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1 Introduction

In this paper, we study the fractional differential equation with p-Laplacian operators
D&, (¢p(CDhu(t))) = f (&, u(t), *Dh.u(t)), te(0,1), (1.1)
with the general boundary conditions

1 (0) = (¢, (°DL. u(0))) =0,
u(1) = T1[u(t)], (1.2)
CDfu(1) = Tolu(@),

where 1 < o, 8 <2, D%, and CDg+ are the Caputo fractional derivatives. p > 1, ¢,
is the p-Laplacian operator, which is given by ¢,(x) = |x[’~2x. Obviously, ¢, is con-
tinuous, increasing, invertible, and its inverse operator is <p1;1 = ¢4, where g > 1 is a
constant such that i + % = 1. T1[u(t)] and T,[u(t)] are two functionals, which could
be Tjlu(®)] = Y1, g(&: u(€), “Dh.u(&)), Tjlu@®)] = [, g(s,u(s),“Dh,u(s))ds, Tju(t)] =
folgj(s, u(s), CDg+ u(s))dA;(s), j = 1,2, or the other cases.
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In recent years, the theory of fractional differential equations has become an important
investigation area, see [1-5]. Many important results for certain boundary value condi-
tions related to the fractional differential equations had been obtained, for example, two-
point boundary value problem, multi-point boundary value problem, integral boundary
value problem and so on, see [6-16].

In [16], the authors discuss the two-point boundary value problem of the systems of
nonlinear fractional differential equations

Du(t) =f(t,u(t),v(t)), te(0,T],
Dv(t) = g(¢,v(t), u(t)), te(0,T],

Eu(t)| =0 = %0, 7v(8) |20 = Yo,

where 0 < T < 00, D is the Riemann-Liouville fractional derivative of order 0 < o < 1.
By using the monotone iterative technique, some existence results of solutions are estab-
lished.

On the other hand, the turbulent flow in a porous medium is a fundamental mechanics
phenomenon. For studying this kind of problems, the models of the p-Laplacian equation
are introduced, see [17]. Many important results for the boundary value problems of frac-
tional p-Laplacian equations have been obtained, see [18—28] and the references therein.

In [25], Wang and Xiang studied the four-point boundary value problem of the fractional
p-Laplacian equations

Dy (pp(Dgu(®)) = f (&, u(8)),  te(0,1),
u(0)=0,  #'(1)=au(§),
D8l+ M(O) =0, Dg+ u(l) = ng+ u(n),

where 1 <o,y <1, D&, D}, are Riemann-Liouville fractional derivatives. By using the
method of lower and upper solutions, the existence results of at least one nonnegative
solution of the boundary value problem are established.

In [27], Mahmudov and Unul studied the following integral boundary value problem of
fractional p-Laplacian equation:

Dy (¢p(Dg.ult))) = £ (&, u(t), Dy u(t)), te(0,1),
u(0) + (1) = o1 fiy g(s,u(s)) ds,

u(1) + patt' (1) = 03 f;) s, u(s)) ds,

D, u(0) =0, D, u(1) = vDg, u(n),

where D, Dg+ are Caputo fractional derivatives with 1 < «, 8 < 2. By the fixed point the-
orems, the existence and uniqueness results of the solutions are established.

The purpose of this paper is to establish a method of lower and upper solutions for
the general boundary value problems of fractional p-Laplacian equations and prove the
existence of positive solutions for some specific nonlinear integral boundary value prob-
lems of the fractional p-Laplacian equations. Our paper is organized as the following
parts. In Section 2, we give some basic definitions and lemmas to prove our main re-

sults. In Section 3, we establish the lower and upper solutions method for the general
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boundary value problem (1.1)-(1.2). In Section 4, by using the lower and upper solu-
tions method obtained in Section 3, the existence of positive solutions for fractional
p-Laplacian equation (1.1) with the following nonlinear boundary conditions are ob-

tained:

