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1 Introduction
Recently, Liu et al. [1] proposed the following nonautonomous two-species competitive
system with impulsive perturbations:

da(t) =0 @)l () - b O () - SEZNde | 2

k»
dxy(£) = % (8) as(8) - ba(t)a(£) - S5 ] dr, W
x1(tF) = (1 + Huwr (o),

t=t,keN,
x2(8) = (1 + Har)xa (i),

where the parameters a;(¢), b;(t) and c;(¢) are positive continuous bounded functions on
[0, +00), and stand up the intrinsic growth rates, intraspecific competitive rates and inter-
specific competitive rates, respectively. N is the set of positive integers. #; are impulsive
points satisfying 0 < t; <ty < -+, liMg 400 Ik = +00, k € N, and Hy > -1, i = 1,2. There
exist positive constants /; and H; such that /; < l_[0<tk<t(1 + Hi) < H,.

Note that May [2] revealed the fact that due to environmental noises, the birth rate,
carrying capacity, competition coefficient and other parameters involved in the system ex-
hibit random fluctuation to a greater or lesser extent. Based on the above basic assumption,
it is reasonable to introduce the environment noise into system (1.1). For more precisely,
we estimate the birth rate of each species by an average value plus errors which follow a
normal distribution. That is, we may replace the parameters a;(£) by a;(t) + 0:(8)B;(2), re-
spectively. Here B;(t) are white noises, and B;(t) are the independent standard Brownian
motions defined on a complete probability space (2, F, {F };>0, P) with a filtration {F};>¢
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satisfying the usual conditions. o*(¢) represent the intensities of the noises and o;(¢) are
positive continuous bounded functions on [0, +00). Then we obtain the following impul-
sive stochastic model:

dx:(2) = x1() a1 (£) — by (£)x1(2) - 1+x2 ]df +01(t)x1(¢) dB1 (2),
daxy(t) = x2(8)[ax(¢) — ba()xa(2) - Clm 1 dt + o (t)xa(8) dBa (),
x1() = (1 + Hu)x1 (&),
x2() = (1 + Hap)xa (),

(1.2)
t=t,keN.

The main aims of this contribution are to investigate the extinction, stochastic perma-
nence, the limit of the average in time of the sample paths of solutions and global attrac-
tivity, which is a continuation of previous work [1, 3, 4].

To proceed, let us give the following symbols:

« For a continuous and bounded function f(£), let f* = infs=o f(¢), f* = sup;.of(t).

« For any constant sequence {g;}, 1 <i,j <2, let ¢ = minj<;<; 6;, ¢ = Maxj<j<3 G;-

The following definitions are commonly used.

Definition 1.1

« System (1.2) is said to be extinctive if for initial value x(0) > 0, the solution x(¢) satisfies
lim,_, ;0o %() =0 a.s.

« System (1.2) is said to be stochastically permanent if for every ¢ € (0, 1), there exists a
pair of positive constants «, 8 such that, for initial value x(0) > 0, the solution x(z)
satisfies

ltiglj;lofP{x(t) >af>1-¢, hgl}éloﬂ?{x(t) <B}>1-e.
Definition 1.2 Let x(t), x*(t) be any two solutions of system (1.2) with initial values
x(0) > 0,x*(0) > 0, respectively. If lim;_, , |%(f) —x*(¢)| = 0 a.s., then system (1.2) is globally
attractive.

The remaining parts of the paper is organized as follows. Section 2 is devoted to a dis-
cussion of the existence and positivity of solutions of system (1.2). In Sect. 3, the extinction
and stochastic permanence of system (1.2) are investigated. In Sect. 4, we verify that the
limit of the average in time of the sample paths of every component of the solution is
bounded and an estimation for it is also given. Section 5 establishes the global attractivity
of system (1.2). In Sects. 6 and 7, numerical simulations and conclusions are presented,
respectively.

2 Global positive solutions
In order to study system (1.2), the following non-impulsive system is always needed:

20 o<t <t 1+ Horly2() 1 dt
L[ Tocgy < 1+ Hai)y2 ()

dy1(t) = 1) [ar(8) = b1(8) [ Tooy (1 + Har)yn (€) —
+o1(0)y1(¢) dB1(2),

2(0) = 32(01ax(®) = b2(0) Tlocy 1+ Haealt) - St )
+02(8)y2(£) dBy(2),

(2.1)

with initial value y(0) = x(0) > 0.
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Theorem 2.1 For initial condition x(0) > 0, there is a unique solution x(t) to system (1.2)

for all t > 0 and x(t) will remain in R> with probability one.

Proof The method of our proof is similar to that of Ref. [5]. It follows from the theory

of stochastic differential equations (see [6]) that system (2.1) admits a unique continuous

maximal local solution (y;(£), y2(£)) on [0, 7,), where t, is the explosion time. To show the

solution is global, we need to show that 7, = +00 a.s. Let m be sufficiently large for every
1

component of (y1(0),y(0)) lying within the interval [m—o,mo]. For each integer m > my,

define the stopping time

Ty = inf{t €[0,7,):y1(2) ¢ <l,m> or y,(t) ¢ <i,m> } (2.2)
m m

Then t,, is increasing as m increases. Set 7, = lim,,_, 1o Ty, Whence 7,5 < 7, a.s. If one
can show that t,,, = +00 a.s,, then 7, = +00 a.s. If not, then there is a pair of constants
T >0 and ¢ € (0,1) such that P{r,o, < T} > €. Hence there is an integer m; > mg such
that, for all m > mq, P{1,,, < T} > &.

