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Abstract

In a previous work, it was shown that Faber-Pandharipande-Zagier and Miki’s
identities can be derived from a polynomial identity which in turn follows from a
Fourier series expansion of sums of products of Bernoulli functions. Motivated by this
work, we consider three types of sums of finite products of Genocchi functions and
derive Fourier series expansions for them. Moreover, we will be able to express each
of them in terms of Bernoulli functions.
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1 Introduction

As is well known, the Bernoulli polynomials B,,(x) are given by the generating function

t "
€= Bulx)—.

m!
The Genocchi polynomials G,,(x) are given by the generating function

2% L, — "
et+le =20Gm(x)%
.

(see [1-12]).

The first few Genocchi polynomials are as follows:

Go(x) =0, Gi(x) =1, Ga(x) =2x—1,

Gs(x) = 3x% — 3x, Galx) = 44> —6x% +1,

Gs(x) = 5% — 1043 + 54, Ge(x) = 6x° — 15x% + 15x% - 3.

From the relation G,,(x) = mE,,_1(x)(m > 1), the following facts are obtained:

degG,(x)=m -1 (m=>1), Gu=mE,.1 (m=>1),

(13)
Gy =0, G =1, Gomi1 =0 (m=>1),

and Gy, #0 (m>1).
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In addition, we have

iGm(x) = me—l(x) (m >1),
dx (1.4)

Gux+1) + Gp(x) =2mx™t  (m>0).

From these, we immediately obtain

Gm(l) + Gm(o) = 28m,1 (Wl > O) (1'5)
and
1 1
/0 Gu@)d = = (Gua(D) ~ G 0)
2

= - (_Gm+1(0) + 8m,0)

m+1

0 if m is even,
_ (1.6)
—2_ G ifmisodd.

el
For any real number x, we let (x) =x — [x] € [0,1) denote the fractional part of x.

In this paper, we will consider three types of sums of finite products of Genocchi func-
tions and derive the Fourier series expansions for them. Moreover, we will be able to ex-
press each of them in terms of Bernoulli functions B,,,({x)):

) m(x)) = 3 it iiymmiy,ipe1 G () - G (%)) (m > 7 > 1);

) Bunl) = Xt omisirot TG ((6)) -+ Gy () m > 7= 1;

B3) V() = Xyt iy o1 7o Gir (%)) - G, () > 7 = 1),

For elementary facts about Fourier analysis, the reader may refer to any book (for exam-
ple, see [13, 14]).

As to y,,((x)), we note that the polynomial identity (1.7) follows immediately from The-

orems 4.1 and 4.2, which are in turn derived from the Fourier series expansion of y,,,({x)).

>

. ) / . l l . .. 1
ety =i i1 2 !

Gi1 (x)Giz (x) e Gir (x)

m-r

1 1 m
= EAWI e Z < ) )Am—j+lBj(x)r (L7)

=N

where, for [ > r,

r G,‘ Gl‘ s Gia
ve X (e G
162" la

0<a<r i1+ +ig=l+a—r,i1yig>1

-y GGG (18)
iyl el 2T

The obvious polynomial identities can be derived also for «,,({x)) and B,,({x)) from The-
orems 2.1 and 2.2, and Theorems 3.1 and 3.2, respectively. It is noteworthy that from the
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Fourier series expansion of the function

m-1

2 k(m 1 B () Bk () (1.9)
we can derive the Faber-Pandharipande-Zagier identity (see [1,15-20]) and the Miki iden-
tity (see [17-23]). In case of r = 2, y,,,({x)) = Zk 1 k(m = Gi((x))G,_x({x)), and hence our
problem here is a natural extension of the previous work, which leads to a simple proof for
the important Faber-Pandharipande-Zagier and Miki identities (see [16, 22]). We will give
an outline below, and this may be viewed as the main motivation for the present study.
The following polynomial identity follows immediately from the Fourier series expan-

sion of the function in (1.9):

m-1

e Bk (%)B -k (%)
k=1

m-2
- (Bm + 1) 2y L (m)Bm_kBk(x) ¢ 2 Hy B (mz2), (110)

2 m m—k\ k
k=1

where H,, = Z;Zl } are the harmonic numbers.

