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1 Introduction
In this article we consider the Lotka-Volterra-like functional differential equations with
impulses and infinite distributed time delays on time scales as follows:

uf(£) = wi()[ri(e) — Xi(t, u(0), v(t)) = Yi(t, u(t),v(t)], t#t,teT,
ui(ty) = wity) — I(u(te), v(tr)), k=1,2,...,

vA) = v(t) [—d,;(t) + Xt ult), v(t)) + Yi(t, u(®),v(t)], t#t,teT,
vi(£0) = vi(t) + Lne(u(t), v(te)), k=1,2,...,

(1.1)

where i=1,2,...,m;j=1,2,...,m. T is an w-periodic time scale, w > 0 is a constant. We
have

Xi(6u(@),v(8) = Xi(t, w1 (£ — 7 (9), .. b (£ = Tin(2)), i (£ = 00(D)) ..., Vi (£ — 0im (D)),

Xi(6u(®),v(0)) = Xt ur (£ = £1(0)), ., th (£ = 5 (D), i (£ = 51(D), -, Vi (£ = 63 (2)) ),

Y (6, u(0), v0)) = m(a /

—00

0 0

Ki(s)uq(t +s)As,... ,/ K, (s)u, (¢ + s)As,

—00

0 0
/ Lia(s)vi(t +5)As,... ,/ Ly (8)v,, (¢ + S)AS),

o0 —00
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0
K (s)uy(t +5)As, ... ,/ K (8)un(t + 5)As,
—00

0
V(8 u(o), v(t)) = i’,(t f

—00

0 0
/ iﬂ(s)vl(t +58)As, ... ,/ i/m(s)vm(t + s)As).
-0 —00

For each interval I of R, we denote It = I N T. u;(t}), u;(t;), vi(t;) and v;(¢;) represent
the right and the left limit u;(tx) and v;(fx) in the sense of time scales, respectively. In
addition, if £ is right-scattered, then u;(t}) = u;(t), vj(tf) = v;(tk), whereas, if £ left-
scattered, then u;(t;) = u;(tx), vi(ty) = vi(t). ri, dj € Cra(T, (0, 00)), T, a,,, Ty, o € Ca(T, T)
(,1=1,2,...,mj,h=1,2,...,m) are w-periodic functions. Xj, X Y, ¥; € Cu(T x R™",R)
(i=12,...,m;j=1,2,...,m) are w-periodic with respect to their ﬁrst arguments, respec-
tively. We have K, Kjs, Ly, Ly € Cra((=00,0]r,(0,00)) with [ Ky(s)As = [°_ Ky(s)As =
ff)oo Lij(s)As = ff)oo ijh(s)As =1. Iik,?jk € C([0,00)"*™, [0, 00)). There exists a positive inte-
ger p such that tx,, = & + @, Likp = Iix, j,;kﬂ, = Iy, k € Z. Without loss of generality, we also
assume that [0, w)T N {tx 1 k € Z} = {t1, L2, ..., tp).

System (1.1) contain many mathematical population models of differential equations and
difference equations. For example, if time scale T = R, some specific models of system (1.1)
are enumerated as follows: the Lotka-Volterra competition system with impulses and time
delays [1-3]

{ wj(t) = wi(®)lai() - Y1 ay(t) f_"Tﬁ Ky(s)uj(t +5)dsl, t#tr,i=12,...,n,
wi(f) = wity) — L (uite), k=12,...,

and

ui(t) = wiOlai(t) = YL ag(Ou(t) = 370 byOui(t — 5(0)],  t#ti=12,...,m,
wi(f) = wity) — Ln(uite), k=12,...,

the following predator-prey delay Lotka-Volterra system with impulses [2, 4]:

U; (t) = u;(8)[a;(t) - Zl 14 ay(B)u(t — oy(t)) — Z} 1b11(t V/(t Tl](t))]
tZti=1,...,n,

ui(tf) = ui(ty) — L(ui(te), k=1,2,.

Vi(E) = vi(O)[=r(8) = S_1L, d(@)uy( — 511('5)-Zh Len(Ovalt — ()],
t#tk’]_]‘?"ﬂmr

vi(t0) =v(to) + Lny@), k=1,2,....

It is well known that the application of theories of functional differential equations in
mathematical ecology has developed rapidly. The Lotka-Volterra system described by
functional differential equations is one of the most famous and important population dy-
namics models. Owing to its theoretical and practical significance, Lotka-Volterra systems
have been studied extensively [5-17]. However, dynamics in each equally spaced time in-
terval may vary continuously. So it may be more realistic to assume that the population
dynamics involves the hybrid discrete-continuous processes. For example, Gamarra and
Solé pointed out that such hybrid processes appear in the population dynamics of certain
species that feature non-overlapping generations: the change in population from one gen-
eration to the next is discrete and so is modeled by a difference equation, while within-
generation dynamics vary continuously (due to mortality rates, resource consumption,
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predation, interaction, etc.) and thus are described by a differential equation [18]. How-
ever, it is often difficult to study discrete and continuous differential systems in a unified
way. Fortunately, the theory of calculus on time scales (see [19, 20] and references cited
therein) proposed by Hilger in his Ph.D. thesis [21] can unify continuous and discrete
analysis, and it has become an effective approach to the study of mathematical models
involving the hybrid discrete-continuous processes. There are many achievements in the
study of the hybrid discrete-continuous mathematical models (see [22—30]).

To the best of our knowledge, few papers have been published on the existence of posi-
tive periodic solutions of system (1.1). Our main purpose of this paper is by using a fixed
point theorem of strict-set contraction to establish some sufficient conditions to guarantee
the existence of positive periodic solutions of system (1.1) on time scales.

2 Preliminaries on time scales
In this section, we briefly recall some basic definitions and lemmas on time scales which
are used in what follows. For more details, see [19-21].

Let T be a nonempty closed subset (time scale) of R. The forward and backward jump
operators o, p : T — T and the graininess  : T — R* are defined, respectively, by

o(t)=inf{se T:s>t}, p)=sup{seT:s<t} and wu()=0(t)-t.