Assign a function V : R? — R, with the form

V@) =y1—1-Iny; +y, — 1 —Iny,. (2.3)

Then the nonnegativity of this function can be deduced from s —1 —Ins > 0 on s > 0.

Applying Ito’s formula, one has

1 1 1 1
dV(yL,ys) = (1 - —) dy1 +0.5— (dy1)* + (1 - —> dys +0.5— (dy,)?
)1 J1 )2 5

= {(yl(f) -1) [ﬂl(t) —bi(t) [T Q+Huyi(e)
O<tg <t

B CZ(t) 1_[0<tk<t(1 + sz))’z(t)

1+ 1_[0<tk<t(1 + HZk)yZ(t)

] + 0.5012(t)} dt + (1(¢) - 1)o1(¢) dBi (¢)

+ {()’2@) -1) |:!12(t) —by(2) l_[ (1 + Har)ya2(2)

O<tp<t

(t) <t <L‘(1 H ) (t)
- 611 : ]‘TO ¢ S :%llkk)yjf(t) } + 0,5022(0} dt + (y2(t) — 1)o2(t) dBs(2)
O<ty<t

2(8) [ Toe e (1 + Hai)y1 (£)y2(2)
1+ H0<tk<t(1 + HZk)yZ(t)

= {al(t)yl(t) ~bi(®) [T Q+Huyie) -

O<ty<t

—ai(t)+ (@) [ A+ Hion®
O<ty<t

N 2(8) [ Toeg (1 + Hai)ya(2)

L+ [Toc (1 + Hai)ya ()

+0.502(t)

1(8) [ ocyper (1 + Hudy1 ()y2(2)
L+ [oegee(X + Hir)yr (£)

+as(B)ya() = ba(e) [ 1+ Har)yi(0) -

O<tg<t
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c1(®) [ Toegee (X + Hun (8)
1+ 1—10<tk<t(1 + Hlk)yl(t)

—ay(t) + by() [T 1+ Harlya®) +

O<ty<t

+ 0.5022(t)} dt + (yl(t) - 1)01 (t)dBq(t) + (yz(t) - 1)02(1:) dB,(t)

< {—blm [T +Hupie + (al(t) b [Ja+ ”Hm)yl(t)

O<ty<t O<ty<t
v [T (14 Haoyat) - ar(9) + 0502(6) ~ bo(e) [ (1+ Hat)23(0)
O<ty<t O<ty<t

(o) 220 TT 200 a0+ T (0 Hain© -t

O<tg<t O<tg<t
+ 0.5022(1‘)} dt + (y1(£) = 1)o1(£) dBi(¢) + (y2(t) — 1)02(2) dBs(2)

< [~6imy(e) + (ab + bYHy + CEH )y () — ah +0.5(0)” — Bhhayd(e)
+ (a4 + BYHy + ciHy)ya(t) — ab + 0.5(0%) ) dt
+ (11(8) = 1)01(2)dBy (8) + (32(8) = 1)05(£) dB (2)

= A(n(®),y2(0) dt + (y1(£) — 1)o1 dB1(8) + (72(2) — 1) 02 dBs(2),

where

AWy, p2) = =By (@) + (@ + BYH, + AH) )y (8) — ab +0.5(0)” = bhhoyl(e)

+ (af + byHy + ¢y Ha)ya (£) — ab + 0.5(02")2.

A calculation can show that A(y;(£),y2(¢)) is upper bounded, denoted by .#". The rest of
proof is similar to Theorem 2.1 in Ref. [7]; we omit it.
Now let

@)= [Ta+Hon®, =@ =[] @+ Hal). (2.4)

O<tg<t O<ty<t

In what follows, it will be shown that x(¢) = (x1(£), x2(2)) is the solution of system (1.2). We
first prove that x;(¢) satisfies system (1.2). In fact, x;(¢) is continuous on (0, #;) and each

interval (¢, tx,1) C [0, +00), and for ¢ # t,

dx(t) = d( l—[ 1+ Hlk)yl(t)> = 1_[ (1 +Hx) dyi (2)

O<ty<t O<ty<t

- TT @+ 20 @] =016 TT @+ 20
O<tg<t O<tg<t
CZ(t) H0<[k<t(1 + H2k)y2(t)

T oy o+ Faya® ] dt + oﬂt‘l + Hu)or (D1 () dBy (1)

ca(t)x2(2)
1 +x,(2)

= x1(2) [m(t) = b1 (t)x:1(2) - ] dt + o1(t)x1(¢) dB1 (2). (2.5)
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Meanwhile, for every k € N and ¢ € [0, +00), one has

() = lim [T+Hon@= [T Q+Hion (&)

t
k . .
0<t1<t O<t]<1,‘;<

=(1+Hw 1_[ 1+ Hudyi () = (1 + Hu)x (£) (2.6)