Simple modification of (1.10) yields

m-1

1 2
2 k@ — k) Pk 0Banak(6) + 52 B (@) B (%)
k=1

m

1 1 /2m 1
=— E - BokBom-2k (%) + —Hou_1Bom(X)
m = 2k \ 2k m

+

T 131 X)Bom—1  (m>2). (1.11)

Letting x = 0 in (1.11) gives a slightly different version of the well-known Miki identity

(see [22]):
S 1 By B
£ 2k(2m — 2K) 2 2m=2k
11 [2m 1
=— Z — BokBom-ak + —Hopm1Boy  (m>2). (L12)
m = 2k \ 2k m
Setting x = 5 in (1.12) with B, = (12,2:111 )B,, = (21" —1)B,, = Bm(%), we have
m-1
———— BBy
22— 2K) 2kBom-2k
k=1
lil 2m\ p B Ly By (m>2) (1.13)
=— — ok + —Hyy m , .
%\ 2%k 2kD2m-2k m 2m-1DP2m =

k=1
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which is the Faber-Pandharipande-Zagier identity (see [16]). Some of the different proofs
of Miki’s identity can be found in [15, 21-23]. Miki in [22] exploits a formula for the Fer-

aP-a

mat quotient modulo p?, Shiratani-Yokoyama in [23] employs p-adic analysis, Gessel
in [21] bases his work on two different expressions for Stirling numbers of the second
kind S»(n, k), and Dunne-Schubert in [15] uses the asymptotic expansion of some spe-
cial polynomials coming from the quantum field theory computations. As we can see,
all of these proofs are quite involved. On the other hand, our proof of Miki’s and Faber-
Pandharipande-Zagier’s identities follow from the polynomial identity (1.10), which in
turn follows immediately from the Fourier series expansion of (1.9), together with the el-
ementary manipulations outlined in (1.11)-(1.13). Some related recent work can be found

in [10, 24-26].

2 The first type of sums of finite products
In this section, we will derive the Fourier series of the first type of sums of products of
Genocchi functions. Let us denote

@)= Y GWG,W) - Gyx) (m>r>1). (2.1)

i+t iy =0 ey =1

Here the sum runs over all positive integers iy, ..., i, with ij + - - - + i, = m, (m > r > 1). Note
here that deg «;,,(x) = m — r > 1. Then we will consider the function

(@)= Y Gy(®)Gy (@) G () (m>r=1), (2.2)

[+ +ip=m,i],e.,ir>1

defined on R, which is periodic with period 1. The Fourier series of «,,({x)) is

Z qum)eZHile, (2.3)
where
1 ) 1 .
Aﬁ«IM) — / am(<x))e—2mnx dx = / am(x)e—Zﬂmx dx. (24)
0 0

Before proceeding, we note the following:

o, (x) = Z i1Gy1(%) Gy (%) - - - G, (%)

[+ +ip=m,i1>2,ip,..,ip>1

4 - 4 Z irGil (x) ce Gir—l Gir—l (x)

B4+l =m,i1 e nip1>1,ip>2

= Z (i1 + )G, (%) Gy, (%) - - - Gy, ()

i+ +ip=m—1,i1,...,ip>1

et Z (iy +1)Gy, (%) Gy (%) - - - G, (%)

i+ +ip=m—1,i1,...,ip>1

=(m+r-1) Z G, (%G, (%) - G (x)

i1+t i ==L, peiy > 1

= (m +r = Day_1(x). (2.5)

Page 4 of 17
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So, a), (x) = (m + r — 1)aty,—1(x), and from this, we obtain

(“’”—(")) () (2.6)

m+r

and

1 1
/ o () dx =
0 m+r

We put A, = a,,(1) — ,,(0), for m > r. Then we have

(am+1(1) - am+1(0))' (27)

Ay =, (1) — 2, (0)