A point t € T is called left-dense if ¢ > inf T and p(¢) = ¢, left-scattered if p(¢) < ¢, right-
dense if t < sup T and o (¢) = ¢, and right-scattered if o () > t. If T has a left-scattered maxi-
mum 1, then T = T\ {m}; otherwise T = T. If T has a right-scattered minimum 1, then
Ty = T\ {m}; otherwise TX = T.

Let w > 0. Throughout this paper, the time scale T is assumed to be w-periodic, that is,
Vt € T implies £ + w € T and (¢ + ) = wu(t). In particular, the time scale T under consid-
eration is unbounded above and below.

Definition 2.1 A functionf : T — R is called regulated provided its right-side limits exist
(finite) at all right-side points in T and its left-side limits exist (finite) at all left-side points
inT.

Definition 2.2 A function f : T — R is called rd-continuous provided it is continuous at
right-dense point in T and its left-side limits exist (finite) at left-dense points in T. The set
of rd-continuous functions f : T — R will be denoted by C,; = C,4(T) = C,4(T,R).

Definition 2.3 Assumef : T — Randt € T*. Then we define f (¢) to be to be the number
(if it exists) with the property that given any ¢ > 0 there exists a neighborhood U of ¢ (i.e.,
U=(t-6,t+8)NT for some § > 0) such that

If(e®) =f©&)]-f2O[o@) -s]| <e|o@) -s|

for all s € U. we call f2(¢) the delta (or Hilger) derivative of f at . The set of functions
f: T — R thatare differentiable and whose derivative is rd-continuous is denoted by C!, =
C',(T) = C,(T,R).

If f is continuous, then f is rd-continuous. If f is rd-continuous, the f is regulated. If f
is delta differentiable at ¢, then f is continuous at ¢.
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Lemma 2.1 Let f be regulated, then there exists a function F which is delta differentiable
with region of differentiation D such that

FA(t)=f(t) forallteD.

Definition 2.4 Assumef : T — Risaregulated function. Any function F as in Lemma 2.1

is called a A-antiderivative of f. We define the indefinite integral of a regulated function

f by
f FO)At=F@) +C,

where C is an arbitrary constant and F is a A-antiderivative of f. We define the Cauchy

integral by
b
/ f(s)As=F(b)—F(a) foralla,beT.
A function F: T — R is called an antiderivative of f : T — R provided
FA(t) =f(t) forallte Tk

Lemma?2.2 Ifa,beT,a,f eRandf,g e C(T,R), then
(W) [Vlaf () +Bg@)]At=a [LF(OAL+B [7g(O)AL;
(i) iff(t) =0 foralla<t<b,then fff(t)At > 0;
(i) i |f()] <g(t) on [a,b):={t € T:a <t<b), then| [ ft)At] < [* g(t)At.

Definition 2.5 ([31]) A time scale T is called periodic if there exists p > 0 such that if
Vt e T, then t = p € T. For T # R, the smallest positive p is called the period of the time

scale T.

Definition 2.6 ([31]) Let T # R be a periodic time scale with period p > 0. The function
f:T — R is called periodic with period w if there exists a natural number # such that
w=np, f(t+w)=f(t) forall t € T and w is the smallest number such that f(¢ + w) = f(¢).

If T = R, we say that f is periodic with period @ > 0 if w is the smallest positive number
such that f(t + w) = f(¢) for all £ € R.

A function p: T — R is called regressive if 1 + u(£)p(t) # 0 for all ¢ € TX. The set of all
regressive and rd-continuous functions f : T — R will be denoted by R = R(T) = R(T, R).
We define the set R* of all positively regressive elements of Rby R* = R*(T,R) = {peR:
1+ n(2)p(¢) > 0 forall t € T}. If p is a regressive function, then the generalized exponen-
tial function e, is defined by e,(t,s) = exp{f; &.0)(p(1)) At} for s,t € T, with the cylinder

transformation

Log(1+hz)’ ifh ?,0’

_ h
5i(2) z, ifh=0.
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Let p,q: T — R be two regressive functions, we define

04
1+pp

pOq=p+q+upq op=- ; PO q=pdp(Oq).

The generalized exponential function has the following properties.

Lemma 2.3 ([19]) Assume that p,q:T — R are two regressive functions, then
(1) eo(t,s) =1ande,(t,t) =1;
(2) ey(0(2),5) = (1 + u@)p(t))ey(t,5);
3) ﬁ = egp(t,s);
(4) e(t,5) = 5 = ecp(sb);
(5) ep(t,s)ey(s, r) = ey(t,r);
(6) ey(t,s)eq(t,s) = epgy(t,s);
(7) 275 = epoq(tis);
(8) [ey(t,5)]* = p(t)ey(t,5);
©) [ep(c, )] = —p[ep(c, 1° forceT;
(10) Lle.(t,5)] = (f; T ATe:(t9).

For convenience, we now introduce some notations as follows.

B(0,R) = {(x1,%2, ..., %em) T € R™™ 2 || (51,20, ..o 0mem) | <R}, M= max {f(0)},

te[0,0]T

Xi(t,%1,%2, ++« Xpgm)
X% = limsup max —— TR

14 n+m ’
Zn+mx -0 te[0,w]T Zi:l Xi

)(j(t!xl;xZ, o ;xn+m)

X%= limsup max ,
i n+m
anﬂx _>0t€[0 olT E i-1 Xi

0 Yi(t’xlijruwxn+m)
Y/ = limsup max

L n+m ’
Zn+mx 0 te[0,w] Zi:l Xi

Yj(tyxl;xz; cee )xn+m)

Y%= limsup max ,
j n+m
Z;me -0 te[0,w]T Zi:l Xi

Xi(t) X1,%25 .- :xn+m)
X° = liminf min
t M s 00 tE[0,0] Zn+mx ’
i=1 ¥i T =1 Vi

)(j(t’xlyxZ; .o 'ranrm)

X® = liminf min

n+m ’
/ " x— 00 t€[0,0]T Zi:l Xi
00 . . Yi(t¢x1yx2¢---:xn+m)
Y" = liminf min o ,
Y x> o0 te[Owly Dt i

. .. .

