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Abstract

The main purpose of this paper is by using the definitions and properties of
Chebyshev polynomials to study the power sum problems involving Fibonacci
polynomials and Lucas polynomials and to obtain some interesting divisible
properties.
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1 Introduction

For any integer n > 0, the first kind Chebyshev polynomials {7} (x)} and the second kind
Chebyshev polynomials {U,(x)} are defined by To(x) =1, T1(x) = x, Up(x) =1, Uh(x) =
and T2 (x) = 26T ,1(x) — Ty(x), Uy (x) = 22,1 (x) — Uy, (x) for all n > 0. If we write o =
a(x) =x + /x> —1and B = B(x) = x — +/x2 — 1 for the sake of simplicity, then we have

T, = (o + ) Z( )k” L Zkl)),(x)"-zk, ¢l <1 ®
and
[n
1 n+ n+ (I’l k) n—
Uy (%) = —— (" = ™) Z( )kk' 2k)‘(x) 2% xl <. )

Fibonacci polynomials {F,(x)} and Lucas polynomials {L,(x)} are defined by Fy(x) =0
Fi(x) =1, Lo(x) =2, L1(x) = x and Fy,5(x) = xF,.1(%) + F,(%), Lyso(%) = %L, (x) + L,(x) for
all n > 0. If we write U(x) = "*'x 4 and V(x) = m , then we have

F,(x) = U'(x) — V”(x)) and L,(x)=U"(x)+ V"(x) foralln>0.

s

U(x) - V(x)
These polynomials occupy a very important position in the theory and application of
mathematics, so many scholars have studied their various properties and obtained a series
of interesting and important results. See references [1-13] for Chebyshev polynomials and
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[14-16] for Fibonacci and Lucas polynomials. For example, Li Xiaoxue [1] proved some
identities involving power sums of T},(x) and U, (x). As some applications of these results,
she obtained some divisible properties involving Chebyshev polynomials. Precisely, she

proved the congruence
Uo(x) U () U4 (%) - - - Uny () - Z 727 (x) = 0 mod (Uny(x) - 1).

In this paper, we shall use the definition and properties of Chebyshev polynomials to
study the power sum problem involving Fibonacci and Lucas polynomials and prove some
new divisible properties involving these polynomials. That is, we shall prove the following

two generalized conclusions.

Theorem 1 Let n and h be non-negative integers with h > 1. Then, for any odd number

[ > 1, we have the congruence

Li(9)Lai(x) - - Liganony (¢ ZL%’:;} = 0 mod (Lyapn) (%) + Li(x)).

Theorem 2 Let n and h be non-negative integers with h > 1. Then, for any even number

[ > 1, we have the congruence

I
Fy(x)F31(%) - - - Fians1) (%) - Z@Zﬁl (x) =0 mod (Fyns1)(%) + Fi(x)).

Especially for / = 1 and 2, from our theorems we may immediately deduce the following

two corollaries.

Corollary 1 For any non-negative integers n and h with h > 1, we have

Ly(x)L3(x) - - - Loy (x ZLZ’“1 =0 mod (Lap1 (%) + x).

Corollary 2 For any non-negative integers n and h with h > 1, we have

Fy(x)Fo (%) - - - Fans1) (%) - ZL2"+1(9C) =0 mod (Faps1)(®) +%).

m=0

Some notes: In our theorems, the range of the summation for m is from 0 to /. If the range
of the summation is 1 < m </, then it is very easy to prove the following corresponding
results:

For any odd number / > 1, we have the polynomial congruence

h
Li(®)Lay(®) -+ Liomeny (%) - > L3t (x) = 0 mod (Lyapar) (%) - Li()).

m=1
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For any even number / > 1, we have the polynomial congruence

Fi(x)F3(x) - - - Fionen) (% ZL%:;I = 0 mod (Fyone) () — Fi(%)).

Taking / =1 and 2, and noting that L;(x) = F»(x) = %, then from these two congruences
we can deduce the following:

Li(x)Ls(%) - - - Loy (% ZLZVHI =0 mod (L2h+1(x) x)
and
Fy(x)Fs(x) - - - Faans1)(%) - Zli’f,fl(x) =0 mod (Faps1)(¥) — %).

Therefore, our theorems are actually an extension of references [1] and [16].

2 Several simple lemmas
To complete the proofs of our theorems, we need some new properties of Chebyshev poly-
nomial, which we summarize as the following three lemmas.

Lemma 1 For any integers m,n > 0, we have the identity
1 1
Tn(EIQm(x)) = 5 « Loy (%).