= Y (GG, G, () - Gy Gy, -+ Gy

i+ +ip=m,i] iy >1

Z ((-Giy +2841) -+ (=Gj, +28;,1) - Gy -+~ G,)

i+ +ip=m,i] iy >1

() ¥ e,

0<a<r [+ +ig=m+a—T,i1,..,ig>1

_ Z G,Giy -Gy, (2.8)

i+ +ip=m,il,..,ir>1

where we understand that, for a = 0, the inner sum is 2”§,,,. Observe here that the sums

overalliy + -+ +i, =m (i1,...,i, > 1) of any term with a of —G;, and b of 25, ; (1 <e,f <

> i
r,a+b=r)all give

Z (-Gy) -+ (=G)(28i,,,,0) - -+ (28;,,,1)

[+ +ip=m,i],..,iyr>1

= Z (-1)*2"Gy, - -- G, (2.9)

N+ +ig=m+a—r,i],...,ig>1

Note that, as i; + - - + i, = m + a — r > a, the above sum is not empty. From the definition
of A,,, we have

Olm(()) = am(l) — Am =0,

1 1 (2.10)
/ () dx = —— Ay,
0 m+r

Now, we want to determine the Fourier coefficients AS,'”).
Case 1: n # 0. We have

1
qum) :/ am(x)e—Zninxdx
0

1 —2minx]1 1
=— oux)e +
Znin[ m() ]0

1
’ —27inx

- / a,,(x)e dx

2mwin Jg

) -1
= o (e ()~ 2 (0) +

1
X1 (x)e—ermx dx
2mwin 0
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_ m+r—1A(m_1) B 1 A
2min " 2mwin
=m+r—1 m+r—2A(m72)_ 1 A 1 A
2min 2win " 2mwin 2min
(m+r-1), (m-2) 2 (m+r-1)4
= — 4A i
Q2rin)2 " 1:21 2miny moj
_ m+r-1),_, - _g (m+r—1),,1A ‘
Qmin)ym-r " = Q2miny mjH
1 & (m+r);
=) o A, (211)
meris 2miny
where
1 .
A = / eI fx = (). (2.12)
0
Case 2: n = 0. We have
! 1
Al = / (%) dx = —— Ay (2.13)
0 m+r

We recall the following facts about Bernoulli functions B,,({x)):
(a) form > 2,

o 27 inx
e
Bu(() =-mt Y o (2.14)
e om0 (2min)™
(b) for m =1,

> 2rine | B;((x)) forx € Z¢,
_ Z e - 1((x)) 2.15)

1120010 2min 0 forx eZ,

where Z¢ = R-Z. a,,({x)) (m > r > 1) is piecewise C*°. Moreover, «,,({x)) is continuous for
those positive integers m > r with A,, = 0 and discontinuous with jump discontinuities at
integers for those positive integers m > r with A, # 0. Assume first that A, = 0, for a pos-
itive integer m > r. Then «,,(0) = «,,(1). Hence «,,({x)) is piecewise C*°, and continuous.
Thus, the Fourier series of o,,({x)) converges uniformly to «,,({x)), and

1 ind 1 Em+r),
-—— A + _ 71A » 27 inx
mr Z ( m+r Z Qminy ~ " ”1)6

n=—00,n7#0 j=1

1 R 1 m—r M7 A ) i eZninx
= + _j -] p
mir " mar - j i\ 7 2miny

j=1 n=—00,n#0
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1 1 < (m+r
= matr m+1 matr Zz: ( ] )Am—/+lBj(<x>)
Bi({x for x € Z¢,
+ Am « 1(( )) (216)
0 forx € Z.

Now, we can state our first result.