Y™ = liminf min 62050 s Xonem)
A n+m 4
/ M xj— o0 tE[0,w]T E i—1 Xi

. Zi:llik(xlrxb“'rxn+m)
y; = limsup

n+m ’
M xi—0 Zi:l Xi

E i
A . - ’k(xl X2yeeorX, )
j 11 S k=14%J ’ ’ »wvn+m

n+m ’
I 0 Do Xi

wherei=1,2,...,n,j=12,...,m, f is a rd-continuous w-periodic function.
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Lemma 2.4 ([19]) Let r: T — R be right-dense continuous and regressive. For a € T and
Y4 € R, the unique solution of the initial value problem

Y2 (6) = r@y() + WD), ¥(a) = ya,

is given by

y(t) = er(t,a)yq + / t e(t,0(s))h(s)As.

The existence of periodic solutions of system (1.1) is equivalent to the existence of peri-
odic solutions of the corresponding integral system. So the following lemma is important

in our discussion.

Lemma 2.5 x(¢) = (u(t), v(t))T = 1 (t), ..., un(), vi(£), ..., vu(t))T is an w-periodic solution
of (1.1) is equivalent to x(t) is an w-periodic solution of the following integral system:

wit) = [} Gilt )ui(8)[Xils, u(s), v(s)) + Yi(s, uls), v(s))] As
+ D yelterayy Gills e (0 (6, i) lu(u(t), v(te)),  i=1,2,...,n,

2oty : A 1)
vi(t) = [ Gi(t,s)v; () [X; (s, uls), v(s)) + Yi(s, u(s), v(s))] As
+ D nclteryy Gt tecay (0 (G i) (), vt)),  j=12,...,m,
here
i (s

Gilt,s) = %?O(SB) seltt+olni=12,...,n 2.2)
and

~ ea)t,os

Gty = ST w12, m (2.3)

e(_dl.)(o, w) -1
Proof If x() is an w-periodic solution of (1.1), V¢ € T, there exists k € N* such that # is

the first impulsive point after ¢. By applying Lemma 2.4 and the first equation of (1.1), for
s € [, tx]T, we have

ui(s) = ey, (s, )u;(£) - /S e, (8,0 (0))ui(0)[Xi (7, u(r), (7)) + Y (7, u(r), v(7)) | AT,
then
73
ui(tk) = er, (tx, Hui(t) —f e (tk,o(t))u,»(r)[Xi(r, u(t), v(r)) + Yi(r, u(r),v(t))]Ar.

Again using Lemma 2.4, for s € (¢, tx+1]T, then

ui(s) = ey, (s, tk)ui(t;) —/ e (s,a(t))ui(r)[X,'(r, u(t), v(r)) + Y,-(I, u(r),v(t))]At

73

= ey, (s, t)ui(te) — / e (s,a(t))ui(r)[Xi(r, u(t), V(‘L')) + Yi(‘L', u(r),v(t))]At
tk

— ey, (s, ) I (), V(&)
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Thus, for s € [¢, tx41]T, We get

ui(s) = ey, (s, t)u;(t) - /s er, (5,0 (0))ui(0)[Xi (v, u(r), w(7)) + Yi (7, u(r), v(1)) | AT
— ey, (s, ) I (), V(&)

Repeating the above process for s € [¢, ¢ + w]T, we obtain

ui(s) = e (s, )u;(t) — /s e (s,a(r))u,-(r)[Xi(t, u(t),v(f)) + Yi(t, u(t),v(r))]Ar

_ Z e,l.(s,tk)fik(u(tk))l’(tk))~

tke[t,t+w)'ﬂ~

Let s = t + w in the above equality and notice that u;(t) = u;(t + w), e, (¢, t + ®) = €,,(0, w),
e, (t + w,0(1)) = e, (t,0(1))e, (t + w,1), e, (t, tr) = e, (¢, 0 (tx))ey, (0 (£x), tx) and e, (£, + ) x
e, (t +w,t) =1, we have

ui(t) = u(t + w)

= e, (t + w, )u;(t)
_ /H“’ e (t + a),a(f))ui(f)[Xi(f’”(T)’V(f)) + Yi(f’”(f)’v(r))]AT
— Z ey, (t + w, tp)I; (u(tk): V(tk))

trelt,t+o)

=€ (w: O)ui(t)
- /Hw e (t,o(t))e,i(a), O)ui(r)[Xi(r,u(r),v(t)) + Y,'(r,u(r),v(r))]Ar

= Y en(tot)en (@ 0)er, (o (te), ti) I ((te), v(Ea)),

trelt,tro)

which implies that

u;(t) = /Hw Gi(t,r)u,-(r)[Xi(t,u(r),v(r)) + Y,»(r,u(r), v(r))]Ar

+ Z Gi(ts ti)er, (o (), tr) L ((tr), v(t))-

trelt,t+o)
In like manner, one has

A

vi(t) = /t Y G/(t, r)v,»(r)[)A(j(r, u(t),v(t)) + Yj(r, u(r),v(r))]At

+ Z Gj(t»tk)e(—d/)(a(tk)rtk)jjk(u(tk);V(tk))'

tke[t,tﬂu)'r

Thus, we conclude that x(¢) satisfies (2.1).
Let x(¢) be an w-periodic solution of (2.1), noting that the above reduction is completely

reversible, we know that x(¢) is also an w-periodic solution of (1.1). This completes the
proof of Lemma 2.5. d
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Throughout this paper, we assume that

(H1) supte[olw]T{u(t)dj(t)} <l,j=12,...,m.

Lemma 2.6 If the condition (H;) holds, then Gi(t,s) (i = 1,2,...,n) and Gj(t,s)
(j=1,2,...,m) defined by (2.2) and (2.3) satisfy the following:

1) i—j‘l < Gi(t,s) < ﬁ, Vs € [t,t + wlr, where o; = €,(0,w), i=1,2,...,1;

2) # < Gj(t,s) < ;—il, Vs € [t,t + o]r, where 6; = e_q)(0,), j = 1,2,...,m;

(3) Gi(t+ w,s+w) =Gi(t,s),i=1,2,...,n, G,»(t+co,s+w) = G,(t,s),j: 1,2,...,m.

