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1 Introduction
In 1993, Kiguradze and Chanturia [1] introduced the theory of asymptotic properties of
solutions of nonautonomous ordinary differential equations as a method of continuum
calculi. Since Kiguradze’s groundbreaking work, there has been a significant growth in
the theory of nonautonomous differential equations with deviating argument covering a
variety of different problems; see [2—14] and the references therein.

Let T be a time scale such that ¢y € T. In this article, we are interested in the analysis of
qualitative theory of positive solutions of third order nonlinear differential equations. Mo-
tivated by the papers [1, 15] and the references therein, we consider the following dynamic

equation:
(@) (ax'®)) + pt)f (2(z @) - q@)g(x(ct)) =0, t <t (1.1)

Throughout this paper we assume that

(Hy) a(2),b(z),p(t),q(t), t(t),0(t) € C([to, 00)) are positive;

(Ha) f(u),h(u) € C(R), uf (u) >0, uh(u) > 0 for u # 0, g is bounded, f is nondecreasing;

(H3) —f(-=uv) > f(uv) > f(u)f (v) for uv >0, and f(u) < u;

(Hy) t(f) <t limy_ o T(£) = 00, lim,_, o 0 (£) = 00.

We consider the canonical case of (1.1), that is,

(Hs) ftzoﬁds:ftzoﬁds:oo.

By a solution of Eq. (1.1), we can easily understand a function x(¢) with derivatives
a(t)x'(t), b(t)(a(t)x'(¢)) continuous on [Ty, 00), Ty > o, which satisfies Eq. (1.1) on [T, 00).
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We consider only those solutions x(¢) of (1.1) which satisfy sup{|x(¢)| : t > T} > 0 for all
T>T,.

The research of the higher order ordinary differential equations (ODE) (see [1-7]) es-
sentially takes advantage of some recapitulation of Kiguradze’s lemma [1, 2]. In the lemma,
from the fixed sign of the highest derivative, we can infer the form of possible nonoscilla-
tory solutions. We cannot fix the sign of the fourth order quasi-derivative for an ultimately
positive solution because the positive and negative terms are included in (1.1). So the au-
thors primarily investigate the properties of (1.1) in the partial case when either p(t) =0
or g(t) =0.

In what follows we shall assume that

(He) [z ) 59 Ji alw) dudsdt < oo,

The organization of this paper is as follows. In Section 2, we introduce some definitions
and lemmas and declare some preliminary material needed in later sections. We will state
some facts about the differential equations with deviating argument as well as Kiguradze’s
lemma of classification of positive solutions. For details on Kiguradze’s theorem, we re-
fer the reader to [1]. In Section 3, we establish our main results for positive solutions by
applying Kiguradze’s classification of positive solutions theorem. In Section 4, we present
the asymptotic properties of solutions. In Section 5, we give two examples to illustrate our
results. The results presented in this paper extend the main results in [15].

2 Preliminaries

A time scale is an arbitrary nonempty closed subset of real numbers. The research of dy-
namic equations on time scales is an incredibly new area, and the number of studies on this
subject is rapidly growing. The theory of dynamic equations unifies the theories of differ-
ential equations and difference equations. We suppose that the reader is familiar with the
basic concepts concerning the calculus on time scales for dynamic equations. Otherwise
one can find most of the material needed to read this paper in Kiguradze and Chanturia’s
books [1].

Definition 2.1 ([1]) A solution of (1.1) is termed oscillatory if it has arbitrarily large zeros
on [T, 00), otherwise it is termed nonoscillatory. Eq. (1.1) is said to be oscillatory if all its
solutions are oscillatory.

Definition 2.2 ([1]) The differential equation

x(2) = p(e)x(2) (2.1)

has property A if every solution of (2.1) for # even is oscillatory and for » odd either is
oscillatory or satisfies the condition [x®(¢)| — 0 as t — +o00 (i=1,2,...,n—1).