O<tj<ty

and

() = Jim [ ] 1+ Hudyi(e) = [T @+ Hu ()
O<tj<t O<tj<ty

= 1_[ (1 + Huya (£x) = %1 (8. (2.7)

O<tj<ty

Similarly, it can be verified that x,(t) satisfies system (1.2). By the definition of a solution of
an impulsive stochastic differential equation (ISDE) (see [5]), we find that x(¢) is a solution
of system (1.2). The proof of Theorem 2.1 is complete. d

3 Extinction and stochastic permanence

Assign
Ri(t) = ai(t) - 0.507(¢), i=1,2, (3.1)
and
t
R = limsup rl( > In(1+ Ha) + / Ri(s) ds>. (3.2)
t—+00 0

O<ty<t

The following theorem shows that both species go to extinction if the noise intensities are
sufficiently large.

Theorem 3.1 The solution x(t) of system (1.2) satisfies limsup,_, , .. t " Inx;(£) < R} a.s. In
particular, if R} <0, then lim;_, . x;(t) = 0 a.s.

Proof By Itd’s formula, one can deduce from (2.1) that

_ Ci(t) 1_[0<tk<t(1 + ij)yj(t)
1+ 1_[0<tk<t(1 + ij)_)/j(t)

dlny;(t) = (ﬂi(t) —bi(e) T] 1+ Haly®)

O<tp<t

-~ 0.50,?(t)> dt + o;(t) dB(2). (3.3)
Hence

i) -3 = [ Rids= [ o) [T 0+ Hagyy s

O<ty<s

_/; Cj(S)n0<tk<s(1+ij)yj(S)d . A0 (3.4)
0

1+ l_[0<t/<<s(1 + H/k)yj(s)
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where
) - f ' o1(s) dBs) (3.5)
0

and the quadratic variation of this martingale takes the form

(), (D)) = / taf(s) ds < (o)t (3.6)

0

By the strong law of large numbers for local martingale (see [6]), it can be seen that

. (D)
lim

t—+00 t

=0 as. (3.7)
From (3.4) one has

> In(1+Hy) + Iny(£) - Iny;(0)

O<ty<t

= O;NIH(I + Ha) + /OtRi(S) ds — /Ot bi(s) Olt_k[q(l + Hi)yi(s) ds
_ /t Ci(s) 1_[0<tk<s(1 + H/k)yj(s) d
o 1+ l_[0<tk<s(1 + ij)yj(s)

+ M(t).
Consequently,

Inx;(£) — Inx;(0) < Z In(1+Hy) + /t’R,-(s) ds + M(t). (3.8)
0

O<tp<t

And thus the required assertion follows from (3.7). The proof of Theorem 3.1 is finished.
O

In contrast with Theorem 3.1, two species can coexist. Theorem 3.2 shows that system
(1.2) is stochastically permanent provided that the noise intensity is suitably small. Let

R! - min{ inf R, (2), infRz(t)}. (3.9)
t=>0 t>0

Theorem 3.2 If R! >0, then system (1.2) is stochastically permanent.

Proof We first define
1
Vi0) = 373 W=y +y2y€R. (3.10)

An application of Ito’s formula yields

2 3
dVI(y) = —W aw + W(dW)2

2
~s

c(t) l_[0<tk<[(1 + sz)yz(t)]

:yl(t) |:6l1(t) - bi(2) 1_[ 1+ Huy(t) - T+ 0+ Hat)a(0)
O<ty<t

O<tg<t
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c1(0) [Tocy (1 + Alk)yl(t)} }

+y(t) |:a2(t) —by(t) ]_[ (1 + Hax)y2 () - 1+ Lo (L+ Hapi(2)
O<tg<t

O<ty<t

¢ (ORO + 03030 de

- %(01 ()y1(2) dB1(2) + 02(2)y2(t) dBs(t)).

It follows from R/ > 0 that one can choose a constant o > 0 such that

Rl > Q(&M)z. (3.11)
Assign
Va() = (L+ Va()°. (3.12)

One deduces from Itd’s formula that

dVa(y) = o(1+ Vi(1))* " dVi(y) +0.50(0 - (1 + Vi) (dVi(»))*

=o(1+ Vl()’))g_z{—(l + Vl()’))% [dl(t))ﬁ(t) - b() l_[ (1 +Hi)y;(0)

O<ty<t

~ 2(8) [ Toeyp < (1 + Hai)y1()y2(2)
L+ [ oy (X + Har)ya(2)

+ar(B)ya(8) = boe) [ ] (1 + Han)y3(8)

O<tp<t

Cl(t) l_[0<tk<t(1 + Hlk)yl(t)yg(t) 3 3 2Q _9 ) ,
o1+ [Toctee (X + Hudyn (2) } " (W Twe t W) (o2 (61 (®)

+03()y3(2)) } dt—o(1+Vi(y)*™ % (01()y1(8) dBi(2) + 02(2)ya(¢) dBs(2))

2 ay (Oy1(8) + ax()y2(9)]

<o(1+ Vl(y))w{— el

2(t) [ Toey (1 + Hai)y1 (£)y2(2)
L+ [Tocgeee (1 + Har)y2(2)

s ) T a0+

O<ty<t

1(8) [ Toegeee (1 + Hi)y1(£)y2(2)
L+ [oegeee (X + Hir)yr (£)