Proof According to the condition (H;) and u(f) = o(¢) — £ > 0, ri(t),d;(t) > 0, we have
1+ u(Ori(t) >1, 0 <1— pu()d;(t) < 1. In addition, in the light of the definitions of the gen-
eralized exponential function, we get

0<o;=e,(00,0) <1, oj:e(,d/.)(O,a))>1, i=12,...,nj=12,...,m.

Noticing that t <s <o (s) <t + w, we have

o; e.(tL,t+w e (t,t 1

i - 7'1( )EGl(t,S)SM: )
1—0’,‘ 1—0’,‘ 1—Gl‘ 1—0,'

1 eay(t,t) . eay(tt+w) &
R =¥5Gj(t,s)s A =
oj—1 oj—1 oj—-1 oj—1

Thus, the assertions (1) and (2) hold. Now we show that the assertion (3) holds too. Indeed,
by o (t + ) = o (t) + w and the integration by substitution, we have

er(t+wo(s+w) e,t+wo(s)+w) eyt ols)

Gi(t+w,s+w) = = =
{trosso) == 0,0 1-6.(0,0)  1-e,(0,0)

= Gi(t,S).

Similarly one shows that Gj(t +w,S+w) = @,»(t,s). The proof of Lemma 2.6 is complete. [J

For the sake of obtaining the existence of a periodic solution of system (2.1), we need the
following preparations.

Let X be a real Banach space, and K a closed, nonempty subset of X. Then K is a cone
provided

(i) ke +IB €K forall o, B € K and all k,/ > 0;

(i) o,—o € K imply « = 6, here 6 is the zero element of X.
Let E be a Banach space and K be a cone in E. The semi-order induced by the cone K
is denoted by <. That is, x <y if and only if y — x € K. In addition, for a bounded subset
A CE, let ag(A) denote the (Kuratowski) measure of non-compactness defined by

ap(A) = inf{5 > 0: A admits a finite cover by subsets of A; C A

such that diam(A4;) < 8},

where diam(A4;) denotes the diameter of the set A;.
Let E, F be two Banach spaces and D C E, a continuous and bounded map ® : @ — F is
called k-set contractive if for any bounded set S C D, we have
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® is called strict-set contractive if it is k-set contractive for some 0 < k < 1. Particularly,
completely continuous operators are 0-set contractive.

The following lemma is useful for the proofs of our main results of this paper.

Lemma 2.7 ([32, 33]) Let K be a cone in the real Banach space X and K.p = {x € K :
r < |x|| <R} with R > r > 0. Suppose that O : K,.r — K is strict-set contractive such that
one of the following two conditions is satisfied:

(i) Px £x, VxeK, x| =rand ®x # x,Vx € K, ||x] = R.

(i) ®x £ x VxeK, ||x|| =rand dx £ x,Vx € K, ||x|| = R.
Then ® has at least one fixed point in K, g.

Define

PC(T) = {x = (xl) oo ;xn+m) :T— Rn+m,x|(tk,tk+1) € Crd((tkr tk+1)1 R;Hm);

() = x(t)x(87), k e N}
Set
X ={x:x€PC(T),x(t + w) =x(t), ¢ € T}

equipped with the norm defined by |lx|| = > /)" [xilo, where |x;lo = sup,e(g ., {1%:(D)1},
i=1,2,...,n+m. Then X is a Banach space. In view of Lemma 2.6, we define the cone
Kin X as

1
K= {x =1y Uy V1o Vi) € X ui(8) = 0iluailo, vi(t) > 6—|Vj|o,t € [O;w]T}‘
J

Let the map ® be defined by
(@x)(1) = (@1)(D), ... (@) (O), (V1) (D) .., (W) (1)) (2.4)

wherex e K,te T,

(Dix)(2) = /Hw Gi(t, s)ui(s) [X,»(s, u(s), v(s)) + Y,-(s, u(s),v(s))]As

Y Gilt e (o (8, ) I (w(te), V&), i=1,2,...,m,

trelt,t+o)T

A

(Wx)(¢t) = / v @,»(t, s)vj(s)[)(j(s, u(s),v(s)) + )A’,'(s, u(s),v(s))]As

+ Z Gi(t, t)er-ay (o (), ) I (w(t) v(te)),  j=1,2,...,m,

trelt,t+o)r
and G;(t,s) (i=1,2,...,n), Gj(t, s) (=1,2,...,m) defined by (2.2) and (2.3), respectively.

Lemma 2.8 Assume that (H;) holds, then ® : K — K defined by (2.4) is well defined, that
is, D(K) C K.
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Proof Forany x € K, itis clear that ®x € PC(T). In view of Lemma 2.6 and (2.4), we obtain

(Pix)(t + w)

t+2w
= / G;(t + w,s)u;(s) [Xi (S, u(s), v(s)) + Y,'(s, u(s), V(S))]As

+w

Y Gt + o, ti)en (o (6), i) T (wlte), v(t))

trelt+w,t+20)T
t+ow
= / Gi(t+w, T +w)u(t + L())[Xi(l' +w, u(t + w), v(t + a))) + Yi(‘L' + w, u(T + w),
t

v(t + w))|AT + Z Gilt + w, 1 + w)ey, (0t + w), t; + )y (u(t + ), V(G + 0))
tie[t,t+w)T

