 -0.0000
§=10" x ., T=10"*x ,
~0.0000 0.2957 ~0.0000 0.8461
[ 0.4948 —0.0001} N |:0.7465 0.0147]
1= ) = )

-0.0001 0.4948 0.0147 0.7263

[ 08333 —0.0046 _[o0.4424  0.0001
71200046 0.8248 | *7 100001 0.4423]
~ [0.0373 0.0000 ~ . [02156 -0.0001
S = , T=10""x )
0.0000 0.0373 ~0.0001 0.2155

[ 0.3533 —0.0069:| ~ [0.0728 0 }
Hl = ) Hl = )

—-0.0069 0.0936 0 0.0076

~ [ 00355 -0.0030 4 0.4368 0
H, = , P=10"" x ,

~0.0030 0.0350 0 0.4487
N [0.4979 0.0215 _[o.4841 0.0000
>7 100215 09157 ®710.0000 0.4840 |
[ 0.0016 —0.0000 04947 0
H, = , P =10"*x ,
~0.0000 0.0017 0 04947

0.4947 0 0.5549 0
Q=103 x , Q=103 x ,
0 0.4947 0 0.4465

A1 =0.6805, Az =0.0023, 11 = 2.0060, Mo = 0.8234.

Figure 1 narrates the time response of state variables u;(£), uy(t), v1(£), vo(¢) with and
without stochastic noises, and Fig. 2 depicts the time response of Markovian jumps r(£) = i,

0.6 T T T 0.6 T
ut() ut()
u2(t) u2(t)

0.4 Vi) [ 0.4 Vi@ [
v2(t) v2(t)

0.2 1 0.2 4

1\ A '\

2 o/l g ol il S—
§ | § vis
£ 02 £ 02
S s
] %

04 _04

~06 -0.6

-0.8 -0.8

0 10 20 30 40 50 60 0 10 20 30 40 50 60
t t

Figure 1 The state response u(t), ux(t), vi (), v»(t) of (1) with stochastic disturbances and without stochastic
disturbances
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25

0.5
0

25

10 20 30 40 50
t

60

0.5
0

Figure 2 The state responses r(t) and 7(t) denote Markovian jump in system (4)

Table 1 Maximum allowable upper bounds of discrete time delays

Methods

T1=7>0

System status

Theorem 2.1

0.5784
2.1
4.822
5
5912
6.884
746

feasible
feasible
feasible
feasible
feasible
feasible
feasible

7(£) = j. By solving LMIs (5)—(10), we get the feasible solutions. The obtained discrete time

delay upper bounds of 7; and 7, for neural networks (4), which are given in Table 1, are

very maximum. This shows that the contributions of this research work is more effective

and less conservative than some existing results. Therefore, by Theorem 2.1, we can con-

clude that neural networks (4) are globally exponentially stable in the mean square for the

maximum allowable upper bounds 7; = 7, = 7.46.

Example 4.2 Consider the second order uncertain stochastic impulsive BAM neural net-
works (28) with u() = (u1(2), u2(£))T, v(£) = (v1(8), v2(£))T; @(£), @(¢) are second order Brow-
nian motions and r(t), 7(t) denote right-continuous Markovian chains taking values in

M = {1, 2} with generator

~ [-3 3
r== .

The associated parameters of neural networks (28) are as follows:

10 2 0
Ci= . G , D=

002 001
W, = . W
ol [—002 001} 02
002  0.02
Wy, = . W
12 [—001 001} &

~[0.02
1 0.02

| 0.05
1 0.03

2 0 2 0

) D2= )
0 1:| |:0 2:|
0.01
0.01 |’

0.01
0.02 |’

0.03
Wio =
" Log

0.02
Wy =
2 [a03

-0.02
0.02 |’