Theorem 2.1 For each positive integer [, with | > r, we let

22 () T crree

0<a<r i1+ +ig=l+a—r,i1,eig>1

_ Z Gy -G (2.17)

i1+ +ip=Ligeair=>1

Assume that A, = 0, for a positive integer m > r. Then we have the following:
@ D issipemiy,.i=1 Ga (%)) -+ Gy, ((x)) has the Fourier series expansion

> Gy ((%)) -+~ Gi. (%))

N+ +ip=m,il,..ir>1

1 ind 1 S m+r);
= — Ay + - L Apuja1 | €27, 218
mar Z ( m+rZ(27rin)J m,+1>e (218)
n=—00,n#0 j=1

for all x € R, where the convergence is uniform,

(b)

Yoo Gy(®) Gy ()

i+ +lp=m,i1,ir>1

= ! Ajpy1 + ! i: (m + r) Am—/+lBj(<x>)r (2.19)
2

m+r mtr

Sor all x € R, where Bj({x)) is the Bernoulli function.

Assume next that A, # 0, for a positive integer m > r. Then «,,(0) # «,,(1). Hence
am((x)) is piecewise C*, and discontinuous with jump discontinuities at integers. The
Fourier series of o,,({x)) converges pointwise to «,,({x)), for x € Z¢, and it converges to

1 1
3 (m(0) + 0 (1)) = 0, (0) + > Am (2.20)
for x € Z. Now, we can state our second result.

Theorem 2.2 For each positive integer [, with | > r, we let

A=Y (r) > (-1)*27Gy, - G,

a
0<a<r i1+ +ig=l+a—r,i1,..,ig>1

_ Z Gy -G, (2.21)

i+ tip=liyyenir>1
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Assume that A, # 0, for a positive integer m > r. Then we have the following:

(a)
1 ad m+r .
— A1 + Z - )/ Apjur | €™
m+r Cm+ re (271171)1
n=—o0,n#0
_ Zi1+---+ir:m,i1,4..,ir21 G ((x)) - G, ((x)) forx e Z5, (2.22)
Zi1+~~+ir:m,i1,.‘.,ir21 Gy -G+ iAm JorxeZ,
(b)

m m+r j
(2.23)
= > Gy () -+ Gy (%)), forxeZ
4 +ip=m,il,..,ir>1
1 ~— (M7
mAmu 22: < > A Bi((x))
g (2.24)
1
= > Gy Gyt 5By x€L.
N+ Hip=m,il,..ip>1
3 The second type of sums of finite products
Let B,,(x) = Ziﬁ_”m:m'“ 2l T ,G,1 (%) --- Gj,(x) (m >r >1). Here the sum runs over all

positive integers i1, ...,i, with i; + - - + i, = m (r > 1). Then we will consider the function

COENED S

i+ +ip=m,i1,0ir>1

Gy (%) - Gi (), 3.1

“iy!

defined on R, which is periodic with period 1. The Fourier series of 8,,({x}) is

Z BElm)eZTtimc’ (3'2)
where
R e e 3)
0 0

Before proceeding, we need to observe the following:

Bn()

il i)t

Z { 3 il p 'Gil_l(x)sz(x)'“Giy(x)+...
ir>1

e+l =i iy >

=Gy 8) Gy (x)Gi,_l(x>}

i1

Z mGil—l(x)Gig () G, (%)

i1+ +ip=m,i1 = 2,i9,..,ir>1
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1

toek Z I oo rR i Gy(x) - Gj, (%) G, 1 (%)
[+ +ip=m,i1,i2,iy_1>1,ip>2
= > Gy () G (x)

il
ety ==Ly iy>1 L 4

1
ot > ——— G, (@) G, ()
i+ ip=m=Li1 iy >1 beee e

= 1Bm-1(x). (3.4)
Thus B,,(x) = rB,,-1(x), and, from this, we obtain

(M) e (3.5)

and

1
/0 B = (Ba(D) B 0). (3.6)
For m >r, let

Qm = ,Bm(l) - ,Bm(o)
Y GG

0+ +ip=m,i] ., ip>1

1

! . A . 1
N+ +ip=m,il,...iy>1

1
Z A ,(—Gil +28;1) - (=Gj, +26;.1)

. . A 1.
0+ +ip=m,i1,..ir>1 1

o Le i
i1+ =1, iy >1 !