- / h Gi(t, T)ui (D) [ Xi (7, u(z), v(1)) + Yi(z, u(z), v(2)) | At

+ Z Gi(t, ey, (o (t1), 1) I (u(tr), v(81)) = (i) (2),

tie[t,t+o)T

that is, (®x)(t + @) = (Px)(£), Vt € T, i = 1,2,...,n. Similarly, we have (Wx)(t + w) =
(Wx)(1),Vte T, j=1,2,...,m. So ®x € X. For any x € K, we have

|[Dix]o <

|:/w ui(8)[Xi (s, u(s), v(s)) + Yi(s, u(s), v(s)) | As
0

i

p
+ 3 e (0 (80), 1) I (sti), V(tk)):|, i=1,2,...,n,
k=1

A

|Wixlo < &aj : |;/0w vi(s)[f(,«(s,u(s),v(s)) + }A’,«(s,u(s),v(s))]As

]

p
+ Z e(-d)) (O‘ (), tk)jjk (u(tk), V(tk)):|, j=L2,...,m,
k=1

and

(@)(t) > — { f ui($)[Xi(s,us), v(s)) + Yi(s, u(s), v(s)) | As

].—Ui

p
+ Z er, (0 (), tic) I (2, V(tk))]
k=1

O

= |:/w ui(8)[Xi(s, u(s), v(s)) + Yi(s, u(s), v(s)) | As
0

l—O'i

p
+ Z er, (0 (), i) I (2, V(tk)):|

k=1

ZO’l‘|ch‘x|0, i=1,2,...,l’l,
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(Wjx)(2) > 1_1 |:/ vi(s) [)A(j(s,u(s),v(s)) + lA/j(s, u(s), v(s)) ] As
G ¢

p
+ Z ey (0 (6 te) T (148, V(tk))i|
k=1

1
T 6-1

p
+ > eay (o (t)s ti) e (), V(tk)):|
k-1

/Ow v/(s)[j(j(s,u(s), V(s)) + )A/j(s,u(s), v(s))]As

1
> < |¥ixlo, j=12,...,m
9j
So ®x € K. This completes the proof of Lemma 2.8. d

Lemma 2.9 Assume that (Hy) holds, then ® : K — K defined by (2.4) is completely con-

tinuous.

Proof 1t is easy to see that ® is continuous and bounded. Now we show that & maps
bounded sets into relatively compact sets. Let 2 C K be an arbitrary open bounded
set in K, then there exists a number R > 0 such that ||x|| < R for any x = (uy,...,u,,
Voo V)L € Q. We prove that D(Q) is compact. In fact, for any x € Q and ¢ € [0, w]T,

we have

‘(Cbix)(t)’ = / Gi(t, s)u,-(s)[X,-(s, u(s),v(s)) + Yi(s,u(s), v(s))]As

Z Gi(t, t)er, (o (tx), tic) L (utie), v(t))
tke[t,t+w)']1-
1 (&}
< =0, |:f0 ui(8)[ Xi(s, u(s), v(s)) + Yi(s, u(s), v(s)) | As

+Z€r, (), tic) I (e (tk),V(tk)):|

- 1 |:Rw([ max  {Xi(s,u,v)} + max {Y,(S,M,V)})

1-o0; s€[0,w]T,x€B(0,R) s€[0,0],x<B(0,R)

1 p
+gz;£&yﬂmﬂ}

k=1

>

A, i=12,...,n

and

|(®@:x)2(8)| = |ri(O)( @) (8) — (D) [ Xi (8, u(0), v(2)) + Yi(t, u(0), v(2)) ]|

< riji +R( max {Xi(t,u, v)} + ){Yi(t,u, V)})

max
te[0,w]T,x€B(0,R) te[0,w]x€B(0,R

2B, i=1,2,...,n
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Similarly, for any x € Q and ¢ € [0, @], we have

|(Wix)(8)] = f Gj(t, ) vi(9)[ X (s, u(s), v(s)) + ¥;(s, u(s), v(s)) ] As

+ Y Gt ey (o () te) T ((te), viE))

trelt,t+w)T

A

6; . .
< Rw( max_ {Xi(s,u,v)} + max {Y,(s,u,v)})
0j — 1 s€[0,0]T,x€B(0,R) se[0,w],x€B(0,R)

x€B(0,R

»
+0;j Z max ){j/k(u, V)}:|
k=1

£4;, j=L12,..,m,

and
|(W)2 (1] = [~di(e)(W)(0) + vi(s)[X; (&, ul@), v(D) + (2, ult), v(D))]|
<d¥A;+ R(te[o,wﬁ?iéB(o,R){f(/(t, wol e omax (B m})
2B, j=12,...,m.
Hence,
@] =3 A YA @03 <Y B+ Y5,
i=1 j=1 i=1 j=1

It follows from Lemma 2.4 in [34] that ®(Q) is relatively compact in X. The proof of
Lemma 2.9 is complete. O

3 Main results
In this section, we shall give our main results.
Theorem 3.1 Assume that

)
’ ;6
(Hy) max{maxi<ien{ ;i) maxigjzm{ 351 < 1.
(H3) X? < o0, )A(]Q <00, Y? < 00, f’jo <00, X¥>0,X%°>0,Y°>0,¥°>0,i=12,...,n

j=12,...,m.

If (Hy)-(H3) hold, then system (1.1) has at least one w-periodic solution.

Proof By the assumptions (H) and (H3) of the theorem, there exists a positive number §
such that

)
: ler
max{ max _n , max A]] +6<1
1zizn| 0i(1 - 0;) ) 1sj=m | 0j -1
and for any

O<e <min{%,l min {X7° + }’;"3},l min {X7° + f/joo}},

1<i<n® * 1<j<m‘ /
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there exist positive numbers ry < Ry such that, fori =1,2,...,n,j=1,2,...,m,

n+m n+m

L1, oo %) < (vi+ €) )&, for0<y x<ro,
I=1 =1

n+m n+m

j,fk(xl,...,xmm) <(pi+ G)le, for 0 < le <10,

I=1 I=1

n+m n+m
0
Xi(t, %1, ..oy X)) < (Xl. + e) le, for 0 < le <710,
I=1 I=1

n+m n+m

N o
Xj(t, %15 s Xpam) < (X] +¢€) le, for 0 < le <70,
I=1 I=1

n+m n+m

Yi(t, %1,y Xpm) < (Yl-0+e)2x;, for0<2x1<ro,
I=1 I=1
n+m n+m
}A’}'(t,xl,...,xn+m)< (f’j0+e)2xl, forO<Zx1<r0,
I=1 I=1
n+m n+m