U (0) = (¢, (°Df. u(0))) =0,
u(1) = [} g (s, u(s), D u(s)) ds, (1.3)
Dl u(1) = [ g(s, uls), Dl u(s)) ds,

/(0) = (¢p(CDf, u(0)))' = 0,
riu(1) - rau(E) = [, @(s,u(s), DG, u(s)) ds, (1.4)
m DY u(1) + my DY, u(n) = [y ga(s, uls), DY, u(s)) ds,

and

' (0) = (¢p(CDp, u(0)))' =0,
u(1) = [y g1(s,u(s), “Dyu(s)) A1 (s), (L5)
D u(1) = [, ga(s u(s), “Dy, u(s)) dAs(s),

respectively. In Section 5, as applications, some examples are presented to illustrate our

main results.

2 Preliminary definitions and lemmas
For the convenience of reading, in this section, we provide the background knowledge on

the fractional calculus and fractional differential equations.

Definition 2.1 (see [1, 2]) The Riemann-Liouville fractional integral of order y > 0 of a
function y : [0, +00) — R is defined by

0= [ =970 ds

and the Caputo derivative is given by

n-1

(1)
y"(0) K
DLyt = Doyt - 3 22O
— Tlk-y+1)
where
1 d” [t y(s)
Dly(t) = ———— ——d
Y= vy a /0 t—syr &

is the standard Riemann-Liouville fractional derivative of order y > 0 of a function
y:[0,+00) = R, n is an integer with n — 1 < y < n, provided the right-hand integral con-

verges.
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Lemma 2.1 (see [1, 2]) For y > 0, the general solution of fractional differential equation
Dy, y(t) = 0 is given by

y(t) =co + 1t + thZ bt Cn—ltnil,
wherec; €R,j=0,1,2,...,n—1,and n is an integer with n — 1 < y < n.

Lemma 2.2 For any given function h € C[0,1] and real numbers a,b € R, the following

boundary value problem of fractional differential equations

D2 (9, (CD.u(1) = h(t), te(0,1),
U (0) = (¢,(°Df, u(0))) =0, (2.1)
u(l)=b,  °Dlu(l)=a

has a unique solution u = u(t), which is given by

1 1
u(t)=b- /0 Gp(t,8)pq ((pp(a) - /0 Gy (s, T)h(t) d‘L’) ds (2.2)
and
1
Dt~y () [ Gttt ), (23)
where

1 |@-s (-9, 0<s<t<l,
Gy(t,s) = — (2.4)
) | 1 -5, 0<t<s<l,

and

Gyt )_L (I-s)ft—(t-9)f1, 0<s<t<l, 05
e T (1-s)P 1, 0<t<s<l. '

Proof Let gop(Cng(t)) = v(t), we can easily show that boundary value problem (2.1) can

be decomposed into the following coupled boundary value problems:

D2v(t) = h(t), te(0,1),
V(©0)=0,  ¥(1)=gpa),

(2.6)

and

D ult) = p,(v(t)), te(0,1),
£0)=0,  u(l)=bh.

(2.7)
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It follows from Lemma 2.1 that the general solution of fractional differential equation
D2, v(t) = h(t) is given by

v(t) =I5 h(t) + co + 1t

1 t
:m./o (£ —)*h(s)ds + ¢ + 18, ¢eR,j=0,1

The boundary condition v'(0) = 0 implies that ¢; = 0, and by the boundary condition v(1) =
@p(a), we can obtain that

1 1
o = gpla) - m/o (1 —s)*Lh(s)ds.

So, boundary value problem (2.6) has a unique solution, which is given by

1 t
v(t) = pp(a) - ﬁ (/0 (1-35)*"h(s)ds - /0 (¢t — )% h(s) ds)
1
~0@)~ [ Gule. o). 28)

In the same way, we can get that the unique solution of boundary value problem (2.7) is
given by

PR S A B AP
M(t)_b+F(ﬂ) A (t-s) wq(v(s))ds—r(ﬁ)/; (1-5) <pq(v(s))ds

1
=b- / Gg(t,s)gq (v(s)) ds. (2.9)
0

Therefore, boundary value problem (2.1) has a unique solution u = u(t) which is given
by (2.2), and CD§+u(t) is given by (2.3). O

From (2.4) and (2.5), it is obvious that G, (¢,s) and Gg(Z, s) satisfy the following lemma.

