
Ghorbanian and Rezapour Advances in Difference Equations  (2017) 2017:325 
DOI 10.1186/s13662-017-1354-4

R E S E A R C H Open Access

On a system of fractional finite difference
inclusions
Vahid Ghorbanian and Shahram Rezapour*

*Correspondence:
math2010math@gmail.com
Department of Mathematics,
Azarbaijan Shahid Madani
University, Tabriz, Iran
Full list of author information is
available at the end of the article

Abstract
By making a special product Banach space and using the famous result of Covitz and
Nadler on fixed point of multifunctions we investigate the existence of a solution for a
system of fractional finite difference inclusions via some boundary conditions. We
provide an example to illustrate our main result.
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1 Introduction
There are many works about different applied models by using distinct types of fractional
derivatives via or without singular kernel ([–]), discrete fractional boundary value prob-
lems within the Riesz space cases ([, ]), finite difference calculations ([–]), distinct
types of fractional finite difference equations ([–]), and some equations including the
nabla operator ([–]). In fact, working on discrete fractional boundary value problems
is useful for modeling in distinct thermal or physical sciences, including steady heat flows,
heat-transfer problems, description of anomalous diffusions, and so on. This leads us to
working on discrete calculations, whereas there is also rich work on continuous fractional
ones. It is well known that each differential equation is a particular case of a related differ-
ential inclusion. For this reason, we better investigate fractional inclusions. It seems that
researchers of thermal sciences (and some other related fields) will investigate more sys-
tems of discrete fractional boundary value inclusions in the future. Recently, some results
on fractional finite difference inclusions have been obtained ([, ]).

As is well known, the gamma function has some known properties such as �(z + ) =
z�(z) and �(n) = (n – )! for all n ∈ N. It is well known that the falling function is defined
by tν = �(t+)

�(t+–ν) for all t,ν ∈R whenever the right-hand side is defined ([]). If t +  – ν is a
pole of the gamma function and t + is not a pole, then we define tν =  ([]). We can verify
that νν = νν– = �(ν + ) and tν+ = (t – ν)tν . We use the notations Na = {a, a + , a + , . . . }
for all a ∈ R and N

b
a = {a, a + , a + , . . . , b} for all real numbers a and b whenever b – a is

a natural number ([]). Let ν >  be such that m –  < ν ≤ m for some natural number m.
Then the νth fractional sum of f based at a is defined by �–ν

a f (t) = 
�(ν)

∑t–ν
s=a(t –σ (s))ν–f (s)

for all t ∈ Na+ν ([]). We consider the trivial case �–
a f (t) = f (t) for t ∈ Na. Similarly, we

define �ν
af (t) = 

�(–ν)
∑t+ν

k=a(t – σ (k))–ν–f (k) for all t ∈Na+m–ν (see [] and []).
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To use the Covitz-Nadler theorem in our main result, we need to introduce some no-
tion about multifunctions on metric spaces. Let (X, d) be a metric space. Denote by P(X),
X , Pc(X), and Pcp(X) the class of all subsets, the class of all nonempty subsets, the class
of all closed subsets, and the class of all compact subsets of X, respectively. A mapping
Q : X → X is called a multifunction on X, and u ∈ X is called a fixed point of Q when-
ever u ∈ Qu. The (generalized) Pompeiu-Hausdorff metric Hd on Pc(X) is defined as
Hd(A, B) = max{supa∈A d(a, B), supb∈B d(A, b)}, where d(A, b) = infa∈A d(a, b) (see [] and
[]). A multifunction T : X → X is called a contraction if there exists λ ∈ (, ) such that
Hd(T(x), T(y)) ≤ λd(x, y) for all x, y ∈ X. In , Covitz and Nadler [] proved that each
contractive closed-valued multifunction on a complete metric space has a fixed point.

In , Goodrich [] investigated the general discrete fractional boundary problem

⎧
⎪⎪⎨

⎪⎪⎩

–�νy(t) = f (t + ν – , y(t + ν – )),

αy(ν – ) – β�y(ν – ) = ,

γ y(ν + b) – δ�y(ν + b) = ,

where t ∈ [, b]N , ν ∈ (, ] and αγ +αδ +βγ �=  with α,β ,γ , δ ≥ . In , by using idea
of [], Baleanu, Rezapour, and Salehi [] investigated the existence of a solution for the
fractional finite difference inclusion

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

�νx(t) ∈ F(t, x(t),�x(t),�x(t)),

ξx(ν – ) + β�x(ν – ) = ,

x(η) = ,

γ x(b + ν) + δ�x(b + ν) = ,

where η ∈ N
b+ν–
ν– ,  < ν < , and F : Nb+ν+

ν– × R × R × R → R is a compact-valued mul-
tifunction. Also, they investigated the fractional finite difference inclusion �

μ
μ–x(t) ∈

F(t, x(t),�x(t)) via the boundary conditions �x(b + μ) = A and x(μ – ) = B, where
 < μ ≤ , A, B ∈ R, and F : Nb+μ+

μ– × R × R → R is a compact-valued multifunction in
 ([]). By mixing ideas of the works, we investigate the existence of a solution for the
k-dimensional system of fractional difference inclusions

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

�
ν
ν–x(t) ∈ F(t, x(t), . . . , xk(t),�x(t), . . . ,�xk(t),�x(t), . . . ,�xk(t),

�
μ
ν+x(t), . . . ,�μk

ν+xk(t),�γ
ν+x(t), . . . ,�γk

ν+xk(t)),

�
ν
ν–x(t) ∈ F(t, x(t), . . . , xk(t),�x(t), . . . ,�xk(t),�x(t), . . . ,�xk(t),

�
μ
ν+x(t), . . . ,�μk

ν+xk(t),�γ
ν+x(t), . . . ,�γk

ν+xk(t)),
...