+ by(t) l_[ 1+ ’sz)}’%(t):|
O<tp<t
oa(2) H0<tk<t(1 + Ho )y () y2(t)
1+ 1_[0<tk<t(1 + HZk)yZ(t)

; i[bl(w [T 0+ M) +

W
O<tg<t

. c1(8) [Toctpee (1 + Hu)y1 ()y2(2)
L+ H0<tk<t(1 + 7'llk).yl(t)

+hy@) [+ 'sz)y%(t)}

O<tp<t

* <% ¥ 2?;;)(03&)%&) + o%(t)y%(t))}dt

—o(1+W ()/))Q_l %(Ul ()y1(2) dB1(t) + 02 (t)y2(t) dBs(1))

<o(l+ Vl(y))"_z{— 2 [y1(®)(a1() - 0.502(¢) — 00 (2))

we
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+95(8)(a2(2) - 0.505 (£) — 003 (1)) ]
2Hb* 2H& 2HbB* 2H  3(5%)?
+ + + + + dt
w w w3 w3 w2

~o(1+ Vi) o (01 (601 () By () + 02(02(0) dBy(0)

(R~ 0(6")") Vi) + (2HB* + 2HE)VY*()

<o(1+ Vl(y))w{—%

+ (2HD" + 2HE*) VIS (y) + 3(6”)2V1(y)} dt

o(1+ V1) %(01 1(0) dBL(1) + 05(0)y2(6) dBs (1)),

where H = max{H;, H,}, H; is defined in (1.1). By (3.11), we can choose a sufficiently small
K satisfying

. 2
RI-0(6") > = >0. (3.13)
0
Assign
Vi(y) = € Va(). (3.14)

By application of Itd’s formula, one finds that
dVi(y) = ke Va(y) dt + €dVa(y)
< 0e (14 10) [ £ L VIO - S (R - 06*)') Vi)
+3(6")*Vi(y) + (2HB" + 2HE")VIS(y) + (2HB" + 2HE") v11~5(y)} dt

-0 (1+ W (J/))Q_l % (o1()y1(2) dB1(2) + 02 ()y2(t) dBa(2))

51 ~u
=0 (1+ Vl(y))“{_zvf(y)[R —Z(O )* ~ ?}

+ [3(&")2 + %"} Vi(y) + (2HB" + 2HE) V5 (y) + (2HD

+2HE) VI (y) + g } dt—ge* (1+V; @))971 2 (o1()y1(2) dB (2)

WB
+ 02(£)y2(£) dBs (1))
<t AQ)dt— 08! (1+ V1) 2 (01O (1) dBy ()
+ 03 (t)y2(t) dBy (1)), (3.15)

where

A(y) _ Q(l + Vl(y))g2{_2vlz(y)|:w — ?] + |:3(5’u)2 + %C:|V10/)

+ (2HDB" + 2HE) VP (y) + (2HD" + 2HE) V5 (y) + g } (3.16)
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Note that (3.10), we see that

2HB" + 2HE  2HB* + 2H
W T W

(2HB" + 2HE") V5 (y) + (2HD" + 2HE) V3(y) =

is an upper bounded for W > 0, denoted by .Z.

Set
RI-0(6*)? 05 2
plzz[ﬂ——x} Py=3(6")+ =, Py=t+ 2. (3.17)
4 o e 4
Obviously, one sees from (3.13) that ; >0, i=1,2,3.
It follows from (3.16) and (3.17) that
A)=o(1+ Vl(y))g_z{—Pl Vi) + P Vi(y) + Ps} =o(1 + Vl(y))g_zAl(y), (3.18)

where

A1(y) = =Py Vi(y) + PaVi(y) + Ps.

Denote

Py +/P} + 4P, P; X - P3 + 4P Py

K = ,
! 2P, 2 4P,

Kz =max{o(1+K1)°7%,0}. (3.19)
Similar to the proof of Theorem 3.1 in [8], two cases are considered (i.e., 0 < V1(y) < K7 and
V1(y) > K1) and we see that A(y) is an upper bounded, denoted by A* = K,K3. Therefore,
from (3.15) it follows that

1 2
dV(y) < A*e dt—oe (1+V1(y))° !

W (01()y1(2) dBy(£) + 02(£)y2(t) dBs(t)). (3.20)

Integrating and taking expectation on both sides of (3.20) gives us that

*

E[V30)] = E[¢"(1+ Vi())°] < (1+ V1 (5(0)))° + ATe

which implies that

*

lim sup E[ (y1(¢) +y2(t))_29] <limsupE[(1+ V1(»)°] < AT

t—+00 t—+00

Hence

lim sup E[ (x,(£) + x2(£)) ]

t—+00

~20
=lim supE[( 1_[ (1 +Har)yi (2) + 1_[ 1+ sz)yz(t)) ]

t=+00 O<ty<t O<ty<t

A*
S h_2Q ]
K
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where & = min{/y, h,}, h; is defined in (1.1). Thus

*

_ 1 e A
lim sup E(|x(¢)| 2)Q) < limsupE[—(xl(t) +x2(t))2] 1 (3.21)
t—+00 t—+00 4 K

For any ¢ > 0, we let a = ()22, Applying Chebyshev’s inequality leads to
P{|x()] <@} = P{|x(6)] ™ > a2} < a®E(|x(8)] ).