Lemma 2.3 The functions G,(t,s) and Gg(t,s) are continuous and G,(t,s) > 0, Gg(t,s) > 0
for (¢,s) € [0,1] x [0,1].

3 The method of lower and upper solutions for the general nonlinear
boundary value problem

In this section, we present a new method of lower and upper solutions for the general

boundary value problem (1.1)-(1.2) and prove the existence of positive solutions for the

problem.

Definition 3.1 We say a function x = x(¢) is a positive solution of boundary value prob-
lem (1.1)-(1.2) if and only if x(¢) > 0, ¢ € [0,1], and x = x(¢) satisfies equation (1.1) and
conditions (1.2).

We denote by AC![0, 1] the space of functions which are absolutely continuous on [0, 1]
(see [1, 2]).
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Definition 3.2 Let x € AC'[0,1], and we say that x = x(¢) is a lower solution of boundary
value problem (1.1)-(1.2) if

D8, (0p(CDhx(1))) < f(t,x(£), DY x(t)), £ (0,1),
x/(0) = (¢,(°Df.x(0))) = 0,

x(1) < Th[x(2)],

CDE.x(1) > Tolx(2)].

(3.1)

Let y € AC'[0,1], and we say that y = y(¢) is an upper solution of boundary value problem
(1.1)-(1.2) if

D% (@p(CDhy(2))) = £ (£, 5(1), C Dy (1)), t€(0,1),
5'(0) = (¢,(°Df.y(0))) =0,

y(1) = T1[y(2)],

DE.y(1) < Toly(@)].

(3.2)

We denote that E = C#[0,1] := {u : u € C[0, 1],CD5+M € C[0,1]} and endowed with
the norm |ullg = [|ullo + |°Df: ]|, Where [[ulloc = maxo<i<1 |u(t)] and [[CD. ullo =
maxp<s<1 |CD§+ u(t)|. Then (E, || - ||g) is a Banach space. We denote that

P={u:ucEu(t)>0, D} ult) <0t 0,1]}.

It is obvious that P is a normal cone on E. We denote x < y if and only if y — x € P for
x,y € E.

Definition 3.3 Let P be a cone on a Banach space, a functional T = T[u(¢)] is called in-
creasing on P if and only if T'[x(t)] < T[y(t)] for any x < y € P. And it is called decreasing
on P if and only if T'[x(t)] > T[y(¢)] for anyx <y € P.

We assume the following conditions hold:

(H1) f e C([0,1] x [0,+00) X (—00,0]), 0 < f(¢t,w1,21) <f(¢, wa,23) for any ¢ € [0,1] and
0<w; <wy,0>2z1>2z€eR.

(H2) The functional T; is continuous nonnegative increasing on P, and 75 is
continuous nonpositive decreasing on P.

Theorem 3.1 Assume that (H1) and (H2) hold, boundary value problem (1.1)-(1.2) has a

lower solution xy € P and an upper solution y, € P with xo < yo. Then the general boundary

value problem (1.1)-(1.2) has positive solutions x*, y* € P. Furthermore,
xo(t) < x*(t) < y* () < yo(2)
and

€Df.yo(t) < °Df.y*(£) < °Df.x*(t) < “Dh,xo(t) <0, te[0,1].
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In order to prove Theorem 3.1, we provide the following two lemmas and the corre-

sponding proofs.