�
νk
νk –xk(t) ∈ Fk(t, x(t), . . . , xk(t),�x(t), . . . ,�xk(t),�x(t), . . . ,�xk(t),

�
μk
νk +x(t), . . . ,�μkk

νk +xk(t),�γk
νk +x(t), . . . ,�γkk

νk +xk(t)),

()

with boundary conditions xi(νi –) = xi(νi) = xi(b+νi) = , where xi : Nb+νi
νi– →R, b ∈N,  <

μij < ,  < γij < ,  < νi < , and Fi : Nb+νi
νi– ×R

k → R are compact-valued multifunction
for i = , , . . . , k and j = , , . . . , k.

For prove of our main results, we need the following results.
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Lemma . ([]) Let a ∈ R, ν >  with m –  < ν ≤ m, and μ > . Then, �(t – a)μ = μ(t –
a)μ– for all t for which both sides are well defined. Also, �–ν

a+μ(t – a)μ = μ–ν(t – a)μ+ν for
t ∈Na+μ+ν and �ν

a+μ(t – a)μ = μν(t – a)μ–ν for t ∈Na+μ+m–ν .

Lemma . ([]) Let μ >  with m –  < μ ≤ m, a ∈ R, and f : Na → R be a map. Then,
�

–μ
a+m–μ�

μ
a f (t) = f (t) + c(t – a – m +μ)μ– + c(t – a – m +μ)μ– + · · ·+ cm(t – a – m +μ)μ–m,

where c, . . . , cm ∈R are some constants.

2 Main results
Now, we are ready to provide our main results.

Lemma . Let  < μ ≤ , and y : Nb
 →R be a map. Then x is a solution for the fractional

finite difference equation

�
μ
μ–x(t) = y(t) ()

via the boundary conditions x(μ – ) = x(μ) = x(b + μ) =  if and only if x is a solution for
the fractional sum equation x(t) =

∑b
s= G(t, s)y(s), where

G(t, s) =
(t – σ (s))μ–

�(μ)
–

(t – )μ–(b + μ – σ (s))μ–

�(μ)(b + μ – )μ–

for s ≤ t – μ and G(t, s) = –(t–)μ–(b+μ–σ (s))μ–

�(μ)(b+μ–)μ– for t – μ +  ≤ s.

Proof Suppose that x satisfies equation () with x(μ – ) = x(μ) = x(b + μ) = . Then,
�

μ
μ–x(t) = y(t) for t ∈N

b
 and �

–μ
 �

μ
μ–x(t) = �

–μ
 y(t) for t ∈N

b+μ
μ– . Now, using Lemma .,

we get x(t) = c(t –)μ– +c(t –)μ– +c(t –)μ– + 
�(μ)

∑t–μ
s= (t –σ (s))μ–y(s) for t ∈N

b+μ
μ– .

Using the boundary condition x(μ – ) = , we obtain

 = c(μ – )μ– + c(μ – )μ– + c(μ – )μ– +


�(μ)

–∑

s=

(
μ –  – σ (s)

)μ–y(s).

Since (μ – )μ– = (μ – )μ– =  and 
�(μ)

∑–
s=(μ –  – σ (s))μ–y(s) = , we get c = . Since

x(μ) = ,  = c(μ – )μ– + c(μ – )μ– + 
�(μ)

∑
s=(μ – σ (s))μ–y(s). Since (μ – )μ– = 

and 
�(μ)

∑
s=(μ – σ (s))μ–y(s) = , we get c = . Since x(b + μ) = , we get

 = c(b + μ – )μ– +


�(μ)

b∑

s=

(
b + μ – σ (s)

)μ–y(s),

and so c = – 
�(μ)(b+μ–)μ–

∑b
s=(b + μ – σ (s))μ–y(s). Hence,

x(t) =
–(t – )μ–

�(μ)(b + μ – )μ–

b∑

s=

(
b + μ – σ (s)

)μ–y(s) +


�(μ)

t–μ∑

s=

(
t – σ (s)

)μ–y(s)

=
b∑

s=

G(t, s)y(s).
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Now, let x be a solution for the sum equation x(t) =
∑b

s= G(t, s)y(s). Then,

x(t) = –
(t – )μ–

�(μ)(b + μ – )μ–

b∑

s=

(
b + μ – σ (s)

)μ–y(s) +


�(μ)

t–μ∑

s=

(
t – σ (s)

)μ–y(s).

