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Abstract

In this present study, we investigate the solutions for fractional kinetic equations
involving k-Struve function using the Sumudu transform. The graphical
interpretations of the solutions involving k-Struve function and its comparison with
generalized Bessel function are given. The methodology and results can be
considered and applied to various related fractional problems in mathematical
physics.
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1 Introduction
The Struve function H, (x) introduced by Hermann Struve in 1882, defined for v € C by

H,(x):= i (-1 (E>2r+u+1 N
v r=0 F(V+3/2)F(r+v+%) 2 ’

is the particular solutions of the non-homogeneous Bessel differential equations, given by

4(9_26)v+1

y(x) = m 2)

2%y (x) + %y (x) + (x2 - v2)
The homogeneous version of (2) has Bessel functions of the first kind, denoted as J,, (x), for
solutions, which are finite at x = 0, when v is a positive fraction and all integers [1], while
they tend to diverge for negative fractions v. The Struve functions occur in certain areas
of physics and applied mathematics, for example, in water-wave and surface-wave prob-
lems [2, 3], as well as in problems of unsteady aerodynamics [4]. The Struve functions are
also important in particle quantum dynamical studies of spin decoherence [5] and nan-
otubes [6]. For more details about Struve functions, their generalizations and properties,
the esteemed reader is invited to consider the references [7—16]. Recently, Nisar et al. [17]

introduced and studied various properties of k-Struve function Sk defined by

. B 00 (=c) <E>2r+]‘i+1
Suc®) 1= ; Ce(rk +v + 3%‘)I’(r + %) 2 ' ®)

© The Author(s) 2017. This article is distributed under the terms of the Creative Commons Attribution 4.0 International License
(http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in any medium, pro-
vided you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and
indicate if changes were made.


http://dx.doi.org/10.1186/s13662-017-1397-6
http://crossmark.crossref.org/dialog/?doi=10.1186/s13662-017-1397-6&domain=pdf
mailto:n.sooppy@psau.edu.sa

Nisar and Belgacem Advances in Difference Equations (2017) 2017:340 Page 2 of 11

The Sumudu transform was introduced by Watugala (see [18, 19]). For more details

about the Sumudu transform, see ([1,20—31]). The Sumudu transform over the set of func-
tions

A={f®)13IM,11,12>0,|f(t)| < Me"', if t € (1) x [0,00)}

is defined by

u) =S[f(t)u] = /Ooof(ut)e_t dt, ue(-1,1).

(4)
The Sumudu transform of k-Struve function is given by
o0
S[ss.®)] = f ey (ur)dt
0
o0 e r 2r+ ¢ +1
t k
/ e tZ =9 3 (u_) dt
0 - Fk(rk+v+ 3 (r + 3\ 2
00 r 00 Ly2r
— t k
= Z ( Cgk 3 f et<u—) dt
= Tk +v+ F)0r+3) Jo 2
i (o) T(% +2r+2) (u) f+le2r )
S Tk v+ D+ 3) 2 '
Now, using
ry)-ikr(2), ©
we have the following:
00 C)rl—w(v +2r+2) u £+1+2r
v c x) = Z 3 3 (_> . (7)
KR *3 C(r+ 2 +35)00+3) 2

Denoting the left-hand side by G(u), we have

Gu) = S[S]‘f’c(t); u]

5+l ) v 2
= (g) k_%_i2llj2 [(l( " 3’2), (:‘f:, 1) C4u } (8)
(E + E,l), 5;1) k

Now, using the formula

v-1

S‘l{u";t} = li(v)’ RW) >1,

)
we get the inverse Sumudu transform of k-Struve function as

[e¢]

1Tk _ o1 (—C)r u R
N EOIEN |:Z Ti(rk + v+ )T (r + 3)( ) :|
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0 C)r 1 £+1+2r it Yetesr
=2 )F(r+3)< ) S

p I(rk +v + 3k
[e'e) k+l+2r t +2r
Z (=0)"(3) . U( )% 10)
= Fkrk+v+—)F(r+ )T (3 +1+2r)
Applying (6) in (10), we get
_ AL (1,1) ot
Ssk )] = (—) k™2 qu/?,[ y ) ——} (11)

In the field of mathematics, many techniques are used to solve various types of problems
[32-34]. In this paper, we use the Sumudu transform technique to obtain the solutions of
fractional kinetic equations by considering (3). The applications of fractional order cal-
culus are found in many papers (see [35-37]), and it has attracted researchers’ attention
in various fields [38—46] because of its importance and efficiency. The fractional differ-
ential equation between a chemical reaction or a production scheme (such as in birth-
death processes) was established and treated by Haubold and Mathai [47] (also see [21,
38, 48)).

