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1 Introduction
Many species live in the same environment, share the basic necessities, and compete for
the limited recourses. This is a common phenomenon in the ecosystem. One of the most

famous models is the classical competitive Lotka-Volterra system

dx,» - .
E:xi<bi—j21:ﬂljxj>, l=1,2,...,n, (1)

where x;(t) represents the population size of species i at time ¢, the constant b; is the
growth rate of species i, and a;; represents the effect of interspecific (i #) or intraspecific
(i =) interaction. One disadvantage is that the rate of change in the density of each species
is a linear function. It might not describe the interaction behaviors of cross terms. Later
on, to make up for this disadvantage and get more accurate results, Gilpin and Ayala have

made some improvements on (1) and proposed the Gilpin-Ayala system

dx» 0: .
d_tl :xi(bi—aiixi’ —;aljxj), i=1,2,...,n, (2)

where 6; is the parameter to modify the classical Lotka-Volterra model. It is a nonlinear

function and can better simulate the rate of density change.
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Afterward, the facts have been noticed that the population systems are inevitably af-
fected by the environmental noise. One important type is the telegraph noise, which can
be molded as a switching between two or more environment regimes. It is influenced by
food and environmental factors. The other type is the widely known white noise, which is
simulated by Brownian motion. Perturbed by these two important environmental noises,
system (2) becomes the stochastic competitive Gilpin-Ayala system with regime switching

dx; = x; (bi(r(t)) - aii(r(t))xfi - Z @ (r(t))x,) dt +o; (r(t))xi dB;(t),
ji

i=1,2,...,n. 3)

The stochastic competitive population system has been studied extensively because of
its universal existence and importance (see e.g. [1-4]). The extinction and persistence in
mean are the important and interesting properties of population systems, which mean
that the population system will die out or survive in the future respectively. Therefore
it has attracted considerable attention (see e.g. [5-8]). Li and Mao have investigated the
dynamic behavior of several stochastic competitive Lotka-Volterra systems based on some
novel Lyapunov functions, and some sufficient conditions are obtained in [4, 6, 7], which
insure the stochastic permanence or extinction. More recently, some improved sufficient
conditions on persistence in mean or extinction for stochastic competitive Lotka-Volterra
systems are provided by Liu and Shen [8] based on the space decomposition method. More
details can be referred to [9, 10], and [11].

However, the approaches proposed by these authors (see e.g. [12-14], and [15]) for
Lotka-Volterra systems cannot be easily used in stochastic Gilpin-Ayala systems because
of the nonlinear item. Meanwhile, the methods proposed in [16] and [17] cannot be read-
ily applied to the asymptotic analysis owing to the existence of regime-switching mech-
anism, which can make the problem insolvable. Moreover, to the best of our knowledge,
the stochastic competitive Gilpin-Ayala system with regime switching and its asymptotic
behavior have not been studied yet. The nonlinear item and the regime-switching mecha-
nism exist in the model simultaneously, which might make the problem more complicated
(see e.g. [18, 19], and [17] for more details). Based on this motivation, our aim is to tackle
this issue. We first establish the detailed criteria for whole persistence in mean and whole
extinction. Then we investigate the asymptotic properties for the partial persistence in
mean and partial extinction. Finally, we give two examples to verify the feasibility and va-
lidity of our proposed methods.

2 Notation
Throughout this paper, unless otherwise specified, let (2, F,{%;}:>0,P) be a complete
probability space with filtration {#;};>¢ satisfying the usual conditions (i.e. it is increas-
ing and right continuous, and F contains all P-null sets). Let B(¢) = (B,...,B}) be an
n-dimensional Brownian motion defined on the probability space.

Let {r(t),t > 0} be a right-continuous Markovian chain on the probability space taking
values in S = {1,2,...,N} with generator I" = (y;;)nxn given by

Vi +0o(A), i#j,

P{r(t+A)=f|V(t)=i}: 1+ A +0(A), i=j
Vii o) =)
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where A > 0. Here y;; > 0 is the transition rate from i to j, and y;; = — Z; i vy <0ifi#j. We
assume that the Markovian chain r(¢) is independent of the Brownian motion B(£) and the
Markovian chain has a unique stationary distribution 7 = (7, 7o, ..., 7,).

For convenience and simplicity, we define

N . v ‘Vlij &ij ..
a;; = mina;(k), a; =maxa;(k), M=, mj=<= bLj=1...,n
j j j j j j
keS keS aji ajj

For the sake of discussion, the whole frame is based on several basic assumptions.

Assumption 1 0; > 1,a; >0,a; > 0,i,j=1,2,...,n,i #j.

(k)
5—)>0.

Assumption 2 Y, mi(b;(k) -

o2 (k)
. o (k) bj(k)- ¥ .
Assumption 3 Y o mi((b;(k) - 5=) - Zj#l. aij(k)(W)(’/ )>0,Vj#i.

We are motivated in particular by the work of Mao [13] and obtain the existence of a
global positive solution.

Lemma 2.1 ([20]) Under Assumption 1, for any given initial values xo € R” and ry € S,
there are a unique positive solution x(t,xo, o) of system (3) and a constant K, > 0 such that

n

sup ZExlf(t,xO,ro) <K, i=12,...,n

0<t<+o0 i-1
In the following sections, let x;() = x;(t, xo, ro) for simplicity.