r a r—aGi G; “'Gia
(), X s

. . L 1.
O0<a<r i+ +ig=m+a—T,i1,...,ig>1

1

- Y GGy G (37)
ity iy i1 1Tl

where we understand that, for 4 = 0, the inner sum is 2"§,, ,. Observe that the sums over all

i+ +i,=m(i,...i, > 1) of any term with a of -G;, andbof28if,1 (l<ef<ra+b=r)

all give

1
2. G (@80 (26,,)

0+ +ip=m,il,.,iyr>1

= > (_,I)—Z,G -G, (3.8)

ey
N+ +ig=m+a—r,i],...,ig>1 1 a
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From the definition of €,,,, we have
ﬁm(o) = ,Bm(l) — Qm =0,

1 1
f Bl dx = .
0 r

Next, we want to determine the Fourier coefficients B;m).
Case 1: n # 0. We have

1
BE«Im) =/ ﬁm(x)e—Znimcdx
0
1 —2minx]1 1 ! / —2mwinx
= S PO Do g, e
0
1
= _27”.” (lgm(l) - ,Bm(o))
r 1 ,
+ zninf ﬂmil(x)e—ermx dx
0
r 1
= ——Bmb_ Q
2min " 2min” "
r r 1 1
= m-2) _ Q1 ) - Q
2m’n<2nin " 27in ml) 2min "
2 2 i
(. B(m—m_zr’_lg .
2min " = Qminy ™ "7"
m—r m-r i—1
r r
— BM _ No
(2nin) " 12; Qriny "M
m-r }"1;1
= — ——— Qi1
; Qminy ™ 7
where

n

1

B = / e~2minE gy = 0,
0

Case 2: n = 0. We have

1
1
BE)WI) =/ Bm(x)dx = = Q1.
0 r

Page 10 of 17

(3.9)

(3.10)

(3.11)

(3.12)

Bm({x)) (m >r >1) is piecewise C*. Moreover, ,,({x)) is continuous for those positive

integers m > r with 2, = 0 and discontinuous with jump discontinuities at integers for

those integers m > r with Q,, # 0.

Assume first that €2,,, = 0, for a positive integer m > r. Then 8,,(0) = B,,(1). Hence B,,({x})

is piecewise C*°, and continuous. Thus the Fourier series of S,,({x)) converges uniformly
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to Bm((x)), and
1 - — ri_l 27 inx
ﬁm((x» = ;Qmﬂ + Z Z (27_””)] m —j+1 | €
n=—00,n#0 j=1
1 Pl o e2minx
= _Q 1t _Qm +1| — Y
m+l /21: i —j 1( ]m;ﬁ«) (zmn)l)
/-1 Bi({x for x € Z¢,
= _Qm+1 + Z - —]+lB {x )) + 82 X 1) (3.13)
J! 0 forx € Z.

Now, we can state our first result.

Theorem 3.1 For each positive integer [, with | > r, we let

r anr—a Gil Giz e Gia
Q=) (a>(_1) 2 2 inlin! - i,

O0<a<r i+ tig=l+a—r,il,...ig>1

-y Sl (314)
gl i ’
iy eetip=ligiy>1 L2 r

Assume that Q2,, = 0, for a positive integer m > r. Then we have the following:
@) vty m 2 ()G, (%)) - - - Gy, ((x)) has the Fourier series expansion

S G (@)Ga () Gy ()

ilip!---1,!
ity =i i =] L2 r
[o¢] m-r '_
_ 1 Q 2mnx 3.15
= Sy t m—j+1 e ( )
r 2min )/
n=—00,n#0 j=1

for all x € R, where the convergence is uniform,

(b)

1
> mamx»%«x» -G (%)
et ip=tiiy>1 r

== + Z Qy ;+1B (x )) (316)

Sor all x € R, where Bj({x)) is the Bernoulli function.