So
limsup P{[x(t)| <} < a7 =,

namely,

liminfP{|x(t)| = o} = 1-e. (3.22)

t—+00

Now let us prove that, for arbitrary ¢ > 0, there exists a constant 8 > 0 such that
liminf;_, ;o P{|x(¢)| < B} > 1 —¢. For p > 1 arbitrarily, set

Va(y) = o +95. (3.23)
Using Itd’s formula to (2.1) yields

() [ Toege (1 + Hat)y2(2)
1+ I—[0<tk<t(1 + H2k)y2(t)

dva(y) = pyi(®) [m(t) —bi(®) [T Q+Huy(e) -

O<ty<t
+0.5(p - l)olz(t)] dt + po1(2)y; (t) dBi (¢)

Cl(t) 1_[0<tk<[(1 + Hlk)yl(t)
1+ l_[0<tk<t(]- + Hlk)yl(t)

+ph(0) |:llz(t) ~by(®) [ 1+ Harpalo) -

O<tg<t

+0.5(p - l)af(t)] dt + poy(t)y (t) dBa ()

< pe)a = b iy (@) + 0.5 — 1)(0)?] dt + por (1) (1) dBy (¢)
+ (O] a - Bhhays(8) + 0.5(p — 1)(04)*] de + pos(£)y5(6) dBa(t).  (3.24)

An application of Itd’s formula again gives

d[e'Va(y)] = €' Va(y) dt + ¢ dVa(y)
< () 1p + a¥ = By (6) + 0.5(p - 1) (o) "] dt
+ petor (£, () dB, (£)
+ e pyh(0)[1p +al — oy () + 0.5 — 1) (04)?] dt
+pe‘ oy (2)ys (t) dBa(t). (3.25)
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Note that pZ?:lyf(t)[l/p +al - bfhiy,-(t) +0.5(p — 1)(0/)*] has a maximum, where we
denote
2\ pPU1/p +a¥ +0.5(p — 1)(04)2]P+!
Hl(p) = Z 111 .
i=1 (p + 1)p+ (b,hz)p

The inequality (3.25) then can be rewritten as

d[e'Va(y)] < €' Tl (p) dt + pe‘ o1(2)y/ (t) dB1(t) + pe oo (2)y5 (£) dBs(2). (3.26)

Integrating and taking the expectation on both sides of (3.26) give
E['Va()] < Va(3(0)) + (¢ - 1)1 (p),

which implies that

limsup E(¥; +%5) < T1(p). (3.27)

t—+00

In other words, one has shown that

» p
limsupE( 1 +x’27) = limsupE(|: l_[ @1 +’H1k)] W) + |: 1_[ (1 +?—[2k)] y;(t))

=00 o0 O<ty<t O<ty<t

< Hpnl(p))

where H = max{H,,H,}, H; is defined in (1.1). Let § = (ww}’. One derives, by
Chebyshev’s inequality, that

E(x@F) _ Ea () + %) _ 2071 (2) + x5 (1))
sp = sp = sp ’

]P’{|x(t)| > 8} = ]P’{|x(t)|p > Sp} <
which shows that

p-1pp
limsupB{|x(0)| > 8} < 22 @) _

t—+00 o

Therefore,

liminfP{|x(£)| <8} > 1-¢, (3.28)
t—+00
which together with (3.22), shows that system (1.2) is stochastically permanent. One com-
pletes the proof of Theorem 3.2. O

Remark 3.1 Theorems 3.1 and 3.2 show that the large intensities of noises lead to the
extinction of both species while system (1.2) is stochastically permanent provided that

the intensities of noises are suitable small.
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4 Asymptotic properties
In this section, we will estimate the limit of the average in time of the sample paths of every
component of the solution.

Assign

t
Q, = liminft1< Z In(1 + Hy) + / Ri(s) ds), i=1,2. (4.1)
0

t—+00
O<tg<t

Theorem 4.1 The solution (x1(t), x2(t)) of system (1.2) satisfies

t R*
limsupt_l/ xi(8)ds < — a.s. (4.2)
0

t—+00 bf

IfQ;> c]’.‘, then

.U

t v
ltiminft_l‘/ x;(s)ds > VA (4.3)
0

—+00 b;’t

Proof We first prove (4.2). Using Itd’s formula to system (2.1), one has

C/(t) 1_[0<t1<<t(1 + ij)yj(t)
1+ l_[0<tk<t(1 + H/k)yf(t)

Aty = a0~ bi0) [T 1+t -

O<tg<t
- 0.50}(t)} dt + o;(t) dB;(t)

cj()x;(t)

- [Ri0- bt - S0
]

] dt + O'i(t) dBl(t) (44)

Integrating on both sides of (4.4) shows that

t ¢ t o)
1ny:(6) - In y;(0) = / Rils)ds - / bi(s)xi(s) ds — / G905 4w, (4.5)
0 0 o 1+x(s)
where .Z;(t) is defined in (3.5). Similar to (3.6) and (3.7), we obtain