Assume that (1.1) possesses an eventually positive solution x(¢) on [T}, 00), Ty > to. We
introduce the auxiliary function z(¢) associated with x(¢) by

o0 1 o0 oo
z(t):x(t)+/t m/‘/ w/s q(u)g(x(o (w))) dudsdv. (2.2)

It follows from (Hg) and the boundedness of /(u) that the definition of function z(¢) is
correct and z(¢) exists for all £ > T,. It is useful to notice that z(¢) > x(£) > 0, z/(£) < ¥/ (¢),
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and

AN

(b (a®)Z (1)) =-p@)f (x(r(®))) <O. (2.3)
Theorem 2.3 Assume that all the solutions of

Z'(t) + p(t)z(t) = 0 (2.4)
are nonoscillatory. Then every positive solution z(t) of (1.1) satisfies either

Z)eNy < a®)Z()<0,  bO(a®Z®) >0, (b (a®)Z(®)) <0,
or

2 eN, < a)Z(t)>0, bB)(a®Z®) >0,  (bO)(a)Z(t)) <0.
Corollary 2.4 ([1]) Assume that

liminf £2p(¢) < (2.5)
t—00

2
3v3
then the set N of all positive solutions of (1.1) has the following decomposition:

N =Ny UN,.

In this article, to ensure qualitative theory of the studied equation, some easily verifiable

conditions must be established. To predigest our notation, we denote that

|
B(t):/t; @ds

and

| f1
A(t)zll m , mduds

Definition 2.5 ([1]) A solution x(¢) of (1.1) defined on an interval [£;, +00) C [£, +00) is

said to be a Kneser solution if
(-1)'x?()x(t) = 0

fortg<t; (i=0,1,...,n—1).

3 Existence of positive solutions

In this section we shall investigate the existence of positive solutions for Eq. (1.1). The

main result is in the following theorem.



Luo Advances in Difference Equations (2018) 2018:87 Page 4 of 12

Theorem 3.1 Let, for all t; large enough,

/wp(sy(A(t(s))) ds = 0. (3.1)

5]

Assume that

) 1 T(t)
hirlsogp{m/tl p(s)f(A(r(s)))B(s)ds

+/t P (A(z(9)) ds+£(B(z(1)) /toop(s)f(z((z83> ds}

> th(l)lpf(u) (3.2)

Then the positive solution class Ny = @

Proof Assume on the contrary that (1.1) possesses an eventually positive solution z(¢) €
Ns. Using the fact that b(¢)(a(t)Z/(t)) is decreasing, we have

at)z (t) > / t b(s) (a(s)z/(s))’i ds > b(t)(a(t)Z (t))' f L ds

f b(s) n b(s)
= b(t)(a(t)Z (t)) B(?). (3.3)
In view of (3.3), we can see that (“ Z Dy <, consequently, AWz ®) jq decreasing. Then

a(s)z'(s) B( s)
x(t)>/t (S)ds>/ '(s)ds = /1 B6) a(s)

2(0) a0,
/1 a5 “ " TEp 4O

Setting the last estimate into (2.3), we see that y(¢) = a(£)Z'(¢) is a positive solution of the

differential inequality

(b)Y ©)) p(t)f< B(Tg; (r(t)))so. (3.4)

What is more, B 1s decreasing and b(¢)y'(¢) > 0.
On the other hand an integration of (3.4) from ¢ to oo and then from #; to ¢ yields

A(t(s)
/b()/ ()f< M )>de”
1 A(z(s))

/ b(w) / P W(B( )’ (’(S))) ds

t 1 00 )
s ()
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[ A(z(s))
_/p(S)f<B( ())y(r(s)))B(s)ds

B() / (A(T(S)) (S))> Js

Having replaced ¢ by 7(¢) in the last inequality, we obtain

7(t)
»(x(®) = / ()f( - (;; (x ()))B(s>ds
+B(z(0) / p(s)f(A(T(S;; (r ())) ds

B(r(
+ B(x(0) / ()f(BE E))i (f<s>)> ds

Employing (H3) and the fact that y(¢) is increasing and y j is decreasing, we have

z(t)
¥(z®) zf(lyg((z((?)» / P (A(2(5))) BGs) ds
)\ [
+B(r())f ( fg(i(t))) f (t)p(s)f(A(f(s))) ds