Assume next that ©,,, # 0, for a positive integer m > r. Then 8,,(0) # B,,(1). Thus B,,({x))
is piecewise C*°, and discontinuous with jump discontinuities at integers. The Fourier
series of B,,({x)) converges pointwise to 8,,({x)), for x € Z¢, and it converges to

(B (®) + (1) = £(0) + 5

1 1
= § P ) Gi1 Giz e Gi, + _Qm; (317)
l1!l2! ey 2
[+ +ip=m,il,..,ir>1

for x € Z. Now, we can state our second theorem.
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Theorem 3.2 For each positive integer [, with | > r, we let

Q=) (;) (-1)°2" > GGy Gy G,

ilig!- -
O<a<r i eebig =l ig=1 12 a

Ly GGG 19
ilig!- i |
itetip=bitiyzl '

Assume that Q,, # 0, for a positive integer m > r. Then we have the following:

(@)

! s — 7! 4
Lot 3 (- S e
" n=-00,n7#0 j=1 (27'”}’1)/

_ Zi1+...+ir:m,i1 Sir>1 11V12| i Gzl(( ))Glz((x» .G, ((x) forxeZt, -

Zl’1+m+ir:m,i1 Sir>1 ll'lz‘ = szl Gl2 Gz’, + i o, fo;ﬂx 7
(b)
m-r /71
= Qi1 + Z — QB (%))
RN
1
= Z 7 % () Gi, (%) -+~ Gy, (%)), (3:20)
I | inlol---g,!
fOV x € ZF, and
L
_Qmﬂ + Z —]+IB < >)
1 1
= Z ﬁGiIGi2 G+ EQ'”’ o)
i+ iy = I iy >1 inlo!---g,!
Jorx € Z.

4 The third type of sums of finite products
Let y,,,(x) = Zi1+m+ir=m,z‘1,...,ir31 mGil (%) - - - G, (x) (m > r > 1). Here the sum runs over all

positive integers iy, ..., i,, with iy +- - - +i, = m. Before proceeding, we observe the following:

1
Vr/n (%) = Z ; - Gil_l(x)Gi2 (x)--- G, (%)
i+ iy =101 22,000 =1 bae iy
[FR
1
+ Z —— G (%) G, (%G1 (x)
i1+ 4=l > 2,01 yeip—1 >1 AT |
1
= Z o Gy (*)G, (%) - -~ Gy, (%)
e,

it bip ==L i iy >1 2

+ ..
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Y 6w 6w

TR
i1+ tip=m—1,i1 iy >1 1 1

1 1 1
S {..+“ ks ‘}@m%mm@m
PPl B AL AR LA ERRLE

1
=(m-1) Z P Gy (X)Gi, (%) - - Gy, (%)
i+t iy ==L, iy >1 r
= (m = 1)ypm-1(x). (4.1)

So, y,,(x) = (m —1)Y-1(x), and from this, we get

(ﬁ%@)=mm 4.2)
and
1 1
/ﬁmnw=—mmm—mdmy (4.3)
0 m

For m > r, we let

Ay = Y1) = Yim(0)

2

i1+ +lp=m,i1 e ,ir>1

(G,()--- G, 1) - G;, -+~ Gy,)

iy

1
> Gy #2840 (-G 4 28)

i+ +ip=m,il,.,ir>1

1
- Z ﬁGn”'Gtr

. . . Ly
i+ +ip=m,i,,ir>1

> (;) (-1)72' 3 4% G

. . L -1
0<a<r i+ +ig=m+a—r,i1,...,ig>1 1 a

1
- > GGy (4.4)
ity =iy > 1 "
where we understand that, for a = 0, the inner sum is 2"§,, . Note that

Ym(0)=yu1) = A,=0 (4.5)

and

1
1
/ Ym(x) dx = ZAWI+1' (4.6)
0

We are now going to consider the function

(@)=Y ——Gy() G, (), (@.7)

1+ +ip=m,i],e,ir>1



Kim et al. Advances in Difference Equations (2017) 2017:268 Page 14 of 17

defined on R, which is periodic with period 1. The Fourier series of y,,,({x)) is