Lemma 3.2 Assume that conditions (H1) and (H2) hold, and there exists x; € P, a non-
negative lower solution of boundary value problem (1.1)-(1.2). Then the following boundary
value problem of fractional p-Laplacian equation

€D, (9p(CDfxrs1(8)) = £ (&, %(£), Dy x(2)), ¢ € (0,1),
%;,1(0) = (9p (€D x£41(0))) = 0,

Kr1(1) = Ti [k (2)],

€D} xa (1) = To [ (8)]

(3.3)

has a unique solution xy.1 = xx41(t) which is a nonnegative lower solution of boundary value
problem (1.1)-(1.2), and x; < xi41.

Proof In view of Lemma 2.2, for the given x; € P, boundary value problem (3.3) has a

unique solution Xy, = x4,1(¢) which is given by

1
xe1(0) = Ta[xk(2)] —/0 Gﬁ(tvs)(Pq((pp(TZ[xk(S)])
1
. / Ga(s, T)f (1, 20(z), DL i (7)) d‘L’> ds, (34)
0
and

1
CDg+xk+1(t) =¢q <¢p(T2 [xk(t)]) - /0 Ga (t,S)f(S, xk(S), CDg+xk(S)) dS) (35)

From Lemma 2.3, conditions (H1) and (H2), we easily get that xx,;(f) > 0 and
CD§+xk+1(t) <0, which implies x¢,1 € P.

Next, we will prove that x; < %1 and X441 = %41 (2) is a lower solution of boundary value
problem (1.1)-(1.2).

Since xy is a lower solution of boundary value problem (1.1)-(1.2), then

DL (9p(CDh 21 (D)) < f (&, 2(8), CDfxi(8)), £ €(0,0),
%,(0) = (¢,(°Df 2 (0))) = 0,

(3.6)
xx(1) < T [xx (@),
Dfxx(1) > Tolxi(8))].
By (3.3) and (3.6), we can get that
D&, (@ (C D} 41 (1) — 9, (CDh 21 (1)) = 0, £€(0,1),
x),1(0) = %,(0) = (9, (C D, %11 (0)))' — (9, (C DL, 21 (0))) =0, 37)

x1(1) =2 (1) = 0,
€Dfxri (1) - CDfxk(1) < 0.
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Denote
05 (CDhx11 () = 0, (DY i (8)) 2= ().
Then
(00 (“ DG 2x:1(0))) = (95 (“Df:xx(0))) = v/(0) = 0.
And since
Dl i (1) - “Df(1) <0,
we get that
V(1) = @, (CD§+xk+1(1)) - Oy (Cngk(l)) <0.
Denote
D5 (¢ (“Dhex11(9)) = 0 (“Dhetn(1))) 2= b ()
and
v(1) = 0, (“Df k1 (1) = 0 DGk (1)) 1= g,
then we obtain the following boundary value problem:

CDg+V(t) = hk+l(t) Z 01 le (O’ 1)!
V'(0) =0, (3.8)

V(l) =dr <0.
By (2.8) and Lemma 2.3, (pp(CngkH(t)) - (pp(Cngk(t)) = v(t) = agy — fol Gy(t,s) x

hie1(s)ds <0, t € [0,1]. According to the monotonicity of p-Laplacian operator ¢,, we
have

“Dpxina(£) - “Dpxi () = “Dp (e (6) — 2e(2)) <.
Then we obtain the following boundary value problem:

CDE, (x 1 () — 21 (1)) := 811 (1) <0, £ €(0,1),
,,,(0) - x,(0) = 0, (3.9)
xk+1(1) —Xk(l) = bk+1 > 0.

So that, xg,1(£) — () = byy1 — fol Gﬁ (t,5)8k+1(s)ds > 0 and CDg+ (1 (8) = 2% (2)) = Bpes1 (£) <
0, which implies xx < x441.
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From conditions (H1) and (H2), we get

D% (9p(C Dl i1 (8)) = (& %0 (8), Dl 1 (8)) < (&, %041 (8), E Dl s (8)),
%;,1(0) = (¢, (C Dl %141 (0))) = 0,

Kk1(1) = Ti[wx ()] < T [xas1(8)],

CD§+xk+1(1) = Ta[xx(2)] = Taolxie1(2)],

(3.10)

which implies that x = x4,1(¢) is a lower solution of boundary value problem
(1.1)-(1.2). 0

Similar to Lemma 3.2, we can get the following lemma.