Xi(t, %1, .. Xpm) > (Xl‘>O - e) le, for le > Ry,
I=1 I=1

n+m n+m
Xi(6 %150 s Kpam) > (X1°° — e) sz, for le > Ro,
I=1 I=1
n+m n+m
Yilt 1, s mem) < (Y72 =€) Y a1, for Y x> Ry,
I=1 I=1
n+m n+m
Yi(t, 20, r Xnem) > (Yl00 - e) le, for le > Ry.
-1 I=1

Take

. . §(1-o0;) . (6 - 1)
O<r<miny min{ ——————1, M0 { ———————— 1,19
l<isn | (X} + Y7 +1) ) 1sj=m waj(XjO + on +1)
and

R:max{[ min {ai,&‘l}]_lko,

1<i<nl<j<m /

|:w min {ai,@’l}

PN E Lt a0 (B PGS Tt R U
X min{ min , min { ———— .
l<i<n 1-o0; 1<j<m 6j(6;-1)

Then we have 0 < r < R. It follows from Lemmas 2.8 and 2.9 that @ is strict-set contractive
on K, z. By Lemma 2.5, it is easy to see that if there exists x* € K such that ®x* = x*, then
x* is one positive w-periodic solution of system (1.1). Now, we shall prove that condition
(ii) of Lemma 2.7 holds.
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First, we prove that ®x # x, Vx € K, ||x|| = r. Otherwise, there exists x € K, ||x|| =  such
that ®x # x. So ||x|| > 0 and ®x — x € K, which implies that

(Pix)(t) — u;(t) = 03| Pix — uilo = 0, Vie[0,wlr,i=12,...,n, (3.1)
and
1 .
(Wx)(8) —v;(t) = = |¥ix —vjlo =0, Vtel0,0lr,j=12,...,m. (3.2)
0j

Moreover, for t € [0, w]T, we have

(Dx)(2) = /Hw Gi(t,s)ui(s)[Xi(s,u(s),v(s)) + Yi(s,u(s),v(s))]As

Z G (t tk er, (tk) )I‘k(lxl(t](), V(tk))

trelt,t+o)T

< |:/(; ul(s)[ (S, u(s), v(s)) + Y(s,u(s) v(s))]

o
+Zen a1, v(tk))}
<ol [, [ <Z|u;|o+2|vl|0> (10 +e (Zlu |O+Z|v]|0ﬂ
0,(1— %”)(ZI%IHZWO)

<a)(X?+Yi°+26) 2, Vite

- 1-o0; O','(l—O'i)
o(X? + Y0 + 2€) 5(1-o07) Vite
< X 0, 10 + r
1-o0; oX)+Y+1) o(1-0)

SO+ Y042 i
=[(l+l+€) V+61|, i=1.9 (3‘3)

X0+ Y?+1 i oi(l-07) §
Similarly, for ¢ € [0, w]T, we have
(Wx)(t) = f Gi(t,8)vi()[X; (5, u(s), v(5)) + ¥;(s,u(s), v(s)) | As

Y Gt ey (o () t) e (u(te), viE))

tke[t t+w)T

EL;O’—_W{[ <Z|u,|o+2|v,|o> O te) (Dulev,loﬂ
~2 n m
= l(A'+€)<Z|”i|O+Z|V1‘|O)
i=1 j=1

wo,(X0 + Y° +26) A0 +e)
+
—1 01—1
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[w&,(f(jo+ i/jo + 2€) 8(6;-1) @2()9,»+6)i|
< _ X — + L= r
oj—1 w&,»(XIQ + Y/0 +1) oj—1

) I:(S(X;’ + on +2€) 6j2()7j +é€)

- = + = ]r, j=12,...,m. (3.4)
X/Q+Y/0+1 o;—1

From (3.1)-(3.4) and the arbitrariness of €, we get

Y A2
. Yi0;
[l]l < [|®Px|| < | max| max _n , max | -~ +8 ) r<r=|x|,
1zizn| 0y(1 - 0y) ) 1sj=m| 0j -1

which is a contradiction. Next, we prove that ®x £ x, Vx € K, ||| = R also holds. Indeed,

we only need to prove that ®x £ x, Vx € K, ||x| = R. For the sake of contradiction, suppose
that there exists x € K and ||x|| = R such that ®x < x. Thusx — dx € K\ {# = (0,0,...,0)7}.

Furthermore, for any ¢ € [0, w]T, we have

ui(t)_(q)x)(t)Zgi|ui_q>ix|0 201 i=1,2,...,n, (35)
and
vi(£) = (Wx)(8) = 671 |vj = Wixlo = 0, j=1,2,...,m. (3.6)

Since x € K and ||x|| = R, we find Vs € [0, w]T,

n m
Z u(s— ‘L'll(S) + ZV, s— Tl,(s)
=1 j=1

m

n
A1
> orluwlo + Y67 vilo
=1 j=1

> min_ {06 (Z|W|0+Z|V1|O)
1<l<ml<j<m

= min {al,@‘l}RzRo, i=1,2,...,n,

and

n 0 m 0
Z/ Ky(t)u(s + T)At + Z/ Lij(t)v(s + 1)AT
=1 V7 j=1 Y~
> Zazluzlo/ Ka(t)At +Za 1|v,|o/ Ly(t)At

j=1

> min_ {06 {Z|Ml|o+Z|V1|o]
1<i<ml<j<m

= min {a;, }R>Ro, i=12,...,n
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In addition, for any ¢ € [0, w]T, we have

(Dx)(2) = /Hw Gi(t,s)ui(s)[Xi(s,u(s), v(s)) + Yi(s, u(s), V(S))]As
+ Z Gi(ts t)er, (o (tx), ti) T (1(t), v(t))

treltt+o)r

> o luilo /M[Xi(s,u(s),V(S)) +Yi(su(s), v(9))]As
0

1—Gl'
o?w|u;) " "
2wluilo )
> 73 l} |:(Xl°° —E) (Z(Ti|ui|0 + Zaj 1|Vj|0>
— i-1 j=1
n 0 m 0
+(Y°-¢) (Z/ Ky(t)orluloAt + Z/ Llj(f)aj_1|Vj|0AT>i|
=1 ¥~ j=1 Y~
2
o wlulo ) .1 )
P (X + e —26)1§i§rgigj§m{oi,q IR, i=1,2,...,n. 3.7)