+B(r(0)f (y(r(0)) / p(syf(’;gg))i )ds. (3.5)

t

Therefore, setting u = % ((T(( ))) we get

u ()

m > Be@) i p(s)f(A(T(s)))B(s) ds + /r;p(s)f(A(t(s))) ds

*© A(t(s))
+f (B(’(”))/ W(B( ()))d (3.6

Condltlon (3.1) guarantees that y ) — 0as t — 0o. Indeed, if we admit 22 ( — £ >0, then

B( ) > ¢and setting the last inequality into (3.4), we obtain

(b)Y ) + pOfOf (A(z(®)) < (b)Y ®)) + p(O)f (LA(z(8))) <0

An integration from #; to oo yields

bty (1) = £(0) / PEf(A((s)) ds,

51

which contradicts condition (3.1). Now, we can take lim sup on both sides of (3.6), one gets
a contradiction to (3.2). O

Obviously, we have the following easily verifiable criterion for some special cases of (1.1).

Corollary 3.2 Let, for all t; large enough,

/OOP(S)A(T(S)) ds = oo. (3.7)
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1 (t) t
liir_ljgp{ m /tl p(s)A(r(s))B(s) ds + /;(t)p(s)A(r(s)) ds
+B(r(0) /t p(s);}((zg;; ds} > 1. (3.8)

Then the positive solution class Ny of third order trinomial differential equation
(b@)(ae)x' (1)) + p@)x(x(®) - a(g(x(c () = 0 (3.9)
is empty.

Theorem 3.3 Let, for all t, large enough,

1 (AC))
/n b(u) / P (S)f<B(r(s)) ) dsdu = oo. (3.10)

Assume that

) 1 7(t)
hmsup{f(m> /tl p(s)f(A(r(s)))B(s)ds

1 t
B(r(t))f(m) /;(t)p(s)]‘(A(r(s))) ds

oo A(T(S))
+B(z(9)) /t P(5V<B(r(s)))ds}

u
> limsup —.
U—>00 f(u)

(3.11)

Then the positive solution class N5 of (1.1) is empty.

Proof Assume that x(¢) is a positive solution of (1.1). Proceeding exactly as in the proof of
Theorem 3.1, we verify that the associated function z(t) belongs to the situation of z(¢) €
N,

If z(¢) € N3, then y(t) = a(t)Z (¢) satisfies (3.5). We claim that condition (3.10) implies
that y(t) — oo as t — oco. Really, if not, then y(t) — L as t — co. An integration of (3.4)

from ¢ to oo yields

b0y 0= [ ooy (Geglro) ) ds

Integrating once more, we get

o0 o0 A
y(t) > ft ﬁ / p(s)f(%y(r(s)))dsdu
> f(y(x(e)) f o / p(s)f< ng;)dsdu.

This is in contradiction to (3.10), and we conclude that y(¢) — oo as t — oc.
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Thus, we can set that u = y(z(¢)), and we obtain

u

1 T(t)
o = (m) / P (A(x()))B(s) ds

1 t
+B(r(t))f(m) / P (A(z(s))) ds

®

© A(z(s))
+ B(r(t))/t p(s)f(B(T(S))) ds. (3.12)

Now, we can take lim sup on both sides of (3.12), one gets a contradiction to (3.11). The

proof is complete now. O

Theorem 3.4 Let, for all t, large enough,

/:“ M/VN E/Soop(u)dudsdv=oo. (3.13)

Then the positive solution class Ny = &.