3 Persistence in mean
In this section, we investigate the persistence in mean.

Definition 1 System (3) is called persistent in mean if there exist constants «; > 0, ; > 0,
and y; > 1 such that

11t 11t
lim sup p / x/(s)ds < a;, liminf; f x(s)ds>p; as.i=12,...,n
0 0

t—00 t—00

Consider two auxiliary stochastic differential equations

dyi = yi(bi(r(£) — aa(r®)y]") dt + oi(r(£))y; dB(2), W
¥;(0) = x;(0), r0)=ry, i=12,...,m
dz; = z;(bi(r(t)) - dii("(t))zfi - Z,-}/,' a;;(r(t))y;) dt + 0;(r(t))z; dB;(2), 5)
Zl'(O) :xi(O), 7’(0) =70, i= 1,2,...,1’1.

Then it follows from the comparison principle (see [21]) that

zi(t) <xi(t) <yit), i=1,...,n. 6)
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2
Lemma 3.1 Let Assumption 1 and the inequality ), s mi(bi(k) — G"T(k)) > 0 hold. Then we

have

log y;(t
lim 02%D o 1o as @)

t—00 t

The proof is omitted here; see [7] for more details.

Lemma 3.2 Let Assumptions 1 and 3 and the inequality ) s i (bi(k) — % (k)) >0 hold.
Then the solution of system (3) satisfies
logx;(t
fim 28459 o 10w as ®)
t—00 t

Proof By Lemma 3.1 and (6) we have derived limsup,_, ., k’g’” <0,i=1,2,...,nas.Thus
we still need to prove that liminf;_, o, M >0,i=1,2,...,n,a.s. It suffices to show that

liminf >0, i=1,2,...,n, a.s. 9)

t—>00

log z;(¢)
t

Applying Itd’s formula to zfi (¢), we can readily verify that

2
o1 exP{(@ bi(r(®) >9t+9 Z/ a;(r()) y,(s)ds}

0 5,
Z; (®) X; (0) i

b0, (r(0) Bi0) + au (r(0)6, /0 t exp{ (@ . bi(r(t)))ei(t _s)
—0,0:(r(0)) (Bi(t) — Bi(s)) + 6; Z/ a;i(r(0)) y,(r)dr}

J#i
i1+ Ep. (10)

A simple computation from (4) shows that

ftyf"(f)dr
bi(r(t)) oi(r(¢)) 1
= a0 aytrie) PO B+ gy () i)
=:ci(t—5)+ m;(Bi(t) Bi(s )) +d; (logy,(s) —logy;(t )) i=1,2,...,n. (11)

The Holder inequality then gives

f ) de < (¢ -5 ( f ty?f(r)dr)

= (t— )" (cit - 5) + mi(Bit) — Bi(s)) + di(logyi(s) — logi(e)))

i=1,2,...,n (12)

S
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It follows from the inequality (@ + b + ¢)? < 3¢-DV0(a? + b? + ¢?) that

t
f yi(T)dt
S
1 %

< (6= (¢t - )T +ml' (Bit) - Bi()) T +d" (1ogi(s) — logyi(H) ),
i=1,2,...,n. (13)

S

Fori=1,2,...,n, we define

B (t) := Bi(t) - oIEsiEtBi(S)’

&(t):= max logy,(s) log y;(¢).

Substituting the previous inequality into (10) yields

2
Eq < 9,1 exp{ (Gi U bi(V(t))>9it — 0,0i(r(t))Bi(t)
x;' (0)

2
-1, 1
+6,) ay(r®)(t-s) "z( T (t—s)h
Jj#i
1 1 1
9 9

)

1 exp{ (Giz(r(t)) - b,-(r(t)))@ it +0; ol(r(t)) <max B;(s) - -(t))

(B (t) - mm B; (s)) + dgl <max log y;(s) — logy](t))

=30 2
o) ) r0) ) o))
i
1 2(r(t)) (%
< 70 exp{(a 5 —bi(r ;al, (r@®)c )
+0,0:(r(2)) (égai(tBi(S) - Bi(t)>
+6,) ay(r()e (B*(t))"_ 7(5,(t))97)}, i=1,2,...,n. (14)

Jj#i

In the same way, we get

Ep <ay; (F(t))@i /t exp{ (@ — bi(r(t)))gi(t -5)
0

~00,(r0) (B0 - B6) + 0 Yy (r0) ¢ =9) Y a0

)}a

-
T

<D| —
&

(B i(t) - mmB(s)) +d (nslsaéctlogy,-(s) logy](t))
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Sﬂii(r(f))ei/(;texp{<6i2(;(t (r(®) Zﬂy (r@®)c )9 (t—3s)

J7i

+0,0:(r(2)) (égai(tBi(S) - Bi(t)>

1 1
9 7

+6,) ay(r(0)e (B*(t)) d ()"