Similarly, for any ¢ € [0, w]T, we derive

<%@m:/l G (t, ()X (s, 14(5), v(5)) + Ty (s, (), v(s) ] As
+ Z G/(txfk)e(—dj)(a(tk)'tk)jl’k(”(tk)’V(tk))

tkE[t,t-Hu)T

w

2 [T 9, v09) + 1 9, v09) s

6j(6;-1) Jo

olvilo | & - <
> |:(X,°°—€)(E ailuilo + o7 vjlo
i1 j1

561
noe0 moe0
+ (ono—e) (Z/ Kﬂ(r)al|u1|oAr+Z/ Lij(r)aj_1|vj|oAt):|
l=1 Y7 i=1 V7%
olVilo 500 oo . Al .
_mxj +7 —26)15i51}111ir§1j§m{0,-,0j IR, j=12,...,m. (3.8)

It follows from (3.7) and (3.8) that

n m
1Dl =D | Pixlo + Y [Wialo
i=1 j=1

n

2

o w|U; . A

E M(Xfo +Y*-2) min_ {0,67'|R
1-o0; 1<i<nl<j<m /

i=1

m
P Y S G e 020 min (o6 R

p= 6i(6;—-1) "/ 1<i<ml<j<m
L [oPX YR —2¢)] . [Xj+Y-2e
> miny min » M § ——————
1<i<n 1-o0; 1sj=m| 6;(6;—1)

x min_ {0;,67|Rw
1<i<nl<j<m J

>R. (3.9)
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From (3.5)-(3.9), we obtain ||x|| > || ®x|| > R, which is a contradiction. Therefore, condition
(ii) of Lemma 2.7 holds. By Lemma 2.7, we see that ® has at least one nonzero fixed point
in K, . Therefore, system (1.1) has at least one positive w-periodic solution. The proof of
Theorem 3.1 is complete. O

Similar to the proof of Theorem 3.1, one can show that the existence of positive w-
periodic solutions for the impulsive system without infinite distributed time delays or with
pure infinite distributed delays on time scales.

Theorem 3.2 In system (1.1), assume that Yi(t,-,-) = 0, )A/j(t, ) =0, X? < 00, )A(jo < 00,
X >0, )A(fo >0(i=1,...,mj=1,...,m) and (Hy)-(H,) hold. Then system (1.1) has at least

one positive w-periodic solution.
Theorem 3.3 In system (1.1), assume that X;(t,-,-) = 0, X;(t,-,) = 0, Y? < o0, f/jo < 00,
Y>>0, f’j°° >0(i=1,...,mj=1,...,m) and (Hy)-(H;) hold. Then system (1.1) has at least

one positive w-periodic solution.

In system (1.1), if Ix =0, jjk =0(0G=12,...,mj=1,2,...,m), then system (1.1) changes
into the following nonimpulsive system:

up (8) = wi(Ori(®) = Xi(t, u(®), v(0)) = Yi(t, u(®),v(®))], teT,

" A (3.10)
V].A(t) =vi(0)[-d;(t) + X; (&, u(®), v(t)) + Yi(t, u(®),v(£))], teT,

where T, r;, dj, X;, Y}, )A(,«, }A’, (i=1,2,...,m;j=1,2,...,m) are the same as those in system
(1.1). We have the following.

Theorem 3.4 Assume that X} < 00, X <00, Y*>0,¥°>0(i=1,...,mj=1,...,m) and

(Hh) hold. Then system (3.10) has at least one positive w-periodic solution.

Proof Let X = {x:x € Cy(T,R""),x(t + w) = x(¢), t € T} with the norm defined by ||x| =
Yo" xlol, here |x|o = SUP;c(0p)p L@} i =1,2,..., 7 + m. Then X is a Banach space. De-
fine the cone K in X by

K= {x:x = Uty s Uy V1o Vi) L € X, ui(8) > oiluilo, vi(t) > 6j_1|v,»|o,

tel0,@ln,i=1,...,nj=1,..,m}.

The map ® be defined by
(@0(0) = (@1 (DO (V). (V)(0),
wherex € K, t € T,
@0~ [ " Gt )X (5,409 9) + Vil v6) | A, =12,

(W) (t) = / Gi(t, )vi(9)[ X (s, u(s), v(s)) + ¥ (s, u(s), ()] As, j=1,2,...,m,
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and G;(t,s), G/(t, s)(i=1,2,...,n;j=1,2,...,m) are defined by (2.2) and (2.3), respectively.
The remainder of the proof'is similar to the proof of Theorem 3.1 and is omitted here. The
proof of Theorem 3.4 is complete. d

Similarly, we can prove the following.

Theorem 3.5 In system (3.10), assume that Yi(t,-,-) = 0, Y(t,-,-) = 0, X? < oo, )A(jo < 00,
X >0, )A(;’O >0(i=1,...,mj=1,...,m) and (H;) hold. Then system (3.10) has at least one
positive w-periodic solution.

Theorem 3.6 In system (3.10), assume that Xi(t,-,-) = 0, X;(t,~,-) = 0, Y? < oo, f/jo < 00,
Y>>0, f’j°° >0(i=1,...,mj=1,...,m) and (Hy) hold. Then system (3.10) has at least one
positive w-periodic solution.

4 Applications
In this section, as applications of our main results, we will give some existence results of
positive periodic solutions for Lotka-Volterra systems with or without impulses.