Since 
�(μ)

∑–
s=(μ –  – σ (s))μ–y(s) = 

�(μ)
∑

s=(μ – σ (s))μ–y(s) =  and (μ – )μ– = (μ –
)μ– = (μ – )μ– = , a simple calculation shows that x(μ – ) = x(μ) = x(b + μ) = . On
the other hand, it is easy to check that

x(t) = c(t – )μ– + c(t – )μ– + c(t – )μ– +


�(μ)

t–μ∑

s=

(
t – σ (s)

)μ–y(s)

is a solution for the equation �
μ
μ–x(t) = y(t). �

Now, we are ready to provide our result on the existence of a solution for the k-
dimensional system of fractional finite difference inclusions (). Let i ∈ {, . . . , k} be given,
and Xi be the set of all functions x : Nb+νi

νi– → R endowed with the norm

‖x‖i = max
t∈Nb+νi

νi–

∣
∣x(t)

∣
∣ + max

t∈Nb+νi
νi–

∣
∣�x(t)

∣
∣ + max

t∈Nb+νi
νi–

∣
∣�x(t)

∣
∣

+ max
t∈Nb+νi

νi–

∣
∣�

μii
νi+x(t)

∣
∣ + max

t∈Nb+νi
νi–

∣
∣�

γii
νi+x(t)

∣
∣.

Consider the space X = X ×X × · · · ×Xk with the norm ‖(x, x, . . . , xk)‖X =
∑k

i= ‖xi‖i.
We show that (X ,‖ ·‖X ) is a Banach space. Let {xn} be a Cauchy sequence in X , and let ε >
 be arbitrary. Choose a natural number N such that ‖xn –xm‖ < ε for all m, n > N . Then we
get maxt∈Nb+ν+

ν
|xn(t) – xm(t)| < ε, maxt∈Nb+ν+

ν
|�xn(t) – �xm(t)| < ε, maxt∈Nb+ν+

ν
|�xn(t) –

�xm(t)| < ε, maxt∈Nb+ν+
ν

|�μxn(t) – �μxm(t)| < ε, and maxt∈Nb+ν+
ν

|�γ xn(t) – �γ xm(t)| < ε.
Since R is complete, there are real numbers x(t), z(t), w(t), p(t), and q(t) such that xn(t) →
x(t), �xn(t) → z(t), �xn(t) → w(t), �μxn(t) → p(t), and �γ xn(t) → q(t) for all t ∈N

b+ν+
ν .

Note that �xn(t) = xn(t + ) – xn(t), and so �x(t) = x(t + ) – x(t) = z(t). Similarly, we get
�x(t) = w(t). Also, we have �μxn(t) = 

�(–μ)
∑t+μ

s= (t – σ (s))–μ–xn(s). Since xn(s) → x(s),
we get �μx(t) = p(t). Similarly, we have �γ x(t) = q(t). This implies that there exists a nat-
ural number M such that |xn(t) – x(t)| < ε

 , |�xn(t) – �x(t)| < ε
 , |�xn(t) – �x(t)| < ε

 ,
|�μxn(t) – �μx(t)| < ε

 , and |�γ xn(t) – �γ x(t)| < ε
 for all t ∈N

b+ν+
ν and n > M. Thus,

‖xn – x‖ = max
t∈Nb+ν+

ν

∣
∣xn(t) – x(t)

∣
∣ + max

t∈Nb+ν+
ν

∣
∣�xn(t) – �x(t)

∣
∣ + max

t∈Nb+ν+
ν

∣
∣�xn(t) – �x(t)

∣
∣

+ max
t∈Nb+ν+

ν

∣
∣�μxn(t) – �μx(t)

∣
∣ + max

t∈Nb+ν+
ν

∣
∣�γ xn(t) – �γ x(t)

∣
∣ < ε

for all n > M. This shows that X is a Banach space. Define the set of selections of Fi at
(x, . . . , xk) ∈X by

SFi ,(x,x,...,xk ) =
{

y : Nb
 →R : y(t) ∈ Fi

(
t, x(t), . . . , xk(t),�x(t), . . . ,�xk(t),

�x(t), . . . ,�xk(t),�μi
νi+x(t), . . . ,�μik

νi+xk(t),

�
γi
νi+x(t), . . . ,�γik

νi+xk(t)
)

for all t ∈N
b

}
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for x = (x, . . . , xk) ∈ X and i = , . . . , k. We say that a function (x, x, . . . , xk) ∈ X is a solu-
tion for the k-dimensional system of inclusions if there exist real-valued functions y, . . . , yk

on N
b
 such that

yi(t) ∈ Fi
(
t, x(t), . . . , xk(t),�x(t), . . . ,�xk(t),�x(t), . . . ,�xk(t),

�
μi
νi+x(t), . . . ,�μik

νi+xk(t),�γi
νi+x(t), . . . ,�γik

νi+xk(t)
)

for all t ∈ N
b
, xi(t) = –(t–)νi–

�(νi)(b+νi–)νi–
∑b

s=(b + νi – σ (s))νi–yi(s) + 
�(νi)

∑t–νi
s= (t – σ (s))νi–yi(s)

and xi(νi – ) = xi(νi) = xi(b + νi) =  for i = , . . . , k. Since Fi(t, x(t), . . . , xk(t)) �= ∅ for i =
, . . . , k, the selection principle implies that SFi ,(x,x,...,xk ) is nonempty.