Proof Let a = % and 8 = x‘—”cz*, then Ly, (%) = «®” + 2", o - B = -1 and a?"
B?" =1. Replace x by 1L,,,(x) in T,(x) and note that
P Y 3

1 1
ELM(x) +./ ZLgm(x) -1

= W v Ty sy
—2(a +p )+2~ adm 4 ghm 4D 4
— l(a2m+,32m) + l(a2m_132m)

2 2
:a2m,

SLan)— | 313, -1

=%(a2m+ﬂ2m)_%_ /a4m+ﬂ4m+2_4
1 m m 1 m m

:g(az +p° )—5(“2 - ")

=132m‘

From the definition of T, (x)

T,(x) = %[(x +Va2-1)" + (x - Va2 -1)"],
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we have the identity

TnGme)
(st Tiis 1) (21~ Lz 1) ]

— %[Oﬂmn +132mn]

1
== Lyun(w).

2
This proves Lemma 1. d

Lemma 2 Let n and h be non-negative integers with h > 1. Then, for any odd number [ > 1,

we have the congruence

Liony@ns1)®) + Linsy () = 0 mod (Lyone () + Li(%)).

Proof We prove this polynomial congruence by complete induction for n > 0. It is clear
that Lemma 2 is true for n = 0. If n = 1, then note that 2 {/ and L13(2h +1)(x) = Lyjone) (%) —

3Lion+1) (%), we have

Lsyone1y (%) + L3(x)
= L}y ®) + 3Lina) (%) + L} (%) + 3Ly (x)
= (Linen) (%) + Li(%)) (Liiypa) ) + Liane) ) Lo(x) + L} (x) + 3)

=0 mod (L[(2h+1)(x) + L[(x)).

That is to say, Lemma 2 is true for n = 1.
Suppose that Lemma 2 is true for all integers n =1,2,...,k. That is,

Lionsy@ns1)®) + Linsy () = 0 mod (Lyopen) () + Li(x)) 3)

forallO0<mn<k.

Then, for n = k + 1 > 2, note the identities
Loin1) (%) Lins1)@n1) (%) = Ligns1)@n+3)(®) + Liniy@n-1)(x)
and
Loians1) (%) = L1y ®) + 2 = L7 (%) + 2 mod (L)) + Li(%)),
applying inductive hypothesis (3), we have

Liony@n) (%) + Liu) (%)

= Liony@k+3) (%) + Lik+3) (%)
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= Loyns1) (%) Lins1) k1) (%) = Linsn)k-1) (%)
+ Loy(%) Lik+1) (%) — Liak-1) (%)

= (L} (%) + 2) Lignsnyeks1)(¥) — Linst) k-1 ()
+ (L} () + 2) Liars (%) — Ligak-1) (%)

= (L7 () + 2) (Linsnyeis (®) + Lioksn) (%))
= (Lignsn@i-n@®) + Loy (%))

= 0(Lins1)(®) + Li(x)).
Now Lemma 2 follows from complete induction. d

Lemma 3 Let n and h be non-negative integers with h > 1. Then, for any even number
[ > 1, we have the congruence

Fin@nsn) (%) + Fianen (%) = 0 mod (Fiop) (%) + Fi(x)).

Proof We can also prove Lemma 3 by complete induction. If n = 0, then it is clear that
Lemma 3 is true. If = 1, then note that 2 |  and Fzjp,1) (%) = (x% + 4)F13(2h+1) (%) + 3F2141) (%),
we have

Fsions) () + F31(x)
= (& + 4) Fjly,1) (%) + BFypiny (%) + (6° + 4) F} () + 3Fi(x)
= (& + 4) (Fiansn) @) + (%)) (Fitgpsn) (%) + Fianen) @) Fi(x) + Ff ()
+ 3(Fionen () + Fi(%))
= 0 mod (Fyane1) () + Fy(%)).

So Lemma 3 is true for n = 1. Suppose that Lemma 3 is true for all integers n =1,2,...,k.
That is,

Fionsny@n1)®) + Fian)(x) = 0 mod (Fyam (%) + Fi(x)) (4)

forall0 <m<k.

Then, for n = k + 1, note the identities
Loyon1y ) Fiane1)2n+1) (%) = Fion1)@ne3) (%) + Fian1)@n-1) (%)
and

Loion)(®) = (8% + 4) Fjly),q)(x) +2

= (x2 + 4)Fl2(x) +2 mod (Fl(2h+1)(x) + Fl(x)),
applying inductive hypothesis (4), we have

Fiony@ns1) (%) + Fione) (%) = Fionyk3) (%) + Fiores) (%)
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= Loyns) (%) Finsn)2k+1) (%) = Fianenyx-1) (%)
+ Loy(%) Fiars1) (%) — Fik-1) (%)

= [(** + 4)F (%) + 2] Fionsnyaks) (%) = Fiansnyr-1) ()
+ [ (6% + 4)F7 (%) + 2] Fyarsn) (%) = Fron-ny (%)

= [(&* + 4)F} (%) + 2] (Fonsnyken () + Froken) (%))
— (Fioner-n () + Fior-1y (%))

= 0(Finsn) () + Fi(%)).