Proof Assume on the contrary that (1.1) possesses an eventually positive solution z(t) €
Ny. Let us denote that Z'(t) = z(t) and Z(¢) > 0. Due to z(t) > 0 and Z/(¢t) < 0, then
f;l z(s)ds > tz(t) — t1z(t) and Z(t;) — t1z(¢) > 0, we obtain

Z(t) = Z(t1) + /tz(s) ds > tz(t) + Z(t1) — t1z(t) > tz(t).

t

Using the fact that uf(«) > 0 and f is nondecreasing, we have f(x(z(£))) > € > 0. An inte-
gration of (2.3) from ¢ to oo yields

b(t)(a(t)z/(t))/ z/ P)f (x(z(s))) ds > 8/ p(s)ds.

Integrating from ¢ to co and consequently from ¢; to co, we obtain

z(t1) 28/:0 m/‘/w %/Soop(u)dudsdv.

We get a contradiction to (3.13), and the proof is complete. d

Theorem 3.5 Let (2.5) hold. Assume that all the conditions of Theorems 3.1 and 3.4 hold.
Then Eq. (1.1) has no positive solutions.

Theorem 3.6 Let (2.5) hold. Assume that all the conditions of Theorems 3.3 and 3.4 hold.
Then Eq. (1.1) has no positive solutions.

Theorem 3.7 Let (2.5) hold. Assume that all the conditions of Corollary 3.2 and Theo-
rem 3.4 hold. Then Eq. (3.9) has no positive solutions.
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4 Asymptotic properties
In this section some asymptotic properties of positive solutions of (1.1) are treated. Firstly,

we need to transform (1.1). Let us denote that

_ p@)f (x(z(9))) - g(O)g(x(o (£))

Dy(t) 2050 )
d(Ob @)+ (O)b(0)

bl =——p0
_a(t)b'(t) + 2a'(t)b(¢)

D)= ="

and
F(t,x(2),2"(2),2"(8)) = =(Da(6)x” (¢) + D1(£)x'(£) + Do(t)).
Obviously, Eq. (1.1) will be transformed as follows:
x"(t) + Dy ()x" (t) + D1()x'(t) + Dy(t) = 0. (4.1)

Below we establish the existence criteria for Kneser solutions of (4.1) and study the asymp-

totics of these solutions.

Theorem 4.1 Let

_ 4()g(0) - ple)f (0) _

F(t,0,0,0) 00 0 (4.2)
fort>t;,me{0,1}, r € (0, +00) and
(—1)m+3f(t,x1,x2,x3) = 0 (43)

fort>t,0<(=1)"ly, <rt'~ i=1,2,3. Then Eq. (4.1) has a continuum of Kneser solu-

tions satisfying the conditions

-1)™xD(#) >0 (4.4)
fort>1,i=0,1,2.
Proof Set

FX(t) = max{| F(t, x1,%,%3)| : 0 < (1), <"}, i=1,2,3,

and choose § € (0, ﬁ) so small that

t1+6
2(t +1)? Fr)dt <. (4.5)

5]
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To prove the theorem, it suffices to show that if ry = ( n) 130

Eq. (4.1) together with the condition
x(t1) = (-1)"co.

Consider the functions
0, (1) -1x <0,
xi(t,x) =1 x, 0 < (=1)y"i-lx < el
i (<1 s gl
and F(t,x1,%,%3) = F (£, x1(t,x1), x2(¢,%2), x3(¢,x3)). Obviously,
f(t)xlyxZ;xS) :]:(trxl)xbx:i)
fort>t;,0<(=1)™1x, <rt!'=i=1,2,3. And

| F(t, 21,50, 23)| < F*(2)

for ¢t > t;, (%1, %2,%3) € R3.
On the other hand, (4.2) and (4.3) yield

f(tixl)xZ;xB) =0
fort>t;, (-1)"*"1x;<0,i=1,2,3. And

(_1)m+3f(t7x17x27x3) Z 0

fort > ty, (-1)""'%; > 0,i=1,2,3.
By Lemma 10.1 of [1], for any positive integer k, the differential equation

K" (t) = F(t,x(8), ' (2), " (£))
has a solution x4 (¢) satisfying the boundary conditions
x(t) = (=1)"co, 't +k)=0, i=1,2.
Assuming that (—l)m*Zx;(/(tl + k) <0, from (4.9) we obtain
x(2) = %x}(’(tl + k)& -t — k)?

fort; <t <t;+k, (=1)"x(t;1) <O.
But this is impossible because (—1)"xx (1) = ¢y > 0. So

(—l)m"zx;(/(tl +k)>0.