Firstly, we consider two classes of Lotka-Volterra system with impulses and time delays
on time scales as follows:

u(t) = ui(t)[a:(t) - Z;’zl a;i(t) f_ooo Kij(s)uj(t +s)As), t#t,teT, 1)

uity) = uity) — In(ui(te)), k=1,2,..., '
and

uf () = wi®lait) - 3 agOu() = 2 byt - 5(0)), t#tteT, 42)

ui(ty) = wity) — L(ui(te),  k=1,2,..., ’

where i =1,2,...,n. T is an w-periodic time scale, w > 0 is a constant. a; € C,4(T, (0, 0)),
a;j, by € Cry(T, (0,00)), 77 € Crg(T,(0,00)7) (j = 1,2,...,n) are rd-continuous w-periodic
functions. Kj € C,4((—00,0)T,(0,00)) with ff)oo Kij(s)As = 1 (i,j = 1,2,...,n), Iy €
C((0,00), (0, 00)). There exists a positive integer p such that ., = tx + @, iksp = Ik, k € Z,
[0,0)r N {tx:k € Z} = {t1, ta,..., tp}.

Theorem 4.1 Assume that maxlf,»f,,{ﬁ} <1, a;(t) >0 (i,j =1,2,...,n), then system
(4.1) has at least one positive w-periodic solution.

Proof In this case,

n
}/i(t!MI;MZ)HUMH) = Zal](t)u]! i=1,2,...,}’[,
j=1

Yi0 = limsup max ————— < max

)/i(t;ul)"wun) {
n —
Y w0 telOln DT U l=j=n

max {aij(t)}] <00, i=12,...,n,
te[0,w]T

and

. . . Y tr Uy U . . .
Y = liminf min w > mm{ min {ai,»(t)}} >0, i=12,...,n
Y w0t Y o U 1=j<n Lee[0,0ly
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It follows from Theorem 3.3 that system (4.1) has at least one positive w-periodic solution.

The proof of Theorem 4.1 is complete.
In the light of Theorem 3.1, we have the following.

Theorem 4.2 Assume that max<i<,{ "= ( } <1, ay(t), byy(t) >0 (i,j = 1,2,.

tem (4.2) has at least one positive w-periodic solution.

10

O

., n), then sys-

Next we consider the following predator-prey delay Lotka-Volterra system with im-

pulses on time scales:

up (t) = wi(t)ai(t) = Y21 aa(@ui(t = ou(8)) = 37, by()vi(t — 75(1)],
Lttt e T,
ui(ty) = ui(ty) = Lu(wi(t),  k=1,2,.
A(t) = V}(t) r/(t Zl 1 /l(t)ul(t 5jl(t)) - Zh 1ejh(t)vh(t th(t))]
t#t,teT,
vilt?) = vi(t) + (), k=1,2,...,

(4.3)

wherei=1,2,...,n,j=1,2,...,m. T is an w-periodic time scale, w > 0 is a constant. a;,7; €

Crd(Tr (O, OO)), ail, bij; djl! €in € Crd(T: (07 OO))) Oils Tij» 8]’[} 9]1'1 € Crd(T» (0, OO)T) (l’l =12,...

» 15

jyh=1,2,...,m) are w-periodic functions. Iik,ijk € C((0,00), (0, 00)). there exists a positive

integer p such that ¢z, = tx + ®, Iiksp = I, k € Z, [0, 0)r N {tx : k € Z} = {t1, 12, ...,

Theorem 4.3 Assume that maxi<;<,{

system (4.3) has at least one positive w-periodic solution.

Proof In this case,

n m
Xi(t) Ulyeo s Uy V1senoy Vm) = Zdil(t)ul + Z bl](t)vjr i= 17 2’ e
I=1 j=1

n m
)A(j(tr bll,,..,lxtn,Vl,...,Vm) = Zd]l(t)ul + Zejh(t)vhx j= 1) 2,...,}’1’1,

I=1 h=1
0 . Xi(trul;--o,Mn;Vl;o-~;Vm)
X; = lim sup max - -
Yl uir Yl v —otel0elr D Ui+ j=1Y

< max max { a(t), b,,(t)}} <oo, i=12,...,n,

1<i<nl<j<m lt€[0,0]T

Xoo _ liminf min Xi(t7 Ulyeoos Uy, V11---;Vm)
[ n m
Srwr y—oteloly Y ui+ Y N

> min { ,';(t),b,',»(t)}}>0, i=12,...,n,

min {
1<l<nl<j<m lte[0,w]T

)(j(t,ul,~..,un,V1,...,Vm)

X]Q = lim sup max n —
S0 e vy 0 FEl00lT Do Uit DY)

< max { max {djl(t),ejh(t)}} <oo, j=L2,...,m

1<l<nl<h<m lte[0,w]T

o= U)} <1 maxl<}<n{ 55— } <1l ﬂ,’[(t),b,j(t),djl(t),

en(t)>0(,0=12,...,mj,h=1,2,...,m) and supte[o,wm{u(t)r] t)} <1(=1,2,...,m), then
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and

3 .. . )(j(t,ul,...,un,VI,...,Vm)
X = liminf min
j no. mo.,.
Y ui Y v 0 telOwlr Zi:l Uit ) 1V

v

min {min {al,(t),e,»h(t)}}>0, j=12,...,m.

1<l<nl<h=m\te[0,w]T

By Theorem 3.2, system (4.3) has at least one positive w-periodic solution. The proof is
complete. d

To this end, considering the existence of positive periodic solutions for systems (4.1)-
(4.3) without impulses, we conclude the following assertions.

Theorem 4.4 In system (4.1), assume that Iy = 0, a;(t) >0 (i,j = 1,2,...,n), then system
(4.1) has at least one positive w-periodic solution.

Theorem 4.5 In system (4.2), assume that Iy = 0, a;(t),b;(t) >0 (i,j = 1,2,...,n), then
system (4.2) has at least one positive w-periodic solution.

Theorem 4.6 In system (4.3), assume that I = 0, jjk =0, ay(t), by(t),dy(t), ep(t) > 0
(5,0=1,2,...,m j,h=1,2,...,m) and SuPte[o,w]T{M(t)’"i(t)} <1(=1,2,...,m), then system
(4.3) has at least one positive w-periodic solution.
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