This completes the proof of Lemma 3. O
3 Proofs of the theorems

In this section, we shall prove our theorems by mathematical induction. Replace x by % .

Ly,u(x) in (1), from Lemma 1 we have

Z T2n+1( L2ml(x))

h
1
=5 ZLZml(ZVHI)(x)
1120
_ 2+l - ¢« (@u-k)! [212K (g
Z( ) kKQ2n+1- 2/()' Lam
or
h
Z[L2ml(2n+l)(x) - (-1)"2n + 1)Lam(x)]
m=0
n-1 h
2n-k)! B
con+1) S TR N a2k 5
(2 +1) k:O( " W12k 2o ) )

Note the identities

h
Z L2ml(2n+1) (x)
m=0

_ Xh:(a2ml(2n+l) + 132ml(2n+1))
m=0

Q2 ICnsY) _ - g2(kDins)) _q

S Tgden 1 B2 ]

al(2h+l)(2n+1) ( )lﬂl(2n+l) ﬂl(2h+1)(2n+l) _ (_1)lal(2n+1)

Ol 1(2n+1) ( 1)[ﬁl(2n+l ﬁl(2n+1) _ (_l)lal(2n+l)

_ Lignn@nsny ) + Lo (%) if215 ©

Lione1y(%)




Li and Wenpeng Advances in Difference Equations (2017) 2017:303 Page 7 of 9

and

)
F, +F x
S Loy () = tennene) @) + Fionn®) o . )
Fian1) (%)

If [ is an odd number, then from (5) and (6) we have

L x)+ L L x) + Li(x
1h)@n) (%) + Ligney (%) C1)'@n+ 1) 12n+1) (%) + Li(x)
Lion+1)(%) Li(x)
1 h
. 2n-k)! 12k

=2n+1)- Y (-DF
0

e ol (). 8)
kK'(2n +1 - 2k)! —

>
11

Now we prove Theorem 1 by mathematical induction. If n = 1, then from (8), Lemma 2
and note that 2 { [ we have

h
Li(®)Lay(x) Y L3,,(x)
m=0
C L)Lay (x)[le(zhuL)i?;()x-; L3i(x) s 3L1(2h+1)L(lﬁzl; 3L1(x):|
= 0 mod (Lypns1)(®) + Li(x)). 9)

That is, Theorem 1 is true for n = 1.
Suppose that Theorem 1 is true for all integers 1 < n <s. Then, for n = s + 1, from (8) we

have

L L L L
12h+1)(25+3) (%) + Li(243) (%) 4 (L1254 3) 12n+1) (%) + Ly (x)
Li(s43)(%) Li(x)

h

_ k 25+2 k) 23+3—2k
=(2s+3) Z( b k'(2s +3 - 2/()'2 i %)

h h
(2s+2—k)!
=) L3P ) + (25+3) - Z( ) ZLgi;f-Zk(x). (10)
— kl(2s +3 - 2k)‘

From Lemma 2 we have

Ligoni)2s+3)(%) + Lias+3) (%)
Lios+3)(%)

Li(x)L3y(x) - - - Lycase3) (%) -

=0 mod (L1(2h+1)(x) + L[(x)). (11)

Applying inductive assumption, we have

h

(2s+2 - k)!
k 25+3— 2/(
Li(x)L31(x) - - - Lyas41 x)z (-1)f ———— K+ 320 2001 2 E L3

= 0 mod (L1(2h+1)(x) + L[(x)). (12)
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Combining (9)-(12) and Lemma 2, we can deduce the congruence

n
Li(x)Lsi(%) - - - Lyase3) (%) - ZL?,;;B (x) =0 mod (Lyonsn) (%) + Ly(%)).

This proves Theorem 1 by mathematical induction.
Now we prove Theorem 2. If 2 | /, then from (5) and (7) we have

Fionsnyen) &) + Fiomy () 1@+ 1) Fione) (%) + Fi(x)
Fione1) (%) F(x)

n-1
_ k (2}’1 k 2n+1 2k
_(2“1)';:0(_1) K2n+1- mZ ol ). (13)

Applying (13), Lemma 3 and the method of proving Theorem 1, we may immediately de-
duce the congruence

p
Fi(x)F3(x) - - - Fians1) (%) - ZLi”,;ﬁ (x) = 0 mod (Fys1)(x) + Fi(x)).

m=0

This completes the proof of Theorem 2.
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