2 Solution of generalized fractional kinetic equations for k-Struve function

Let the arbitrary reaction be described by a time-dependent quantity N = (N;). The rate of
Change is a balance between the destruction rate 0 and the production rate p of N, that
is, dt = —0 + p. Generally, destruction and production depend on the quantity N itself,
that is,

dN
—p = ) PN, (12)

where N; is described by N;(t*) = N(t — t*), t* > 0. Another form of (12) is

dN;
dt

—ciN;(2), (13)

with Nj;(t = 0) = Ny, which is the number of density of species i at time £ = 0 and ¢; > 0.
The solution of (13) is

N;(t) = Noe™ . (14)
Integrating (13) gives
N(t) - Ny = —c - oD;'N(¢), (15)

where (D;! is the particular case of the Riemann-Liouville integral operator and c is a
constant. The fractional form of (15) due to [47] is

N(t) - Ny = —cyD;"N(2), (16)
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where (D" is defined as

_L ! _ -l Y
(t)_F(U)/o(t ' f(s)ds, R(v)> 0. 17)

Suppose that f(¢) is a real- or complex-valued function of the (time) variable ¢ > 0 and s is
a real or complex parameter. The Laplace transform of f(¢) is defined by

o0
F(p)=L[f(®):p]= / e?'f(t)dt, R(p)>O0. (18)
0
The Mittag-Leffler functions E,(z) (see [49]) and E, , (x) [50] are defined respectively as
follows:
o0 Z”
= _ 8 GC; 0,N 0). 19
;F(,on+1) (20 € Gz < 0,%(p) > 0) (19)
o0 xn
E = _ L0, € CG;R 0,1 (1) >0). 20
(%) Zr(pn+k) (zp, 1 € C;9(p) > 0,R(2) > 0) (20)

n=|

Theorem 1 Ifd > 0,v > 0,u,¢,t € C and p > —%k, then the solution of the generalized

fractional kinetic equation
N(t) =Ny sj; (d"t") —d" oD;"N(t) (21)

is given by the following formula:

i v2r+ £ +1)+1]1 (d"t")zmﬁ)rl
— (rk+u+3k)1"(r+3)t

X Ev,v(2r+%)+1 (_dv tv)’ (22)
where EV,V(ZH%)H(—d"t”) is given in (20).

Proof The Sumudu transform of Riemann-Liouville fractional integral operators is given
by

S{OD;"f(t);u} =u'G(u), (23)

where G(u) is defined in (8). Now, applying the Sumudu transform to both sides of (21)
and applying the definition of k-Struve function given in (3), we have

N*(u) = S[N(t); u]
= NoS[s}; (d"t");u] — d"S[oD; "N (£); u]

00 B 00 (—C)r dv(btt)v 2r+%+1
- pt
NO[/O ¢ Zrk(rk+u+%k)r(r+%)< 2 ) dt}
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—d"u”N*(u), (24)
where
S{e" ) = u"'T(w). (25)
By rearranging terms, we get

N*(u) +d"u’N*(u)

Z (—C)r <dV)2r+k+l
No Tu(rk + p+ 20T (r+ 3)

o I
x / e—t(ut)v(2r+ D) dt
0

Z (o Tv@r+ 4% +1)+1] <u”d“)2”/ﬁ+l
No Tu(rk + u + 3k)l"(r+ H\ 2 '

Therefore

N*(u) :Noi (=) Tv@r+ % +1) +1] (ﬂ)ZHﬁH

s Ie(rk + o+ %k)F(r+ %) 2

x § o @refee) Z[—(du)”]n}. (26)
n=0

Taking the inverse Sumudu transform of (26) and by using

v—-1
SHu";t} = % R(v) >0, (27)

we have

[’} (_C)VF[I)(2V+ % + 1) + 1] (du>2r+’]i+1
2

SN )} =No >

5 Ie(rk + 0+ %k)F(r+ %)

x S—l { Z(_l)n(d)vnuu(2r+%+n+l) },

n=0

which gives

@r+£+1)+1] /a” it
N() = NOZF(rk+M+3k)F(r+3)( )