)}ds, i=1,2,...,n (15)
J#i

Substituting this into (10) yields

11 2((0)
20 S{x?f(m w25 -5.010) + (e )

j#i

+aii(r(t))ei/Otexp[(aiz(;(t)) (t) Z‘l‘l r(t) )9 (t—s):| }

j#i

X exp{@ial( (t)) (max B;i(s) — B; (t))

e

0 Y a0 (B*(t))el d’ (&)

i

= 7(0) exp{eioi(r(n) (max Bi(s) - B.(»)

+ 01' Z ajj (V(t))tl_

J#i

l
1

S

(B*(t))hd (sj(t))e‘f)}, i=1,2...,n,  (16)

where ¢;(t) satisfies the system

() = 0:i(bi(r(t)) - m D ﬂij("(t))cﬁ — a;i(r(£))¢i(1)),
$:(0) =x(0), i=1,2,...,n
It follows from (16) that

logzi(t) _ log@;(t) maxo<s<,Bi(s) — Bi(t)

P ai(r(t))
B* GL
_Z<m1 (t)) Z(di(t)> , as.i=1,2...,m. (17)
j#i i

The Brownian motion implies

maxo<s<¢ Bi(s) — B;(2)

lim — =0,
t—00 t

B;(t) - mi By(s) 19

/() — min, i(s
lim — 0==t 20, i=1,2...,n
t—00 t
F
(2r(t)) - Z#i aij(r(t))cj’ > 0, from (16) we can easily see that

log ¢;(t

fim 2220 o s io12,m (19)

t—00 t
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Note that Lemma 3.1 implies

0 maxo<s<; log y;(s) —log y;(t)

t—00 t

=0 as.,i=12,...,n (20)

From (17) along with (18)-(20) we can verify that

1 i(t 1 (t
liminf 0gi(t) >0, lim su KL() <0 as,i=12,...,n (21)
t—00 t t—00 t
as desired. O

Remark 1 The convergence of (8) plays a prominent role in analyzing the asymptotic
behavior for stochastic population systems. The property for stochastic Lotka-Volterra
systems was discussed in [7], and the property for stochastic Gilpin-Ayala systems was
studied in [18] as well. We discuss the system with highly nonlinear item and regime
switching. These two factors limit the effectiveness, so the approach used in [7] and [18] is
not applicable to system (3). By utilizing some novel techniques the asymptotic behavior
for stochastic Gilpin-Ayala systems with regime switching has been studied, which might

have a wider application.

Theorem 3.1 Let system (3) satisfy the hypotheses of Assumptions 1-3. Then it is said to

be persistent in mean, that is,

t—00

LSl Tl pnloe 1))

keS J#i ajj keS

t
9,
liminf — / x;'(8,%0,70) ds
0

ok
limsup — /x (s,%0,70) ds < &—Zﬂk(b(k) 2()> as,i=1,2,...,n

oo % kes

Proof Our proof is adapted from the works [8] and [18]. It follows by It6’s formula that
¢ 2
logi(t) = 10gy:(0) + / <bi(r(s)) - @) ds
0
¢ t
_ / dz’i(f(S))y?i (s)ds + / 0i(r(s)) dBi(s) as.,i=12,...,n
0 0
Thus, it satisfies

! / ai(r(s))y} (s)ds = %(logyi(o) — logyi(t))

tJo
L[ 2(r(s)) 1 [
+;/0 (bi(r(s))—%) ds+2/0 o;(r(s)) dBy(s)

as.,i=12,...,n. (22)
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Note that, for i = 1,2,...,n, % fOT 0i(r(s)) ds < co. By the strong law of large numbers for

martingales we get

t

lim ! o; (r(s)) dB;(s)=0 a.s,,
0

t—oo t
o1t a2 (r(s)) ~ o2 (k)
lim = | <b,- (r(s) = == >ds = gnk (bi(k) - T)
as.,i=1,2,...,n. (23)

By Lemma 3.1 we obtain from (22) that

o2(k
lim 1 ai(r(s))y} (s)ds—an<b (k) - 2 ))

t—00
keS

as.,i=12,...,n (24)

Therefore, fori =1,2,...,n, we have

1 [t , 11t
lim sup n / x?’ (s)ds < limsup n / y?l (s)ds
0 0

t—>00 t—>00

1 1 [t 0;
< —limsup — / dii(V(S)))’f(S) ds
0

6{” t—00

= _an( ; 2(k)> a.s.

ii keS

Applying Ito’s formula to zfi (¢) yields

logz(0) = log=(0) + t(bi(r(s)) - "3(’(5))) a- [ ' (r(9)2(5) ds
0

2
f Z“t} y, (s) ds+/ a,-(r(s)) dB;(s)
J#i 0
as.,i=1,2,...,n. (25)

The well-known Holder inequality then gives

1
1 [t 1 [, 0;
—/x,»dsf(—/x?’(s)) , i=1,2,...,n
tJo tJo

Using Lemma 3.2 along with the Holder inequality and the ergodic property of r(t), we

have
1 [t 0;
! /0 ai(r(s))2) (s) ds

B %(Ingi(O) —logzi(t)) + %/Ot(bi(r(s)) - @) ds
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- —/ Zu,, r(s) y](s)ds+ / oi(r(s)) dB;(s)

J#i

1 1 [t 2(r(s))
> ;(1ogzi(0) _ logzi(t)) + ;/0 (b,«(r(s)) 9 ;’S )ds

2 2
zzm@Mwﬁgg—Z@( Zm@%) (») 06

keS i % ees

We therefore have

t
liminf — / x?i(s) ds
0

t—00

e Y 1 1 [t 0:
> liminf — ( )ds > — limsup — ; a,»i(r(s))zil(s) ds
0 0

t—oo [ g” =00

T e ) )

keS ji Y ees

as desired. For i = 1,2,...,n, system (3) is persistent in mean. O

Remark 2 When 6, =1, i = 1,2,...,n, system (3) reduces to the stochastic competitive
Lotka-Volterra systems with regime switching, the conditions on persistence in mean are
in accordance with the results in [8].