Theorem . Suppose that ψ, . . . ,ψk : Nb+νi
νi– →R be some maps with

 < L =
k∑

i=

(
max

t∈Nb+νi
νi–

∣
∣ψi(t)

∣
∣
)(

�i
 + · · · + �i


)

< ,

where

�i
j = max

t∈Nνi+b
νi–

∣
∣
∣
∣
∣


(b + νi – )νi–�(νi – j + )

b∑

s=

(
(b + νi – )νi–(t – σ (s)

)νi–j

– (t – )νi–j(b + νi – σ (s)
)νi–)

∣
∣
∣
∣
∣

for j = , , ,

�i
 = max

t∈Nνi+b
νi–

∣
∣
∣
∣
∣


�(νi – μii)(b + νi – )νi–

b∑

s=

(
(b + νi – )νi–(t – σ (s)

)νi–μii

– (t – )νi–μii
(
b + νi – σ (s)

)νi–)
∣
∣
∣
∣
∣
,

and

�i
 = max

t∈Nνi+b
νi–

∣
∣
∣
∣
∣


�(νi – γii)(b + νi – )νi–

b∑

s=

(
(b + νi – )νi–(t – σ (s)

)νi–γii

– (t – )νi–γii
(
b + νi – σ (s)

)νi–)
∣
∣
∣
∣
∣
.

Assume that Fi : Nb+νi
νi– ×R

k → Pcp(R) is a multifunction such that

Hd
(
Fi(t, x, . . . , xk), Fi(t, z, . . . , zk)

) ≤ ψi(t)

( k∑

i=

|xi – zi|
)

for t ∈ N
b+νi
νi– , i = , . . . , k, and x, . . . , xk , z, . . . , zk ∈ R. Then the system of fractional differ-

ence inclusions () has a solution.
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Proof Choose yi ∈ SFi ,(x,x,...,xk ) for i = , . . . , k. Define

hi(t) = –
(t – )νi–

�(νi)(b + νi – )νi–

b∑

s=

(
b + νi – σ (s)

)νi–yi(s) +


�(νi)

t–νi∑

s=

(
t – σ (s)

)νi–yi(s)

for all t ∈ N
b+νi
νi– . Then hi ∈Xi, and so the set

{

hi ∈Xi : there exists y ∈ SFi ,(x,x,...,xk ) such that

hi(t) = –
(t – )νi–

�(νi)(b + νi – )νi–

b∑

s=

(
b + νi – σ (s)

)νi–yi(s)

+


�(νi)

t–νi∑

s=

(
t – σ (s)

)νi–yi(s) for all t ∈N
b+νi
νi–

}

is nonempty. Define the operator T : X → X by

T(x, x, . . . , xk)(t, t, . . . , tk) =

⎛

⎜
⎜
⎜
⎜
⎝

T(x, x, . . . , xk)(t)
T(x, x, . . . , xk)(t)

...
Tk(x, x, . . . , xk)(tk)

⎞

⎟
⎟
⎟
⎟
⎠

,

where

Ti(x, x, . . . , xk) =

{

f ∈Xi : there exists yi ∈ SFi,(x,...,xk ) such that

f (t) = –
(t – )νi–

�(νi)(b + νi – )νi–

b∑

s=

(
b + νi – σ (s)

)νi–yi(s)

+


�(νi)

t–νi∑

s=

(
t – σ (s)

)νi–yi(s), for all t ∈N
b+νi
νi–

}

.

We show that the multifunction T has a fixed point. First, we prove that T(x, x, . . . , xk) is a
closed subset of X for all (x, x, . . . , xk) ∈X . Let (x, x, . . . , xk) ∈X , and let {(xn

 , . . . , xn
k )}n≥

be a sequence in T(x, x, . . . , xk) with (xn
 , . . . , xn

k ) → (x
 , . . . , x

k ). For each n, choose
(yn

 , . . . , yn
k ) ∈ SF,(x,...,xk ) × SF,(x,...,xk ) × · · · × SFk ,(x,...,xk ) such that

xn
i = –

(t – )νi–

�(νi)(b + νi – )νi–

b∑

s=

(
b + νi – σ (s)

)νi–yn
i (s) +


�(νi)

t–νi∑

s=

(
t – σ (s)

)νi–yn
i (s)

for t ∈N
b+νi
νi– , n ≥  and i = , . . . , k. Since the multifunctions F, . . . , Fk are compact-valued,

{yn
i }n≥ has a subsequence that converges to some y

i : Nb
 → R. We denote this subse-

quence again by {yn
i }n≥. It is easy to check that y

i ∈ SFi ,(x,...,xk ) and

xn
i (t) → x

i (t) = –
(t – )νi–

�(νi)(b + νi – )νi–

b∑

s=

(
b + νi – σ (s)

)νi–y
i (s)

+


�(νi)

t–νi∑

s=

(
t – σ (s)

)νi–y
i (s)