(A1), A1) = fo t op(s)ds < (o)t (4.6)

i

and

A0
lim

t—+00 t

=0 a.s. (4.7)

It follows from (4.5) that

> In(1 + Ha) + Iny;(t) — Iny,(0)

O<ty<t

=Y In(L+Ha) + / Ris)ds - / bisls)ds - / AN . @)
0 0

O<tg<t 0 1+ xl(s)
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Rewriting (4.8), we have

Inx;(¢t) — Inx;(0) = Z In(1 + Hy) + /t’Ri(s) ds — /[bi(s)xi(s) ds
0 0

O<ty<t

- /t M ds + M(t). (4.9)
0

1+ x(s)
On the other hand, for arbitrarily fixed ¢ > 0, there is a positive constant T such that £ > T

Inx(0) & ¢ ) . & M) &
=t (Zln(1+H,k)+/oRl(s)ds SRi+g — =3 (410

O<ty<t

Substituting (4.10) into (4.9) yields

Inx;(t) < (Rf + 8)t - /.tb,-(s)xi(s) ds < @it — bf/ xi(s) ds, (4.11)
0 0

where ¢; = R} + ¢. Denote

() = /O xi(s) ds,

then we have

g
exp{tig0) A < expigur, @12)

Integrating from T to ¢ on both sides of (4.12) shows that

exp(bigi(®)} < exp{bigi(T)} + big; " expleit) — big; " expleiT). (4.13)
Taking the logarithm on both sides of (4.13), one finds that

&(0) < (b)) In{bje; exp(eit) + exp{big( 1)) — bie; expleiT)). (4.14)

Therefore,

t
limsup¢™! / x,(s)ds < (bf)_1 limsup ¢~ In[blg;* exp(pit)
0

t—+00 t—>+00

+exp{bigi(T)} - big; " exp(eiT)]. (4.15)

By the L'Hospital’s rule,

t .
limsup¢! / xi(s)ds < (bﬁ)71 limsupt! ln[bf(pi_1 exp(wit)] _4 (4.16)
0

Y
t—+00 t—+00 bi

The required assertion follows from the arbitrariness of ¢.
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In the sequel, we show that (4.3) holds. For arbitrarily fixed & > 0, there is a constant 7'
such that

Inx(0) & Yo MU +Hi) + fRiSds e )

&
-Z -, > 4.17
t = 3 t Q 3 t = 3 ( )
for all t > T. Substituting (4.17) into (4.9) gives
t t
Inx;(¢) > (Q: - ¢ - e)t— b / xi(s)ds = Lt - b} / x:(s) ds, (4.18)
0 0
where L; = O, — ¢/ —¢. Then it can be shown that
dg;(t
ln< il )) > Lit — blgi(t). (4.19)
dt
Integrating (4.19) from T to ¢ leads to
exp(bg‘gi(t)) > b?‘/li_l exp(L;t) + exp(b?gi(T)) - b;‘ﬁ;l exp(L; T). (4.20)

Taking the logarithm on both sides of (4.20) gives
gi(8) > (b;‘)_l In{bL; " exp(Lit) + exp(bigi(T)) - b L exp(L;T)}.
We therefore obtain

t
liminf¢™! / x;(s) ds
0

t—>+00

> (b) " liminf e In{bE L7 exp(Lit) + exp(bigi(T)) — bE L7  exp(LiT)).

t—+00

According to the L'Hospital’s rule, one derives that

t £
liminfs! / xi(s)ds > (b¥) " liminf £ In{bL exp(Lit)) =
t—+00 0 t—+00 b;‘
The desired assertion immediately follows from the arbitrariness of €. The proof of The-
orem 4.1 is completed. O

Remark 4.1 In Theorem 4.1, Q; > ¢/ may be interpreted as saying that the intrinsic growth
rate of species i is large while the intensity of noise for species i and the interspecific com-

petitive rate of species j are small.

5 Global attractivity
This section is concerned with the global attractivity of system (1.2), and we first give
Lemma 5.1.

Lemma 5.1 Suppose that y(t) is a solution of system (2.1) with initial value y(0) > 0, then
almost every sample path of y;(t) is uniformly continuous for t > 0.
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Proof 1t follows from (3.27) that there exists 7* > 0 such that, for all t > T*,

EQA @) +551) < i (p). (5.1)
Also, by the continuity of E(y4 (£) + y5(t)), there exists a I[Ty(p) such that, for £ < T*,

E(A @) +551)) < Ta(p). (5.2)

Set I(p) = max{I1,(p), [T1(p)}, it follows from (5.1) and (5.2) that, for all £ > 0,

E(A (@) +55@) < TI(p). (5.3)

The rest of proof is similar to Lemma 7 in Ref. [5]; we omit it. O
Assign

biby > cics. (5.4)

It is not difficult to verify that there exists a pair of positive constants 1; and #, such that
mbi —nact = €, mabb —mch =€, (5.5)

where € > 0 is fixed.

Theorem 5.1 Ifb\b), > cct, then system (1.2) is globally attractive.