4 Extinction
In this section, we verify that the system will become extinct if the noise is sufficiently
large.

Theorem 4.1 Suppose that Assumption 1 holds and there exists an integer m < n such
that

2
Zm@mﬁ¥§w,ﬁmww

keS

2
an(bi(k)— U’T(k)) =0, i=m+1,...,n

keS

27)

Then we have
(i) The previous m species of system (3) are almost surely exponentially extinct with the

exponential rate of the ith species — ) ;¢ mi(-5— — b;(k)), that is,
. logxi(¢,0,70) o (k)
Jim === gnk( R bik)) as. (28)

(ii) The following n — m species will extinct with zero exponential rate, that is,

lim x(¢,%0,70) =0 a.s. (29)

t—00
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Proof We begin by proving the exponential extinction for the top m species of system (3)
when ), o i (bi(k) -

k . . .
2( ) )<0,i=1,2,...,m. The next goal is to show the zero exponential

extinction for the bottom n — m species when ), ¢ i (b;(k) — =m+1,...,n
Step 1. We aim to prove assertion (28). By Itd’s formula we get
t 2
log x;(£) = logx;(0) + / (bi(r(s)) - @) ds
0
t
- / (z/lﬂ(r(s))x?i (8)+ Y ay (r(s))x,(s)> ds + Mi(t),
0 j#i
i=1,2,...,n,
where M;(t) = fot 0i(r(s))dBi(s), i = 1,2,...,n. Dividing both sides by ¢ yields
logx;(£) logx;(0) 1 (* 2
oesi)_lex® 1 ['(y ) 7 (r(s))) W
t ¢ tJo 2
1 [t M;(t
__/ (a” r(s S)+Z&ll] ) s + ()’
tJo m ¢
i=1,2,...,n (30)

By the strong law of large numbers for martingales (see [20]) we derive limHoo% X
fot oi(r(s))dB;(s) =0 as., i = 1,2,...,n. For i = 1,2,...,m, letting t — 0o on both sides of
(30), we have

log x;
lim sup ng —Z ( (k)) i=1,2,...,m, as. (31)
t—00 kES
By (31), forany 1 <i < k and & € (0, mini<j<t ) ;s nk( — b;(k))), we can select a ran-

dom variable T'(¢) such that

o (k) .
x;(t) < exp <— Z nk< L - b,'(k))t + et), Vt>T(e),i=1,2,...,m, a.s. (32)

2
keS

Thus it follows that

X () <exp( an(

keS

- b,»(k))t + Gist), Vi>T(e),i=1,2,...,m, as.

Then we can readily verify that

/oo(a”( (s) s) + Za,, r(s x,(s)) ds<oo, i=1,2,...,m, as. (33)
0 j#i
By (30) and (33) we have

. logux;(t Uizk .
lim g U:—Zm(#—ly(k)), i=1,2,...,m, a.s.

keS
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Step 2. We only need to show assertion (29). Applying It6’s formula to log x?i (), we get

logxi(t) logx;(0) 1 ! ) 0;
; = . - t/o au(r(s))xi (s)ds

_% Z /Ot“if(r(s))xi(s)dSJr % /:O'idBi(s)- (34)

J=1j#

Based on the convergence of the integral fooo x;(s) ds, the sample space Q2 can be decom-
posed into two mutually exclusive events

Gh= {a):fooxi(s)ds<oo} and Gp = {w:/ooxi(s)ds=oo}.
0 0

Furthermore, we can also divide 2 into three mutually exclusive events

Fin= [a) :lim sup «;(¢) > lim inf x;(¢) = y; > 0},
t—>00

t—00

Fi= {a) :lim sup x;(¢) > limtinf x;(t) = 0], and
— 00

t—>00

Fiz= {a): lim xi(t) = 0}
t—00

The proof of lim;_, » x;(¢£) = 0 a.s. is equivalent to showing that G;; C f ;3 and G C F ;3
a.s. The following is an outline of the proof.

First, using stochastic LaSalle methods proposed in [22], we prove that G;; C F ;3. Sec-
ond, using the novel techniques, we show that P(G;; N F ;1) = 0and P(Gj; N F ) = 0, which
means that G;; C F ;3 a.s. Now we map out our strategy.

Case 1: The continuity of x;(¢) and definition of G;, imply that P(G;; N F ;1) = 0. Now we
prove it by a contradiction.