Ghorbanian and Rezapour Advances in Difference Equations  (2017) 2017:325 Page 7 of 14

for all t ∈ N
b+νi
νi– and i = , . . . , k. This implies that x

i ∈ Ti(x, . . . , xs) for all i = , . . . , k.
Hence, (x

 , . . . , x
k ) ∈ T(x, . . . , xk), and so the multifunction T has closed values. Since T

is a compact-valued multifunction, it is easy to see that T(x, . . . , xk) is a bounded set in
X for all (x, . . . , xk) ∈ X . Let (u, . . . , uk), (v, . . . , vk) ∈ X , (h, . . . , hk) ∈ T(u, . . . , uk) and
(h′

, . . . , h′
k) ∈ T(v, . . . , vk). Choose (y, . . . , yk) ∈ SF,(u,...,uk ) × SF,(u,...,uk ) × · · · × SFk ,(u,...,uk )

and (y′
, . . . , y′

k) ∈ SF,(v,...,vk ) × SF,(v,...,vk ) × · · · × SFk ,(v,...,vk ) such that

hi(t) = –
(t – )νi–

�(νi)(b + νi – )νi–

b∑

s=

(
b + νi – σ (s)

)νi–yi(s) +


�(νi)

t–νi∑

s=

(
t – σ (s)

)νi–yi(s)

and

h′
i(t) = –

(t – )νi–

�(νi)(b + νi – )νi–

b∑

s=

(
b + νi – σ (s)

)νi–y′
i(s) +


�(νi)

t–νi∑

s=

(
t – σ (s)

)νi–y′
i(s)

for all t ∈ N
b+νi
νi– and i = , . . . , k. Since

Hd
(
Fi

(
t, u(t), . . . , uk(t),�u(t), . . . ,�uk(t),�u(t), . . . ,�uk(t),

�
μi
νi+u(t), . . . ,�μik

νi+uk(t),�γi
νi+u(t), . . . ,�γik

νi+uk(t)
)
,

Fi
(
t, v(t), . . . , vk(t),�v(t), . . . ,�vk(t),�v(t), . . . ,�vk(t),

�
μi
νi+v(t), . . . ,�μik

νi+vk(t),�γi
νi+v(t), . . . ,�γik

νi+vk(t)
))

≤ ψi(t)

( k∑

j=

(∣
∣uj(t) – vj(t)

∣
∣ +

∣
∣�uj(t) – �vj(t)

∣
∣ +

∣
∣�uj(t) – �vj(t)

∣
∣

+
∣
∣�

μij
νi+uj(t) – �

μij
νi+vj(t)

∣
∣ +

∣
∣�

γij
νi+uj(t) – �

γij
νi+vj(t)

∣
∣
)
)

for all (u, . . . , uk), (v, . . . , vk) ∈X and t ∈N
b+νi
νi– , we get

∣
∣yi(t) – y′

i(t)
∣
∣ ≤ ψi(t)

( k∑

j=

(∣
∣uj(t) – vj(t)

∣
∣ +

∣
∣�uj(t) – �vj(t)

∣
∣ +

∣
∣�uj(t) – �vj(t)

∣
∣

+
∣
∣�

μij
νi+uj(t) – �

μij
νi+vj(t)

∣
∣ +

∣
∣�

γij
νi+uj(t) – �

γij
νi+vj(t)

∣
∣
)
)

for all t ∈ N
b
. Since

∣
∣hi(t) – h′

i(t)
∣
∣ ≤ –

(t – )νi–

�(νi)(b + νi – )νi–

b∑

s=

(
b + νi – σ (s)

)νi–∣∣yi(t) – y′
i(t)

∣
∣

+


�(νi)

t–νi∑

s=

(
t – σ (s)

)νi–∣∣yi(t) – y′
i(t)

∣
∣
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and
∑b

s=t–νi+
(t–σ (s))νi–

�(ν) = , we obtain

∣
∣hi(t) – h′

i(t)
∣
∣ ≤

b∑

s=

(b + νi – )νi–(t – σ (s))νi– – (t – )νi–(b + νi – σ (s))νi–

(b + νi – )νi–�(νi)

× ∣
∣yi(s) – y′

i(s)
∣
∣.

Hence,

∣
∣hi(t) – h′

i(t)
∣
∣ ≤ max

t∈Nνi+b
νi–

∣
∣
∣
∣
∣


(b + νi – )νi–�(νi)

b∑

s=

(
(b + νi – )νi–(t – σ (s)

)νi–

– (t – )νi–(b + νi – σ (s)
)νi–)

∣
∣
∣
∣
∣

× max
t∈Nb



∣
∣yi(t) – y′

i(t)
∣
∣

≤ �i
 max

t∈Nb


∣
∣yi(t) – y′

i(t)
∣
∣

≤ �i
ψi(t)

( k∑

j=

(∣
∣uj(t) – vj(t)

∣
∣ +

∣
∣�uj(t) – �vj(t)

∣
∣ +

∣
∣�uj(t) – �vj(t)

∣
∣

+
∣
∣�

μij
νi+uj(t) – �

μij
νi+vj(t)