Proof Let x(t) and x*(£) be two solutions of system (1.2) with initial values x(0) > 0 and
x*(0) > 0, respectively. Suppose that x(¢) is a solution of the following system with y(0) =
x(0):

€20 [ocyy <1+ Hau)y2 ¢

)
dyi(t) = y1()[ar(t) — b1 (2) H0<tk<t(1 + Hu )y (8) - T Tocy <c (L H2 )20 ldt
+01(t)y1(¢) dB1(2),
c1(8) [Toct, e A+ H1x)y1(2)
() = 72(0)1a2(6) = bal0) TToug (1 + Haxa®) — Ty Dt
+02(t)y2(£) dBy(2),

and x*(¢) is a solution of the following system with y*(0) = x*(0):

20 [Tocyy <1+ Hou)y2 (¢

)
dyy(t) = y1(0)[a1(8) = b1(&) [Toey (1 + Har)1 () - T Tocy <o (L H2 )32 ldt
+01(t)y1(£) dB1(2),
10 TTo, < (1+H100 ©
dys(t) = y2(Olan(t) = bo() [oag o1+ Hakya(6) = T gy ) e
+02(£)y2(2) dB(2).

Obviously, x;(¢) = l_[0<tk<t(1 + Hu)yie), x5 (t) = l_[0<tk<t(1 + Hu)yi (), i=1,2.
Define

V() = mi|Iny1(8) — Iny; (8)] + ma|Inya(6) - Inyi(2)], (5.6)
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where 1; and 7, are defined in (5.5). Applying It6’s formula and computing the right dif-
ferential D* V(¢) yields

D*V(t) = nysgn(y1(£) - y7(2))d(Iny; (£) - Iny;(2))
+nasgn(y2(2) — y3(2))d(Iny2(2) — Iny;(2))

= n1sgn(y1(2) —y’{(t)){—bl(t) []a+H00m@ -y0)

O<ty<t

B () [Toe e (1 + Har) (02(8) = y5(2)) }
(1 + TTowgpee (1 + Ha)y2() (L + [Toug o (1 + Har)y5(2)

+ msen(32(0) - 73(0) {—bz(t) TT (0 + Ha (0 - 3500)
O<tg<t
) 610 TTow 1+ Hi000(0) ~ 75(6) |
(1 + Tlom a1 + Han @)1 + TTomg 21+ Hoyi )

< {—771611('3) 1_[ (1 +Hu) |[y1(6) - 51 (0)]
O<tg<t
. nica(t) l_[0<[k<t(1 + Ho) 2 (t) — y5 ()]
(l + 1_[0<tk<t(1 + H2k)y2(t))(1 + 1_[0<tk<t(1 + /sz))’;(t))

—max(®) [ ] Q+Ha)|ya(®) - y3(2)|

O<tg<t

. 2¢1(8) [ Toey <o (1 + Hu) 1 (8) = 37 ()] }
(1 + [or @ + H10y1 () A + [Touy 1 + Hio)yi ()

< —(mbi(®) - mar(®) ] Q+Hw) @ -y;@)|dt

O<ty<t

- (Uzbz(t) - ﬂlcz(t)) 1_[ 1+ sz)|}/2(l‘) —yﬁ(t)\ dt

O<tg<t
< —(mbh = mact) |y (&) — ¥; ()| dt — (12d — mich)ha|y2(2) - y5(2)| dt
= —ehi|y1(t) - y; ()| dt — eha|ya(2) - y5(0)| dt, (5.7)

where /1; and £, are defined in system (1.1). Consequently,
t t
V() - V(0) < —ehy / !yl(s) —yT(s)| ds — Ehz/ \yz(s) —y3(5)| ds.
0 0
That is,

V() + ehI/O ‘yl(s) —y’{(s)’ ds + eh2/(; ’yz(s) —y3(3)| ds < V(0) < +o0.

Note that V(¢) > 0, it then follows that [y;() — y5(¢)], [y2(2) — ¥5(¢)| € L'[0, +00). Using
Lemma 5.1 and Barbalat’s lemma in Ref. [9], we have

Jim [y:() -yi(0)] =0, lim [y(£) = y5(£)| =0 as.

t—>+00
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Asa consequence,

Jim (0 =25 = Tim [T @+ Hi)|yi0)-yi@)

O<tg<t

<H lim [y,(6) =31 ()] =0,

Jim feo(t) ~ 25 = tim [T (1+ Ha)|ya(0) - y30)]

O<tg<t

< H, lim |y2(t) —y}‘(t)! =0 as.
t—>+00
The proof of Theorem 5.1 is completed. d

Remark 5.1 The assumption of Theorem 5.1, that is, b} b} > c%c%, the conclusion of bio-
logical meaning may be interpreted by saying that the influence of the intraspecific com-

petition is greater than that of the interspecific competition.

6 Numerical simulations
In this section, we will demonstrate several specific numerical examples to confirm our

analytical results.