Now let us show that G;; C F ;3. Clearly, x;(¢) € C(R,,R) a.s. It is easy to check from G
that liminf,_, o x;(£) = 0 a.s. Therefore, we obtain that P(G;; N F ;1) = 0. The only thing that
remains to show is P(G;; N F ;3) = 0. If P(G;; N F 1) > 0, then there exists a real number
& > 0 such that

P(Q1NGi) = 2e, (35)
where Q; = {limsup,_, ., x:(£) > 2¢}. Define the sequence of stopping times

71 = inf{t >0:x(t) > 28}, Tox = inf{t > Topo1 :xi(E) < s},

Tokel = inf{t > Top i x;i(t) > 28}, k=1,2,....

We have E(Ig, fooo x;(s) ds) < oo from G;;. Then we compute and rearrange

oo ad Tok
E<1Gi1f xi(S)dS> > ZE<I{12k1<oo,t2k<oo}ﬂGi1/ xi(S)dS)
0 T

k=1 2k-1

> &

M2

E(I{rzk,1<oo}ﬂGi1 (Tzk - T2k—1))r

T
X
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where 14 is the indicator function. Since 7y < 0o whenever t5;_; < 00, by the above formula
we have

o0
& ZE(I{rzk_1<oo}ﬂGil(72k—l — o)) < 00. (36)
k-1

Integrating equation (3), we have
t
50 =50)+ [ o) dis)
0

+/0 x;(s) (b,'(r(s)) —a,'i(r(s))xf"(s) - Z a,'j(r(s))xj(s)) ds. (37)

j=1j#i

Compute and rearrange

n 2
E{xﬂs)- (bi(r<s)) —au(r(s)x () - 3 a,-,(r<s>)x,-<s>) }

j=Lj#i
1, 1 o - !
< EE(xi (s)) + EE bi(r(s)) —aii(r(s))xi (s) = Z ai,-(r(s))xi(s)
j=1j#
< %E(x?(s)) + %E(b4 + aflx;w’ + Z al 4y 451?1 ? i Z ayxj + 4a”x Z al
j=1j#i j=1j#i j=1j#i

n n
2,42 420 2 2\ 20i 2,2 2. i
+6b a;x; " +6b E a: x +6a;x; E azx; +12b”a;x; E aix;

j=1j#i j=1j#i j=1j#i

1 4 3
<K+ (b +atKyg, + Z ajKy + 4a;Ks, Z a; Ky +4a; Ky, Z a;Ks
j=Lj#i j=Lj#i j=Lj#i

+ 6b*a2Kyg, + 6> Z aiK + 6a Ko, Z azKy + 12b%a;Ky, Z a,,](1>
J=Lj J=1j#i j=Lj#i
= U?

1

and
E(o}? - x7(s)) =0} - E(x}(s)) <07 - Ky = V7,

where Ki, K, K3, Ky and Ky, Kag,, K3g,, Ksg, are defined in Lemma 2.1. By the BDG in-
equality (see [20]) and the Holder inequality we compute

2
E<1{r2k_1<oo;mei1 sup |%i(Tako1 + £) — xi(Takn) | )
0<t=T

/ R (bl- (H6)) = au(r(9))(5)

2k-1

|

= 2E{1{72k1<00}ﬂGi1 sup
0<t<T

- Z a,»,»(r(s))xj(s)) ds

j=Lii
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/ Qk_ﬁt(oi - %:(s)) dB;(s)

)

2E<1 {Tok_1<00}NG)1 sup
0=<t<T

T2k-1
T21<—1+T 5 o
E{ Iz <o0 ﬁG,l x; ()| bi(r(s)) — air(r(s))x;" ()
T2k-1

" 2
Z @ S) x](s)) }
Jj=1j#i

To-1+T
+ 8E<I {Tok-1<00}lNGj1 / (O—i2 xzz(s)) ds)
T

2k-1

<2T(U} +4V}). (38)
Choosing T = T(¢) > 0 sufficiently small for 2T (U? + 4V?) < &3, from (38) we have

2T +4)TW} + V})

5 <s, (39)
&

P({tak-1 < 00} N {Hr NJa}) <

where Hy = {sup,,.r |%i(tox-1 + £) — xi(tax-1)| = €}, k = 1,2,.... Noting that 7; < oo for
k=1,2,... whenever o € Qy, we further compute

P({ta-1 <00} N {H{ N G })
= P({rak-1 < 00} N G1) — P({Tak-1 < 00} N {H N Gi1})

>2e—¢c=¢.
Note that if w € {tox_; < 00} N {H{ N G;1}, then
k(@) — Top-1 (@) > T. (40)

We obtain from (36) and (40) that

o]

00 > SZE Ty <0G (T2k — Tok1) |
k-1

o0
Z I{sz 1<00}N{HENG 1} (Tzk 1— Tzk)]
k=1

> STZP({TZk—l <oolnN {H,i N Gil})
k=1

o0
>eT Z £ =00, (41)
which is a contraction. So P(G;; N F j2) = 0 holds, and we derive that G;; C F ;3.
Case 2. It remains to prove Gy C F ;3 a.s. We need only to show that (G, N F ;1) =0

and P(Gj; N F j2) = 0. We prove it by a contradiction. If P(G;; N F ;1) > 0, then for any w €
GnNF i, €€ (0, %), there exists T = (&g, w) such that

xi(8) > y; — €0 > %, Vt> T, as.
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Then it follows that