-0.01
001’
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0.02 0.02 0.02 0.01 0.01 -0.02
Voi = , Voo = , Vi = ,
0.01 0.03 0.01 0.02 0.02 0.01
0.01 0.02 0.02 0.01 0.02 0.02
Vi = ) Vor = , Vo = ,
0.02 -0.03 0.02 0.01 0.03 0.02
0.5 0.6 0.1 O 02 O
_ . Ne = . Ne = ,
[0.2 0.5} @ [ 0 0.3} @ [ 0 0.2}
NI [ N |02 0 N _| 005 006
O 2710 02| Yor 71002 002
N | 002 006 No. | 003 004 N |00t 008
Yo" 0.02 002] YT 002 001 Y271 0.03 001
B 0.04 0.03 N _ 0.02 0.03 No - 0.03 0.06
Y171 0.03 002 Y27 1002 001 Yo7 002 002
0.02 0.04 0.02 0.04 0.06 0.03
N = ) N = ) N = )
Vo2 [0.01 0.03} i [0.02 0.03} V2 [0.01 0.04}
[o.05 005 N | 003 003
171003 001 271002 003]
Taking
[_)l (u(t - Vl)’ V(t)r V(t - Tl(t))’ t) 1)
_ [03%ug(t—v1) + 0.4 % vi(t) + 0.4 % vi(t - T1) 0
L 0 0.3 % us(t—v1) +0.2%va(t) +0.3 %t —171) |
p1 (u(t = v1), v(0), v(t - 11(2)), £,2)
04 % uy(t—v1) + 0.3 % vi(t) + 04 % vy (t —71) 0
Tl 0 02 % us(t—v1) +0.5%1a(t) + 0.2 % (t —71) |’
02 (v(t — Vo), u(t), u(t - rz(t)), t, 1)
03 %vi(E—v2) +0.25% uy (£) + 0.2 % uy (£ — o) 0
1 0 0.4 % Vot —vg) + 0.5 % us(t) + 0.3 % uy(t — 7o) |
152 (V(t - UZ)? M(t), M(t - TZ(t))) t; 2)
025 vy (E—v2) + 0.3 % uy () + 0.4 % uy (£ — o) 0
L 0 0.2 % vo(t —v2) + 0.3 % us(t) + 0.2 % us(t — 7o) |

v1=vp =1, 71 =75 =04, 01 = 03 = 0.3. The following activation functions play in neural

network system (28):

S (u) = sinh(x),

f(v) = sinh(v),

dw)y=u, k) =sin®),  hu)=sin(w).
Therefore, by Theorem 3.2 in this paper, the
BAM neural networks (28) under consideration

the mean square.

gv)=v,

uncertain delayed stochastic impulsive

are global robust exponentially stable in



Maharajan et al. Advances in Difference Equations (2018) 2018:113 Page 29 of 31

5 Conclusions

In this paper, we have treated the problem of global exponential stability analysis for the
leakage delay terms. By employing the Lyapunov stability theory and the LMI framework,
we have attained a new sufficient condition to justify the global exponential stability of
stochastic impulsive uncertain BAMNNSs with two kinds of time-varying delays and leak-
age delays. The advantage of this paper is that different types of uncertain parameters
were introduced into the Lyapunov-Krasovskii functionals, and the exponential stability
behavior was studied. Additionally, two numerical examples have been provided to re-
veal the usefulness of our obtained deterministic and uncertain results. To the best of our
knowledge, there are no results on the exponential stability analysis of inertial-type BAM
neural networks with both time-varying delays by using Wirtinger based inequality, which

might be our future research work.
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Notations

R is the set of real numbers; R" is the n-dimensional Euclidean space; R"*" denotes the set of all n x n real matrices;

Z. is the set of all positive integers. For any matrix A, A7 is the transpose of A, A™" is the inverse of A; x means the
symmetric terms in a symmetric matrix. Positive definite matrix A is denoted by A > 0, negative definite A is denoted by
A <0, Amin(-) denotes minimum eigenvalues of a real symmetric matrix; Amax(-) is maximum eigenvalues of a real
symmetric matrix; /, denotes the n x n identity matrix; x = (xw,xz,.“,xn)f,y = (yw,yz,‘.‘,yn)T are column vectors;

X'y =30 xy lIxll = (2, XA, X(0), (1) denote the derivatives of x(t) and y(t), respectively; x is the symmetric form of a
matrix; C*'(R* x R” x 99t;R*) is the family of all nonnegative functions V(t, u(), /) on R* x R” x 99t which are
continuously twice differentiable in u and once differentiable in t; (A, F,{F:}t=0,P) is a complete probability space, where
Ais the sample space, F is the o -algebra of subsets of the sample space, P is the probability measure on F and {F;}:o
denotes the filtration; Lz]_-o (I-&, 0], R™) denotes the family of all F,-measurable C([-@, 0]; R")-valued random variables

§ ={£(0):-® <6 <0} such that SUP_g<a<0 E\é(@)\ < 00, where E{-} stands for the mathematical expectation operator
with respect to the given probability measure P.
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