Lemma 3.3 Assume that conditions (H1) and (H2) hold, and yi € P is an upper solution
of boundary value problem (1.1)-(1.2). Then the following boundary value problem

D5 (0p(C Dy, i1 (£))) = f (&, 31 (8), DY (), £ € (0, 1),
5i11(0) = (9(CDh. 141 (0))) = 0,

Yer1(1) = T [y (2)],

Df, ka1 (1) = Taly(0)]

(3.11)

has a unique solution yi.1 = yr.1(t) which is a nonnegative upper solution of boundary
value problem (1.1)-(1.2), yxs1 € P and i1 < Y.

Proof of Theorem 3.1 Starting from the initial functions xo, yo € P, we define iterative se-
quences {x} and {yx} by (3.3) and (3.11), respectively.

From Lemma 3.2 and Lemma 3.3, x = x(¢), k = 0,1,2,..., are lower solutions of bound-
ary value problem (1.1)-(1.2), and x < 1 such that {x;} C P is monotonically increasing.
Moreover, y = yi(t), k =0,1,2,..., are upper solutions, and yx,1 < ¥, such that {y;} C P is
monotonically decreasing.

Since x; < yx, then x¢(¢) < yx(¢) and DL, x4 (¢) > DL, yi(¢), and from (H1), (H2), we have
that

F(&x(0), DY xi() < f (6, 31(8), Db yi(2)),
Ti[xc(®)] < Ta[n@®)], and  To[x(6)] = To[y(0)].

By (3.3) and (3.11), we get

€D (@p(CDE yi1 (1) — 9, (CDE 321 (1)) =0, £ €(0,1),
11 (0) =%, (0) = (9, (C DL, y4:1(0))) — (9p(C D, x4:1(0))) = 0, (3.12)
Y1) = x52(1) >0, DLy (1) = DL a1 (1) < 0.

We can show that x4,1 < yk,1 in the same way as above.
Therefore,

B e e £ e S SR VS ST & S g Y
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Since P is a normal cone on E, the sequences {xx} and {yx} are uniformly bounded. Be-
cause Gy, Gg, ¢y, ¢4 and f are continuous, we can easily get that {x;} and {yi} are equicon-
tinuous. Hence, {x} and {yx} are relatively compact. Then there exist x* and y* such that

kli>noloxk =x k11>nolo CDg+xk(t) = CDg+x*(t), (3'13)
and
lim ye=y%, lim DG yi(t) = “Dp.y (o) (3.14)

which imply that x* is a lower solution, y* is an upper solution of boundary value problem
(1.1)-(1.2), and x* < y* € P.

In the following, we prove that both x* and y* are solutions of boundary value problem
(1.1)-(1.2).

From (3.4), (3.13), and by the continuity of ¢,, f, G,, Gg and the Lebesgue dominated
convergence theorem, we have

1
x*(8) = Th[x*(0)] - /0 Gﬁ(t,s)qoq(wp(Tz[x*(S)])
1
_ / Ga(s,t)f(r,x*(r),Cng*(r))dr) ds. (3.15)
0

In view of Lemma 2.2, x* is a solution of boundary value problem (1.1)-(1.2).
In the same way, we can show that y* is a solution of boundary value problem (1.1)-(1.2),

too.
Furthermore, xo(t) < x*() < ¥*(t) < yo(t), “Df.yo(t) < °Dh.y*(t) < Dhx*(t) <
€Dfxo(t) < 0. 0

4 The existence of positive solutions for some nonlinear boundary value
problems
In this section, we deal with fractional p-Laplacian equations (1.1) with nonlinear integral
boundary value conditions (1.3), (1.4) and (1.5).
(H3) Assume that g; € C([0,1] x [0, +00) x (—00,0]) (i = 1,2),
0 <gi1(t,w1,21) < @1(t, w2, 22) and 0 > g5(¢, w1, 21) = g2(£, w2, 22) for any £ € [0, 1]
and 0<w; <w,, 0>z >z €R.