1 t 1 T 1 t
—/ x;(s)ds = —f x;(s)ds + —/ x;(s)ds
t 0 t 0 t T

1 (7 t-Ty,
2—/ x;(s)ds + % a.s.
tJo £ 2

Letting t — oo, we get

t—oo0

e Vi
liminf — | x;(s)ds > 5 >0 as.
0

This implies
logx;(t - i
lim sup gi() <- a,-j& <0 as,
t—>00 t 3 2

j=1

which contradicts the definition of J;; and F ;. So P(Gp N F ;1) = 0 must be established.
We proceed to show that P(G, N F ;) > 0 is false. We need several notations:

;@) := {Ofs <t:x;(s) > 8},

516 = I

’

8°(i) :=liminf &; 4,

t—00

A°(i):={w e o NFn:8°(i) >0},

where m(I"¢(i)) denotes the length of T'¢ (i). It is easy to see that A%(i)) = G N f ;. Note

that, for any &; < &,

r@ore@,  m(T @) =m(T230),

’

which implies
8°2(i) < 8°1(), A2(i) C A*1(i), Vep<en.
By the continuity of probability we have

P(A%())) > P(A%()) =P(Go N F3) ase— 0.

If P(Gia N F i2) > 0, then there exists ¢ > 0 such that P(D?) > 0. For any w € A®(i), we have

1 [t 1 1
— | xi(s)ds = - x;(s)ds + — x;(s) ds
rJo L Jneg) t Jioams
1
> —/ x;(s)ds a.s.
0

Page 14 of 23
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Letting t — 00, we get

t—oo0 —o00

1 [t 1
liminf—/ x;(s)ds > litminf—/ x;(s)ds > 8°(i)e a.s. (42)
0 e
Substituting (42) into (29), we have

n
<- Zai,ss(i)s <0 as.

-1

lim su

t—00

log x;(¢)
P t

This contradicts the definitions of G;; and F ;. Consequently, we conclude that P(G, N
F i2) = 0. Combining the facts Gy C F i3, PJ N F i) =0, and P(Gp N F ) = 0, we de-

rive
lim x;(¢£) =0 a.s.,
t—00
as desired. N

Remark 3 The difficulties come from the nonlinearities and regime switching. Based on
stochastic LaSalle theorem and the space-decomposition method (see [8] and [22]), we
overcome the difficulties. If system (3) does not contain parametric switching and 6; = 1,
i=1,2,...,n, it happens to be the result in [7]. Therefore, Theorem 4.1 generalizes the

results in [7] and [8].

5 Partial persistence in mean and partial extinction
We will discuss the partial persistence in mean and partial extinction on certain conditions

later. Define the auxiliary stochastic differential equation:

dui(t) = ui(bi(r(t)) - ﬂii(r(t))bi?i = 2 ai(r(@)wy) dt + ou(r(£)) dB(2),
1;(0) = x;(0), r(0)=ry, i=1,2,...,m.

(43)

Theorem 5.1 Suppose that Assumption 1 holds and there exists an integer 1 < m < n such
that

Uiz(k) “ .
dom btk - == )50, aull)- Y au(k)>0, VkeS,i=12,...,m,

keS 2 j=1,ji
o R s ek, k)
gm<(bl(k) - ) —jﬂ%ﬁ (0 (b,(k) - ) >0,
i=1,2,...,m, (44)
2
an<bi(k)—“fT(’<)><o, i=m+l,...n (45)
keS

Then we have

Page 15 of 23
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(i) Fori=1,2,...,m, the solution x;(t, xo, 7o) to system (3) satisfies

t
liminf - / x?i (s)ds
0

(o)
keS 2
2\ \ 7
_Zzhy( Zﬂk( 01 ( )>> /} a.s.
j#i % ees
o 2(k)
llgigp / i(s)ds < a—”gnk< 5 )

That is, the species i is persistent in mean for each i =1,2,...,m;

(i) Fori=m+1,...,n, the solution x;(t,xo, ro) to system (3) satisfies

log x; 2
lim sup %(t) < an (h,-(k) - G’T(k)> a.s.,

t=eo keS

that is, system (3) will become extinct.

Page 16 of 23

(46)

(47)

(48)

Proof The proofis divided into two steps. The first step is to show the persistence in mean

of the previous m species. The second step is to show the extinction of the following n —m

species.

Step 1. We analyze the convergence of xfi (1) - ufi (t) as t — 00, where u;(t) is the solution

to equation (43). Applying Itd’s formula to system (43) yields

d(log ui(t)) = (bi(r(t)) - a,','(r(t))ufi - Z a; (r(t)) ) dt + o; (r(t)) dB;(t).
j=1j#i
Fori=1,2,...,m, we have
d(logx,-(t) —log ui(t))
==Y ay(r®) - w)dt— > ay(r(t))x;dt
j=1ji jem+1

—a(r0) (5~ ).