∣
∣ +

∣
∣�

γij
νi+uj(t) – �

γij
νi+vj(t)

∣
∣
)
)

≤ �i


(
max

t∈Nb+νi
νi–

∣
∣ψi(t)

∣
∣
)
( k∑

j=

(
max

t∈Nb+νi
νi–

∣
∣uj(t) – vj(t)

∣
∣ + max

t∈Nb+νi
νi–

∣
∣�uj(t) – �vj(t)

∣
∣

+ max
t∈Nb+νi

νi–

∣
∣�uj(t) – �vj(t)

∣
∣ + max

t∈Nb+νi
νi–

∣
∣�

μij
νi+uj(t) – �

μij
νi+vj(t)

∣
∣

+ max
t∈Nb+νi

νi–

∣
∣�

γij
νi+uj(t) – �

γij
νi+vj(t)

∣
∣
)
)

≤ �i


(
max

t∈Nb+νi
νi–

∣
∣ψi(t)

∣
∣
)
( k∑

i=

‖ui – vi‖i

)

≤ �i


(
max

t∈Nb+νi
νi–

∣
∣ψi(t)

∣
∣
)∥
∥(u – v, . . . , uk – vk)

∥
∥
X

for all t ∈ N
b+νi
νi– . Since

�hi(t) = –
(t – )νi–

�(νi – )(b + νi – )νi–

b∑

s=

(
b + νi – σ (s)

)νi–yi(s)

+


�(νi – )

t–νi+∑

s=

(
t – σ (s)

)νi–yi(s),
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we get

∣
∣�hi(t) – �h′

i(t)
∣
∣ ≤ max

t∈Nνi+b
νi–

∣
∣
∣
∣
∣


(b + νi – )νi–�(νi – )

b∑

s=

(
(b + νi – )νi–(t – σ (s)

)νi–

– (t – )νi–(b + νi – σ (s)
)νi–)

∣
∣
∣
∣
∣

× max
t∈Nb



∣
∣yi(t) – y′

i(t)
∣
∣

≤ �i
 max

t∈Nb


∣
∣yi(t) – y′

i(t)
∣
∣

...

≤ �i


(
max

t∈Nνi+b
νi–

∣
∣ψi(t)

∣
∣
)∥
∥(u – v, . . . , uk – vk)

∥
∥
X

for all t ∈ N
b+νi
νi– . Since

�hi(t) = –
(t – )νi–

�(νi – )(b + νi – )νi–

b∑

s=

(
b + νi – σ (s)

)νi–yi(s)

+


�(νi – )

t–νi+∑

s=

(
t – σ (s)

)νi–yi(s),

we get

∣
∣�hi(t) – �h′

i(t)
∣
∣ ≤ max

t∈Nνi+b
νi–

∣
∣
∣
∣
∣


(b + νi – )νi–�(νi – )

b∑

s=

(
(b + νi – )νi–(t – σ (s)

)νi–

– (t – )νi–(b + νi – σ (s)
)νi–)

∣
∣
∣
∣
∣

× max
t∈Nb



∣
∣yi(t) – y′

i(t)
∣
∣

≤ �i
 max

t∈Nb


∣
∣yi(t) – y′

i(t)
∣
∣

...

≤ �i


(
max

t∈Nνi+b
νi–

∣
∣ψi(t)

∣
∣
)∥
∥(u – v, . . . , uk – vk)

∥
∥
X

for all t ∈ N
b+νi
νi– . Using Lemma ., we obtain

�
μii
νi+h(t) =

–(t – )νi–μii–

�(νi – μii)(b + νi – )νi–

b∑

s=

(
νi + b – σ (s)

)νi–yi(s)

+
t–νi+μii∑

s=

(t – σ (s))νi––μii

�(νi – μii)
yi(s),
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and so

∣
∣�

μii
νi+hi(t) – �

μii
νi+h′

i(t)
∣
∣

≤ max
t∈Nνi+b

νi–

∣
∣
∣
∣
∣


�(νi – μii)(b + νi – )νi–

b∑

s=

(
(b + νi – )νi–(t – σ (s)

)νi–μii

– (t – )νi–μii
(
b + νi – σ (s)

)νi–)
∣
∣
∣
∣
∣

× max
t∈Nb



∣
∣yi(t) – y′

i(t)
∣
∣

≤ �i
 max

t∈Nb


∣
∣yi(t) – y′

i(t)
∣
∣

...