( 1) (d ¢ (2r+k+n+1) 1
Z Flv@r+ 2 +n+1)]

n=0

Z C)r U(2}"+ ] +1) +1] <dvtu 2r+%+1
& T 3k)F(r+ oy
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n vn tv
V'@ Cv@r+ £ +n+1)] }

>

n=0
_ = (_C) [V(ZV +t % L 1) + 1] ave’ 2r+%+1
o Z Pilrk+ o+ 3k)r( 3t (T)

X Ev v( 2r+“ +1( a’t v)
which is the desired result. O

Corollary1 Ifweputk =1in(22), then we get the solution of involving the classical Struve
function as follows: Ifd >0,v >0, u,c,t € Cand > —%, then the equation

N(t)=No S,,.(d"t") —d" «D;"N(t) (28)

has the solution

[e¢}

_ (_C)rr[v(%" + 0+ 1) +1)1/d"¢ 2r+pu+l
N() —No;: T(r+p+3)(r+3) E(T)

X Ev v(2r+p) +1( d’t ) (29)

Theorem 2 Ifa>0,d>0,v>0,c,u,t € C,a#d and > ——k then the solution of equa-
tion

N(£) =Ny s (d"t") —a” oD;"N(t) (30)

is given by

WQr+L+1) +1]1 (de\ 5
N(t) = N,
(t) = OZF(Vk+M+3k)F(r+3)t< )

X Ev,v(2r+%)+1 (_avtv)’ (31)
where E,, vt uy,1(+) is given in (20).

Proof Theorem 2 can be proved in parallel with the proof of Theorem 1. So the details of
proofs are omitted. d

Corollary 2 By putting k =1 in Theorem 2, we get the solution of fractional kinetic equa-
tion involving classical Struve function: If a > 0,d > 0,v > 0,c,u,t € C,a#d and p > -5
then the equation

N(t)=No S,,(d"t") —a” oD, "N(z) (32)

is given by the following formula:

V(2}"+/,L +l) + 1] 1 (dutu)ZrﬂLﬂ
N(t) = N E, ool (2. 33
(t) = OZ F(r+,u+3)1—~(r+3) : 5 w(2r ) 1( ) (33)
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Theorem 3 Ifd>0,v>0,c,u,t € Cand pu > —%k, then the solution of
N(£) =Ny s (¢") —d"oD;"N(t) (34)

is given by

Z (o) Tv2r+ £ +1) +1] 1( )2”%”
= Cr(rk+p+ 5 k)F(r+ 2)t\2
X Ev,v(2r+%)+1 (_dvtv)’ (35)
where E,, v(ars it 1),1(+) is given in (20).

Proof The proofs of Theorem 3 would run parallel to those of Theorem 1. O

Corollary 3 If we set k =1, then (35) is reduced as follows: If d > 0,v > 0,¢, 1, t € C and
uw> —%, then the solution of the following equation

N(t)=No S,,.(¢") —d"oD;"N(t) (36)

is given by the formula

i —)Tv@2r+p+1)+1]1 ( )2”‘“1
~ Tr+u+ H(r+32) t\2
X E 2V (2r+/1) +1( d’t ) (37)

3 Graphical interpretation

In this section, first we plot the graphs of our solutions of the fractional kinetic equa-
tion, which is established in (22). In each graph, we give three solutions of the results
on the basis of assigning different values to the parameters. In Figure 1, we take k =1
and v = 0.5,0.7,0.9,1,1.5. Similarly, Figures 2, 3 are plotted respectively by taking k = 2
and 3. Figures 4, 5, 6 are plotted by considering the solution given in (35) by taking
v =0.5,0.7,0.9,1,1.5 and k = 1,2, 3. Other than v and k, all other parameters are fixed
by 1. Observing these figures, we see that N(¢) > 0 for £ > 0 and the behavior of the solu-
tions for different parameters and time interval can be studied and observed very easily.
In this study, we choose first 50 terms of Mittag-Leffler function and first 50 terms of
our solutions to plot the graphs. Also, the comparison between solutions of generalized
fractional kinetic equations involving generalized Bessel function (solid green line) and

k-Struve function (dashed red line) are shown in Figure 7.

4 Conclusion

In this work, we have established the solution of fractional kinetic equation involving k-
Struve function with the help of the Sumudu transform and provided its graphical inter-
pretations. From the close relationship of the k-Struve function with other special func-

tions, one can easily construct various known and new fractional kinetic equations.

Page 7 of 11
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