Applying Itd’s formula to V(¢) = Y1, | log x?i(t) —log ufi(t)| yields
D'V (t) = Z sign(xf‘( (t)) (dlogx "(t) - dlogu (t))

- Z sign(x?i(t) - ufi (t))

i=1

. ( Z a;(r(t)) (x -u )dt + Z zz,«j(r(t))xf" dt + ay(r(t)) (x?i - u?i)
j

j=1,j#i je=m+1

)

(49)

(50)
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—_— ol

- Zaii(r(t)) \xfi u'|dt+ Z Z aij(r(t)) |xfi - ufi | dt
i=1 i=1 j=1,#i

+ i 2”: a,-,v(r(t))xfi dt

i=1 j=m+1

Za” r(t) \x —uo’ dt + Z Z aﬂ r(t
j=1 i=Li#j

+ i 2”: a,-,v(r(t))xfi dt
i=1 j=m+1

Za” r(t) \x —u
i=1 j=1,j#i

+ i 2”: a,-,v(r(t))xfi dt

r(t) |x —u; |dt

i=1 j=m+1
- - Z(dii(r(t)) -3 aji(r(t))> %7 () — uli(t)| dt
i=1 j#i

£ 2 ay(re)x (D) d.

i=1 j=m+1

Then we have
n
D) -ul @) dt+ Y apl(dt, as.i=12,...,m (51)

Jj=m+1

D'V(t) <

where p = ming<;<p,(a;(r(t) - Z];!i a;(r(¢))) > 0 and o = Y"1 a;5(r(¢)) > 0. Therefore it

satisfies

V(t)+u/ Z|x (8) - ' (s)| ds < V(0) + Z a,/ X' (s)ds

j=m+1

as.i=12,...,m (52)

Letting t — oo, we get
oo oo
/ %' (s) - u'(s)| ds < / > _[x) — ()| ds
0 0

< —(V(O) + Z a,] % (S)ds) (53)

Jj=m+1

Note that by Theorem 4.1 and (45)
(54)

oo
0; .
/ xj’(s)ds<+oo as.j=m+1,...,n
0
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By (54), the inequality (53) satisfies
o0
/ |xfi(s) - u?i(s)| ds<+oo as.i=1,2,...,m. (55)
0
Thus by Lemmas 5.1 and 5.2 (see [8] for more details) we have
lim (xfi(s) - u?i(s)) =0 as.i=12,...,m. (56)
t—>+00

It follows from Theorem 3.1 that system (43) is persistent in mean, namely,
TS B L
liminf — [ u;"(s)ds
0

gz (o0-) (g oo -0))'}

kes j#i Y s (57)
1 o’ (k
limsup—/ u; (s)ds<—an<b(k) o ( )),
t=oo LJo i keS 2
as.i=12,...,n
Fori=1,2,...,m, note that (57) implies
1t
lim mf x;'(s)ds
t—00 0
. . 1 t 6; 6; . . ]. ¢ 0:
=liminf = [ (x;'(s) — ;' (s)) ds + liminf = [ u;'(s)ds
t—>oo t 0 t—oo 0
2( )
>— Zn’k bi(k) - Zal} Zﬂk bj(k) -
keS i /1 keS
as.i=12,...,m, (58)
. 1 [t ,
limsup — | x;'(s)ds
t—00 t 0
. 1 [t 9 0: . 1 [t 6:
=limsup = [ (x;'(s) —u;'(s)) ds +limsup = [ u;'(s)ds
t—00 t 0 t—00 t 0
<—an<b(k) ()> as,i=1,2,...,m. (59)
i keS
Fori=1,2,...,m, the solution x;(¢) is persistent in mean.
Step 2. Fori=m + 1,...,n, applying It6’s formula to logxfi(t) yields
logx;(£) logx(0) 1 [* 2
oenlt)_loex0), 1 [ (bi(r(s)) o (r(s))) “
t t tJo 2
1/t . 1 i(t
-2 /0 au(r(s))'(5)ds - / Zu,, (r()),(s) s + ( )
——/ Z a,, r(s) x,(s)ds as.i=m+1,. (60)

Jj=m+1,j#i
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It follows from Theorem 4.1 and (33) that

tlir?ot/ Z al} s) x](s)dS—O a.s.

Jj=m+1,j#i

By Theorem 3.1, we obtain that x;(f) is persistent in mean, which means that % X

fo " a;(r(s))x;(s) ds must be bounded. Letting ¢ — oo on both sides of (60), we have
log x;(¢ a2k
fim sup 2250 _ Yx < (o= 7 )> a.s. 61)
t—>00 t 2
keS
as desired. O

Remark 4 Compared to the whole persistence in mean and whole extinction, there is
little literature on partial persistence in mean and partial extinction. By constructing a
novel Lyapunov function we derive sufficient conditions for partial persistence in mean
and partial extinction, which generalize the results in [8].

6 Examples
Example 6.1 Consider a two-dimensional stochastic Gilpin-Ayala system with regime

switching in random environments

dxy = x1(b1(r(2)) — 0.6x1° — 0.5x,) dt + o1 (r(t))x; dB (t),

62
dxy = x2(ba(r(2)) — 0.3x1 — x32) dt + 0 (r(£))x2 dBo(t), ©2)

where r(£) € {1,2} is generated by

-1 1
3 3

and 7 = (71, 73) = (0.25,0.75), b1(1) = 0.9, b1(2) = 1.2, by(1) = 1.0, b5(2) = 1.4. The initial
data can be assumed to be x1(0) = 0.6, x,(0) = 0.4, o = 1, and we simulate the solution with
different values of o;(k).