≤ �i


(
max

t∈Nνi+b
νi–

∣
∣ψi(t)

∣
∣
)∥
∥(u – v, . . . , uk – vk)

∥
∥
X

for t ∈N
b+νi
νi– , and similarly

∣
∣�

γii
νi+hi(t) – �

γii
νi+h′

i(t)
∣
∣ ≤ �i



(
max

t∈Nb+νi
νi–

∣
∣ψi(t)

∣
∣
)∥
∥(u – v, . . . , uk – vk)

∥
∥
X

for t ∈N
b+νi
νi– . Thus,

∥
∥hi – h′

i
∥
∥

i = max
t∈Nb+νi

νi–

∣
∣hi(t) – h′

i(t)
∣
∣ + max

t∈Nb+νi
νi–

∣
∣�hi(t) – �h′

i(t)
∣
∣ + max

t∈Nb+νi
νi–

∣
∣�hi(t) – �h′

i(t)
∣
∣

+ max
t∈Nb+νi

νi–

∣
∣�

μii
νi+hi(t) – �

μii
νi+h′

i(t)
∣
∣ + max

t∈Nb+νi
νi–

∣
∣�

γii
νi+hi(t) – �

γii
νi+h′

i(t)
∣
∣

≤ (
�i

 + · · · + �i

)(

max
t∈Nb+νi

νi–

∣
∣ψi(t)

∣
∣
)∥
∥(u – v, . . . , uk – vk)

∥
∥
X

for i = , . . . , k and all (u, . . . , uk), (v, . . . , vk) ∈ X , hi ∈ T(u, . . . , uk), and h′
i ∈ T(v, . . . , vk).

This implies that

∥
∥(h, . . . , hk) –

(
h′

, . . . , h′
k
)∥
∥
X

=
k∑

i=

∥
∥hi – h′

i
∥
∥

i

≤
k∑

i=

((
�i

 + · · · + �i

)(

max
t∈Nb+νi

νi–

∣
∣ψi(t)

∣
∣
)∥
∥(u – v, . . . , uk – vk)

∥
∥
X

)

≤
( k∑

i=

(
max

t∈Nb+νi
νi–

∣
∣ψi(t)

∣
∣
)(

�i
 + · · · + �i


)
)

∥
∥(u – v, . . . , uk – vk)

∥
∥

= L
∥
∥(u – v, . . . , uk – vk)

∥
∥.
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By the result of Covitz and Nadler there exists x∗ ∈X such that x∗ ∈ T(x∗). We can check
that x∗ is a solution for the system of fractional difference inclusions (). �

The following example illustrates our main result.

Example  Consider the two-dimensional system of fractional difference inclusions

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

�.
. x(t) ∈ [, π + et + sin x(t)

et+ + sin x(t)
et+ + |�x(t)|+|�x(t)|

e

+ cos sin(�x(t))
et+ + cos sin(�x(t))

et+ + |�.
. x(t)|

cosh(t+) + |�.
.x(t)|
tet+ + |�.

.x(t)|
πet+

+ |�.
.x(t)|
et+ ],

�.
. x(t) ∈ [,  + et + |x(t)|

et+ + |x(t)|
et+ + |�x(t)|

eπ t + |�x(t)|
cosh(t+)

+ sin(�x(t))
et+ + sin(�x(t))

et+ + |�.
.x(t)|+|�.

. x(t)|
et+ + |�.

.x(t)|
et+ + |�.

.x(t)|
tet ],

()

with the boundary conditions x(.) = x(.) = x(.) =  and x(.) = x(.) = x(.) =
. Put b = , ν = ., μ = ., μ = ., γ = ., γ = ., ν = ., μ = ., μ = .,
γ = ., γ = .,

F(t, y, . . . , y) =
[

, π + et +
sin y

et+ +
sin y

et+ +
|y| + |y|

e

+
cos sin y

et+ +
cos sin y

et+ +
|y|

cosh(t + )
+

|y|
tet+ +

|y|
πet+ +

|y|
et+

]

,

and

F(t, y, . . . , y) =
[

,  + et +
|y|

et+
+

|y|
et+

+
|y|
eπ t +

|y|
cosh(t + )

+
sin y

et+
+

sin y

et+
+

|y| + |y|
et+

+
|y|

et+
+

|y|
tet

]

.

Note that π +et + sin y
et+ + sin y

et+ + |y|+|y|
e + cos sin y

et+ + cos sin y
et+ + |y|

cosh(t+) + |y|
tet+ + |y|

πet+ + |y|
et+ > 

for t ∈ N
.
. and y, . . . , y ∈ R, and so F : N.

. × R
 → R is a nonempty-valued multi-

function. If ψ(t) = 
e(t+) , then maxt∈N.

.
|ψ(t)| = maxt∈N.

.


et+ = 
e.

∼= 
. . Similarly,

we have  + et + |y|
et+ + |y|

et+ + |y|
eπ t + |y|

cosh(t+) + sin y
et+ + sin y

et+ + |y|+|y|
et+ + |y|

et+ + |y|
tet > 

for t ∈ N
.
. and y, . . . , y ∈ R, and so F : N.

. × R
 → R is a nonempty-valued multi-

function. If ψ(t) = 
e(t+) , then maxt∈N.

.
|ψ(t)| = maxt∈N.

.


e(t+) = 
e((.)+)

∼= 
. . Note

that

�
 = max

t∈N.
.

{∣
∣
∣
∣
∣


(.).�(.)

∑

s=

(
(.).(t – σ (s)

). – (t – ).(. – σ (s)
).)

∣
∣
∣
∣
∣

}

∼= max{., ., ., , ., ., } = .,

�
 = max

t∈N.
.

{∣
∣
∣
∣
∣


(.).�(.)

∑

s=

(
(.).(t – σ (s)

). – (t – ).(. – σ (s)
).)