Theorem 4.1 Assume that (H1) and (H3) hold, boundary value problem (1.1)-(1.3) has
a nonnegative lower solution xo and an upper solution yy such that xy,yo € P and xy < yo.
Then boundary value problem (1.1)-(1.3) has positive solutions x*, y*, both x* and y* € P.
Furthermore,

xo(t) <x*(t) <y*(£) < yo(2)
and

€Df.yo(t) < °Df.y*(£) < °Df.x*(t) < “Dh,xo(t) <0, te[0,1].
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Proof Boundary value problem (1.1)-(1.3) is a special case of the general boundary value
problem (1.1)-(1.2) when T;[u(¢)] = fol gi(s, u(s),CDg+ u(s))ds, i = 1,2. By assumption (H3),
T is a continuous nonnegative increasing functional on P, and 75 is a continuous non-
positive decreasing functional on P. Then assumption (H2) holds. By using Theorem 3.1,

the results in this theorem can be obtained. O
Theorem 4.2 Assume that (H1) and (H3) hold, the constants ri,m; > 0, ry,my > 0, and
boundary value problem (1.1)-(1.4) has a nonnegative lower solution xy € P and an upper

solution yo € P with xy < yo. Then boundary value problem (1.1)-(1.4) has positive solutions

x*,y* € P. Furthermore,
xo(t) = x™(t) < y* () < y0(t)
and
CDfyo(t) < “Dfy*(t) < “Dpx*(£) < “Dxo(t) <0, te[0,1].

Proof Boundary value problem (1.1)-(1.4) is a special case of the general boundary value
problem (1.1)-(1.2) when

1
Ty[u(t)] = i(rzu(é) + / (s, u(s), “Df. u(s)) dS>
rn 0
and
1 1
T, [u(t)] = (—mgCD(";}+ u(n) +/ o (s,u(s),CDg+ u(s)) ds).
m 0

By (H1) and (H3), all the conditions in Theorem 4.1 hold. In view of Theorem 4.1, the

results can be obtained. O
(H4) Assume that A;(¢) are increasing bounded variation functions,
g € C([0,1] x [0, +00) X (-00,0]) (i =1,2),0 < g1(t, w1,21) < g1(¢, wa,27) and
0> g(t,wi,21) > @ (t, wa,z0) forany t € [0,1] and 0 < wy <wp, 0>2; >z € R.

In the same way as Theorem 4.1, we can get the following results.

Theorem 4.3 Assume that (H1) and (H4) hold, boundary value problem (1.1)-(1.5) has
a nonnegative lower solution xy and an upper solution yo such that xy,yo € P and xy < yp.

Then boundary value problem (1.1)-(1.5) has positive solutions x*,y* € P. Furthermore,
xo(t) <x*(2) < y* () < yo(2)
and

€Df.yo(t) < °Df.y*(£) < °Df.x*(t) < “Dh,xo(t) <0, te[0,1].
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5 lllustration

Assume that f(t,w,z) = wrl(l)t%ew_z_w, at,wz) =f(t,wz) =
3

—f(t,w,z) = 10;} 1)t%e""z‘w. We can easily check that the functions f, g1 and g, satisfy
3
conditions (H1) and (H3).