(i) 01(1) = 0.2, 01(2) = 1.0, 05(1) = 0.2, 05(2) = 0.5. We have

an<h1(k) otk )> =0.7450 > 0, an(hz(k) oy (k )> ~1.2013 > 0,

keS keS
3 <<b1 (k) - lzz(k)> Z” (bz(k) 222(k) )) ~0.1444 > 0,
keS 22

2
an((bz k) - (k)) - ? (bl(k) z(k)>> ~ 0.8288 > 0.
keS 11

System (62) is persistent in mean, and it is completely consistent by Theorem 3.1.

The results are presented clearly in Figures 1 and 2. We draw the stochastic

®)

trajectories of log% and log” ® by data simulating. The figures shows that Heun’s

method for time step A = 27> on [0,200] is superior to others.
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20 40 60 80 100 120 140 160 180 200

Figure 1 Stochastic trajectory of x (t) for system (61) with o¢(1) =0.2, 64(2) = 1.0, 02(1) = 0.2,
02(2) =0.5.

1.4 i

1.2

osl |

20 40 60 80 100 120 140 160 180 200
t

Figure 2 Stochastic trajectory of x;(t) for system (61) with 0¢(1) =0.2, 04(2) = 1.0, 02(1) = 0.2,
02(2) =0.5.

(11) (71(1) = (71(2) =2, 0'2(1) = 0'2(2) = 1.8. Note that

2 2
D (bl(k) _a (k)) - -08750<0, > m <b2(k) -2 (k)) ~ ~0.3200 < 0.

2 2
keS keS

Equation (62) is exponentially extinct, and it is completely consistent by

Theorem 4.1 for any initial condition xy > 0. The sample trajectories of loen1®) and

t
M are drawn in Figures 3 and 4, and they are generated by the Heun scheme for

time step A = 27 on [20,200], respectively.

Example 6.2 Consider the three-dimensional stochastic Gilpin-Ayala system with

Markovian switching

dxy = x1(b1(r(2)) — 0.7x1 — 0.40y — 0.3x3) dt + 01 (r(£))x1 dBy (2),
dxy = x5(by(r(t)) — 0.3x7 — x%‘s —0.3x3) dt + o2 (r(t))xy dB5 (1), (63)
dxs = x3(b3(r(2)) — 0.6x1 — 0.4xy — x3%) dt + 03(r(¢))x3 dBs(2),

where the Markovian chain r(¢) and generator Q are defined in the previous example, and
bl(l) = 11 b1(2) = 13) ]92(1) = 1) b2(2) = 15; b3(1) = 17 b3(2) = 0~9) 01(1) = 06) 02(1) = \/gﬁ
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0.01

—0.01

—0.02 H

logx 1/t

—0.04 H

—0.05

20 40 60

Figure 3 Stochastic trajectory of X‘Tm

80 200

for system (61) with 01(1) =071(2) =2, 02(1) =02(2) = 1.8.

0.01

0.005 -

—0.005

—0.01

Iogxz/t

—0.015

—0.02

—0.025

—0.03

20 40 60

Figure 4 Stochastic trajectory of XZT“) for system (61) with 01(1) =01(2) =2, 02(1) = 02(2) = 1.8.

80

o3(1) = 2, 01(2) = 0.4, 02(2) = +/2, 05(2) = 2. The initial data x1(0) = 0.4 and x,(0) = 0.6
are given. We can show that the conditions of Theorem 5.1 are met exactly. A simple

computation yields

2 21
an <b1(k) - Ulz(k)> =1.12>0, an (bz(k) - 022( ()) =0,
keS keS

2
T (bs(k) - G*”z(k)) = -1.075<0,
keS

a(11) — a(21) = 0.4 > 0,

1 12
limsup — / xf‘ (s)ds = 1.60,
t—o00 0
1 t
lim sup Ong() < -1.075.
t—00 t

a(22) — a(12) = 0.6 > 0,

: logx,(t)
limsup ————
t—00

<0,

The species 1 is persistent in mean, and species 2 and 3 are exponentially extinct by The-
orem 5.1. The system is tested in detail by the Heun method in Figures 5, 6, and 7, and the
data simulating results validate the correctness and effectiveness of the proposed meth-

ods.
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3.5

2.5 A

Figure 5 Stochastic trajectory of x (t) for system (62).

0.6 -

0.4 m

Figure 6 Stochastic trajectory of x;(t) for system (62).

0.4 =

0.3 B

Figure 7 Stochastic trajectory of x3(t) for system (62).

7 Conclusions

The asymptotic behavior for stochastic competitive Gilpin-Ayala systems with regime
switching has been investigated. Firstly, generalized criteria on persistence in mean are es-
tablished by utilizing stochastic comparison principle and novel analysis techniques. Sec-
ondly, sufficient criteria on extinction are obtained by the space-decomposition method
and the stochastic LaSalle theorem. Thirdly, sufficient conditions for partial persistence in
mean and partial extinction are derived based on the criteria and a novel Lyapunov func-
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tion. Two numerical examples are provided to illustrate the superiority and effectiveness
of the proposed approaches.
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