∣
∣
∣
∣
∣

}

∼= max{, ., ., ., ., ., .} = .,
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�
 = max

t∈N.
.

{∣
∣
∣
∣
∣


(.).�(.)

∑

s=

(
(.).(t – σ (s)

)–. – (t – )–.(. – σ (s)
).)

∣
∣
∣
∣
∣

}

∼= max{., ., ., ., ., ., .} = .,

�
 = max

t∈N.
.

{∣
∣
∣
∣
∣


�(.)(.).

∑

s=

(
(.).(t – σ (s)

). – (t – ).(. – σ (s)
).)

∣
∣
∣
∣
∣

}

∼= max{., ., ., ., ., ., .} = .,

�
 = max

t∈N.
.

{∣
∣
∣
∣
∣


�(.)(.).

∑

s=

(
(.).(t – σ (s)

). – (t – ).(. – σ (s)
).)

∣
∣
∣
∣
∣

}

∼= max{., ., ., ., ., ., .} = .,

�
 = max

t∈N.
.

∣
∣
∣
∣
∣


(.).�(.)

∑

s=

(
(.).(t – σ (s)

). – (t – ).(. – σ (s)
).)

∣
∣
∣
∣
∣
}

∼= max{, , ., , ., ., } = .,

�
 = max

t∈N.
.

{∣
∣
∣
∣
∣


(.).�(.)

∑

s=

(
(.).(t – σ (s)

). – (t – ).(. – σ (s)
).)

∣
∣
∣
∣
∣

}

∼= max{, ., ., ., ., ., .} = .,

�
 = max

t∈N.
.

{∣
∣
∣
∣
∣


(.).�(.)

∑

s=

(
(.).(t – σ (s)

)–. – (t – )–.(. – σ (s)
).)

∣
∣
∣
∣
∣

}

∼= max{., ., ., ., ., ., .} = .,

�
 = max

t∈N.
.

{∣
∣
∣
∣
∣


�(.)(.).

∑

s=

(
(.).(t – σ (s)

). – (t – ).(. – σ (s)
).)

∣
∣
∣
∣
∣

}

∼= max{., ., ., ., ., ., .} = .,

and

�
 = max

t∈N.
.

{∣
∣
∣
∣
∣


�()(.).

∑

s=

(
(.).(t – σ (s)

) – (t – )(. – σ (s)
).)

∣
∣
∣
∣
∣

}

∼= max{., ., ., ., ., ., .} = ..

Thus, we obtain the table:

�i
j

j = 1 j = 2 j = 3 j = 4 j = 5

i = 1 3.7 4.53 2.09 1.87 2.42
i = 2 3.3 2.94 1.73 3.76 4.68

Note that

 < L =
∑

i=

(
max

t∈N+νi
νi–

∣
∣ψi(t)

∣
∣
)(

�i
 + · · · + �i


)
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∼= 
.

(. + . + . + . + .) +


.
(. + . + . + . + .)

=


.
(.) +


.

(.) ∼= . < .

On the other hand, we have

Hd
(
F(t, y, . . . , y), F(t, z, . . . , z)

)

≤
∣
∣
∣
∣
sin y

et+ +
sin y

et+ +
|y| + |y|

e +
cos sin y

et+

+
cos sin y

et+ +
|y|

cosh(t + )
+

|y|
tet+ +

|y|
πet+ +

|y|
et+

–
sin z

et+ –
sin z

et+ –
|z| + |z|

e –
cos sin z

et+

–
cos sin z

et+ –
|z|

cosh(t + )
–

|z|
tet+ –

|z|
πet+ –

|z|
et+

∣
∣
∣
∣

≤ 
e(t+)

(
sin y – sin z + sin y – sin z + |y – z| + |y – z| + cos sin y – cos sin z

+ cos sin y – cos sin z + |y – z| + |y – z| + |y – z| + |y – z|
)

≤ 
e(t+)

( ∑

i=

|yi – zi|
)

≤ ψ(t)
∑

k=

|yk – zk|

for all t ∈ N
.
. , y, . . . , y, z, . . . , z ∈R. Similarly, we have

Hd
(
F(t, y, . . . , y), F(t, z, . . . , z)

)

≤
∣
∣
∣
∣

|y|
et+

+
|y|
et+

+
|y|
eπ t +

|y|
cosh(t + )

+
sin y

et+
+

sin y

et+
+

|y| + |y|
et+

+
|y|

et+
+

|y|
tet

–
|z|

et+
–

|z|
et+

–
|z|
eπ t –

|z|
cosh(t + )

–
sin z

et+
–

sin z

et+
–

|z| + |z|
et+

–
|z|

et+
–

|z|
tet

∣
∣
∣
∣

≤ 
e(t+)

(|y – z| + |y – z| + |y – z| + |y – z| + sin y – sin z

+ sin y – sin z + |y – z| + |y – z| + |y – z| + |y – z|
)

≤ 
e(t+)

( ∑

i=

|yi – zi|
)

≤ ψ(t)
∑

k=

|yk – zk|

for all t ∈ N
.
. , y, . . . , y, z, . . . , z ∈ R. Now, using Theorem ., we conclude that prob-

lem () has a solution.
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