Page 9 of 12

then for any ¢q € [0, o]

(4.6)

(4.7)

(4.8)

(4.9)

(4.10)

(4.11)

(4.12)
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According to (4.10), (4.11), and (4.12),
(-1)™x)(£) = 0 (4.13)

forty <t<t+k,i=0,1,2,3,

2 ()
> xki,(t) (t—t) < |xt)] <o (4.14)
i=0 ’

fort; <t <t +k and
0t + 8)] < itres™, i=0,1,2. (4.15)

Applying (4.5), (4.7), and (4.15), we get

2 ()

i |x (t +8)| i—i
ROIEDY k(],_;i),(tl +8 -ty
i ’

1

Y

t1+6
/ (t =+ F*(v)dr

) t1+8
<3red™" + FH(t)dt

5]

a+8\ (4 +6) »
<|3! cr|et
- |: rO( ) ) * 2(t1 + 1)2 4

<rt (4.16)

fort; <t <t +3,i=0,1,2. On the other hand, (4.14) implies
k@) < e
fort; +8 <t<t; +k,i=0,1,2. Therefore,
X)) < rt”! (4.17)

forty <t<t+k,i=0,1,2.

It follows from (4.7), (4.13), and (4.17), that for any positive integer k the function xx(¢) is
a solution of Eq. (4.1) on the interval [£;,#; + k]. By Lemma 10.2 of [1], {xx(£)};2] contains
a subsequence {xy,(t)}; such that {xkl(t)(i)}l*zof, i =0,1,2, converge uniformly on every
finite subinterval of [¢;, +00), and x(£) = limy_, .o {x%, (£)} for £ > #; is a solution of Eq. (4.1).
In view of (4.11) and (4.13), x(¢) satisfies conditions (4.4) and (4.6).

The proof of Theorem 4.1 is complete. g

5 Examples
Example 5.1 Consider the third order trinomial differential equation

(t% (t%x’(t))/)/ + %x(kt) - %arctan(x(a(t))) =0 (5.1)
£e
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withp >0, >0, 2 € (0,1). Now f(x) = x is nondecreasing and /(x) = arctan(x) is bounded.

We can easily calculate that

/ o) (A(r(s)) ds

t

:/ p(s)A(t(s)) ds
15
00 AS v
p 1 1
= E/ _1/ —ldudvds
th §6 Ju v2Jt U3

= 00.
Then conditions (3.1) and (3.7) hold true. Due to

/:’ a(v) /Voo o) /Smp(u)dudsdv

2/ _l/ —l/ —1_3deSdV
t7, v2Jv §3Js Yo

= 00,
condition (3.13) holds true. Therefore, the positive solution class Ny = &. Simple compu-

tation shows that

9 7
—t6, B(t) ~
5 ()

W

N W
~

A(t) ~
and (3.2), (3.10) take the form
9 (1) 27)

+—]>1

7
A6 =In| —
p (7 ») 7

and

AMS))) dsdu

[ ww e

Therefore, the positive solution class NV, = @. We can conclude that Eq. (5.1) has no posi-

tive solutions.
Our results are also applicable for the case when 7(¢) = ¢.

Example 5.2 Consider the third order differential equation
(5.2)

(t% (t%x’(t))/)/ + %x(t) - t%arctan(x(o(t))) =0
te
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with p >0, g > 0. We can easily calculate that

foop(s)f(A (r(s))) ds

=/ P()A(t(s)) ds

0 s v
p 1 1
= T_3/ _l/ —1dudvds
t1 §6 Jt v2 Jy U3

= Q.

The following steps are the same as in Example 5.1, thus we omit them.
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