Example 1 (Extinction) Consider the system

dx1(t) =x1(£)[0.2 + 0.1sint — (0.3 + 0.1 sin £)x1(£)
— QA0 0] gt + (V0.7 + 0.1 sin £)x: () dBy (8), v
dxo(t) = %2(£)[0.15 + 0.05sin £ — (0.4 + 0.1 sin £)x,(£)

_ 05+01sin0m @) g4 4 (/0.8 + 0.1 sin £)xo(£) dBo(2),

1+x1(2)
x1(t7) = (1 + Huwe (),

x2(t7) = (1 + Hop)wa (o),

(6.1)

t=t,keN.

Let x1(0) = 0.4, %2(0) = 0.5, tx = k, Hux = Hox = V", _ 1, then 1 < [T, (1 + Ha) < 2,
i=1,2,and R} = -0.1525 <0, R} = —0.2525 < 0. It follows from Theorem 3.1 that system

(6.1) becomes extinct, inspecting Figs. 1 and 2.

Figure 1 Computer simulation of the path x; (t) for 25

system (6.1)
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Figure 2 Computer simulation of the path x;(t) for 3 w w w w
system (6.1)
25 1
2
1.5
4
0.5
o ‘
0 20 40 60 80 100
t

Figure 3 Computer simulations of x; (t) and
! fé X1 (s) ds for system (6.2)

B0

4+ -1
—

x,(s)ds| |

0 20 40 60 80 100

Figure 4 Computer simulations of x,(t) and 4
! for X2(5) ds for system (6.2)

X,(0)
35} —— 7 x,(e)as] |

0 20 40 60 80 100

Example 2 (Stochastic permanence and asymptotic properties) Consider the system

dx1(t) = x1(£)[0.65 + 0.05sin ¢ — (0.3 + 0.1 sin £)x1(£)
- (02‘;1—2(;;2(”] dt + (+/0.2 + 0.1 sin £)x1 () dBi (¢), v
dx,(t) = %2(£)[0.75 + 0.05sin £ — (0.4 + 0.1 sin £)x,(£)

— (015200501 g + (/0.13 + 0.1sin ) (£) By (0),

1+x1(8)
x1(t7) = (1 + Huwe (),
x2(87) = (1 + Hop)xa(tr)

(6.2)

t=t,keN.
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Choose x1(0) = 0.4, x5(0) = 0.5, tx = k, Hix = Hok = ek _ ) then 1 < [T, +
Ha) <2, i = 1,2, and R} ~ 04503, R} ~ 0.5939, R! ~ 0.4503 > 0. By Theorem 3.2
we know that system (6.2) is stochastically permanent. By Theorem 4.1, we obtain
Q; = 05475 > ¢ = 0.3, 9y = 0.6825 > ¢} = 0.2 and so the solution of system (6.2)
obeys 0.6187 < liminf,_, ¢! fotxl(s) ds < limsup,_, ,  t fotxl(s) ds < 2.75, 0.965 <
liminf,_, ;o0 £ fot x2(s)ds < limsup,_, , £ fot x5(s) ds < 2.28; see Figs. 3 and 4.

Example 3 (Global attractivity) Consider the system

dx1(t) = x1(£)[0.65 + 0.05sin £ — (0.6 + 0.1 sin £)x1 ()

(0.2+0.1 sin o (8) .
- S 2P dt + (V0.3 + 0.1sin )y () dBi (2), tt

dxo(t) = %2(£)[0.75 + 0.05sin £ — (0.5 + 0.1 sin £)x; ()
— ©3:01sind1 0] ¢ 4 (,/0.2 + 0.1sin £)x,(£) dB, (¢),

1+x1(2)

x1(t7) = (1 + Huwer (),
228 = (1 + Ha)xa (),

(6.3)

t=t,keN.

Take x(0) = (0.6,0.3) and x*(0) = (1.2,0.6), & = k, Hux = Hox = V"% _ 1, then 1 <
[152,1 + Ha) < e i =1,2, and bib, = 0.2 > c¥c¥ = 0.12. By Theorem 5.1 one concludes
that system (6.3) is globally attractive, as shown in Figs. 5 and 6.

Figure 5 Computer simulation of the paths x; (t) 5
and xj () for system (6.3) sl

Figure 6 Computer simulation of the paths x;(t) 4
and x3(¢) for system (6.3)
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7 Conclusions

In this contribution, a novel nonautonomous impulsive stochastic two-species model with
nonlinear interspecific competitive terms is established. The dynamics is analyzed in de-
tail. It is shown that system (1.2) admits a unique global positive solution (i.e., no explosion
in a finite time) for any given positive initial value. We also establish the sufficient condi-
tions for extinction and stochastic permanence. Furthermore, the limit of the average in
time of the sample paths of every component of the solution is estimated. Finally, the global
attractivity is achieved. Our main results reveal that both species can go to extinction if
the intensities of noises are large enough while system (1.2) can be stochastically perma-
nent if the intensities of noises are relatively small in comparison with species intrinsic
growth rates (see Theorems 3.1 and 3.2). In Theorem 4.1, Q, > c;‘ may be interpreted as
saying that the intrinsic growth rate of species i is large while the intensity of noise for
species i and the interspecific competitive rate of species j are small. It is also shown that
the linear intraspecific competition is greater than the interspecific competition guaran-
teeing the global attractivity of system (1.2). We can find that the bounded impulses (i.e.
the assumption in system (1.1) holds) have no influence on the above dynamic behaviors.
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