Leta = g, B= %, p= %, We consider the following nonlinear fractional p-Laplacian equa-

1
10r(3)

1
t3e" 710 oo (t,w,2) =

tion:
D3, (¢ (D ul0) = (), D)

1 5
_ _he0-Pou0-10 4 ¢ (q,1), (5.1)
10T (3)

with the nonlinear integral boundary conditions

5
#(0) = (3 (°Dg.u(0) =0,
3 u(s)-C % u(s)—
u(1) = Jy g(s,u(s), CDg uls)) ds = f, 101}(%)s%e 9= Por )10 g, (5.2)
5

5 5 Cpi
Dg.u(l) = fol (s, u(s), Dy, u(s)) ds = —fol 10]}(%)&6”(”7 Do u(s)=10 g,

which is a special case of boundary value problem (1.1)-(1.2).

Let xo = 0, we can easily check that x = xo(£) = 0 is a lower solution of boundary value
problem (5.1)-(5.2).

Let

161 (13,923 — 38082 + 512¢%)
69,615I°(2)

yo(£) =10 -

In the following, we check that y = y(t) is an upper solution of boundary value problem

(5.1)-(5.2).
We can easily get that
@ 16t (~7616¢ + 2048¢%) 4¢3 (13,923 — 3808¢2 + 512¢%)
yO == - )

69,615T(3)) 13,9231°(§)
5 5 5 ’
CDg+y0(t) — _(2 — t2)2’ q)% (CDg+y0(t)) = tz - 2, (§0% (CD(;LJO(L‘))) = 2t;

and

6
I°(

D3, (03 (€Dl yol0)) = €D} (£~ 2) = —2 b,

3
2

)

W=

Then

" =0, (¢3(°Diyl0)) =0,

3
2
and

170,032

- — 7" ~7.30532, CD% 1) =—1.
69,615T' (%) o9l

%0(1) =10
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We can easily check that

0 < £(t,30(), D y0(0)

1 16£7 (13,923 — 3808¢2 + 512£%) N2
= Tt3 exp| - = +(—2+t) <1
100(3) 69,615I'(2)

5
0<a (t,yo(t), CDg+yo(t))

1 1 16£1 (13,923 — 38082 + 512¢4) o2
- —t3exp( - - +(=2+8)7) <1
100(3) 69,615I(2)

5
0> g2(£%0(2), “Dgyo(t))

-1 16¢1 (13,923 — 3808¢2 + 512¢4) 2
= i3 exp| - = +(—2+t) >-—1.
10r() 69,615 (2)
Then
Cn3 (Chi 1 Cni
D0+( D0+)’0(t)) = L3 Zf(t,yo(t), D0+)’0(t)), te (07 1),

6
r'(3)
%0)=0, (o3 (CDaéiyo(O)))’ =0,

170,032

1)=10- %
yo(1) 69,615T'(2)

~7.30532 > 1

1 5
>/ g1(S,yo(S),CD3+yo(5))dS
0

1 5
= / 101}(1) 53700 Dg30()-10 g
0 3

and
il
Dg.yo(1) = -1

1 5
</ gz(S,yo(S),CDéyo(S)) ds
0

1 1 1 ()CD% (s)-10
0 3

Therefore, yo(t) = 10 — 16t%(13’6992;:§?§2+512t4) is an upper solution of boundary value
problem (5.1)-(5.2).

Based on the above discussion, we can get that xy < . So all the conditions in Theo-
rem 3.1 hold. According to Theorem 3.1, boundary value problem (1.3) has the maximum
lower solution x* and the minimal upper solution y*, both x* and y* are solutions of the
boundary value problem. Furthermore,

16£1(13,923 — 3808¢2 + 512¢%)

0<x*(t) <y*(t) <10-
=x )=y = 69,615I'(2)

= 0(2),
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and
2\2 _CpB CnB . * Cnpf * CnB _
1= —-(2-1%)" = “D.yo(t) < “Dyy*(¢) < “Dppoa™(¢) < “Dlyoxo(8) =0, £ €[0,1].

Remark Since xy = x¢(¢) = 0 is a lower solution of boundary value problem (1.3) but not a
solution of the problem. Therefore, the solutions x* = x*(¢) and y* = y*(¢) are the nontrivial
solutions of boundary value problem (1.3).
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