[o.¢]
Z Cﬁlm)e%tinx’ (48)
n=—00
where
1 ‘ 1 4
C,({”) = / ym((x))e‘zmm‘ dx = / V()€™ 27 (. (4.9)
0 0

Now, we would like to determine the Fourier coefficients Cﬁ,m).
Case 1: n # 0. We have

1 N ! ,
C(m) - _ X e—2ﬂmx + / ’ x e—2ﬂmx dx
" Znin[ym( ) ]0 2min Jo V)
1 m-1 (1 .
i 0 =0 + T [ e
2mwin 2win Jy
_ m-—1 (m-1) _ 1
2win " 2mwin
m—-1m-2 1 1
= Clm-2 _ Aper ) - A
27in (271in " 2min” ") T 2win” "
(m —1); 2 (m=1)
_ C(m—Z) _ /’ »
Qrin)2 " ]21: Qriny "M
_ (Wl - 1)m—r C(r) _ g (Wl - 1)}‘—1 )
Qminymr " Quiny "
1 m-r (m)]
=—— ——— ANyis1- 4.10
m Z (27_””)] m—j+1 ( )
j=1
Note that
1 .
ch = / e 2mIE g = (). (4.11)
0
Case 2: 1 = 0. We have
o _ [ 1 412
Co - Vm(x) dx = ZAWHI' ( . )
0

Ym((x)), (m > r > 1) is piecewise C*°. Moreover, y,,({x)) is continuous for those integers
m >r with A, =0, and discontinuous with jump discontinuities at integers for those in-
tegers m > r with A, #0.

Assume first that A, = 0, for a positive integer m > r. Then y,,(0) = y,,(1). Hence y,,, ({x))

is piecewise C*°, and continuous. So the Fourier series of y,,({x)) converges uniformly to
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Ym({x)), and
e ném (é :”1’ <2(ZZ)/ A””"“)ezm
o 2 (e T )
SEV W z (7)Aot i)
. Bi((x)) forxeZf, (4.13)

0, for x € Z.
We are now ready to state our first theorem.

Theorem 4.1 For each positive integer [, with | > r, we let

r ~ GGy, -G,
A = _1 a2}" a MM " Mg
=2 (a>( ) > iiy i,

0<a<r i1+ +ig=l+a—r,i],.,ig>1
_ 3 GGy - Giy (4.14)
iy« iy

i1+ tip=ligenir>1

Assume that A, = 0, for a positive integer m > r. Then we have the following:

(a) Zt1+-~+t,=m,z‘1,...,ir21 mGil(<x))Gi2((x)) -++ G;, ({x)) has the Fourier series expansion

S Gy ()G () Gy ()

ity ey =1 102
1 [ 1 m-r (}’l’l) )
= = Ay + - L A €5, 4.15
T o (a15)
n=—00,n#0 =1

for all x € R, where the convergence is uniform,

(b) we have

> Gy () Giy () G ()

T B R

1 1
= ;Amﬂ e Z <V7)Am—j+13/((x)), (4.16)

Sor all x € R, where Bj({x)) is the Bernoulli function.

Assume next that A, # 0, for a positive integer m > r. Then y,,(0) # ¥, (1). Hence y,,, ({x))

is piecewise C*°, and discontinuous with jump discontinuities at integers. The Fourier
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series of y,,({x)) converges pointwise to y,,((x)), for x € Z¢, and it converges to

1 1
E(ym(o) + Vm(l)) = ¥m(0) + EAWI

1 1
= E —— Gy Giy G + S A, (4.17)
. . A iy -1y 2
[+ +ip=m,i1,.,ir>1

for x € Z. Now, we state our second result.
Theorem 4.2 For each positive integer [, with [ > r, we let

Gy Giy -~ Gy

A=Y (;)(—1)“2’“ 3 e

0<a<r i1+ +ig=l+a—r,i1,.,ig>1
-y Send (4.18)
iy« iy

i1+ +ip=ligenir>1

Assume that A, # 0, for a positive integer m > r. Then we have the following:

()
1 [ 1 m-r (m)l o
— A = —J A T inx
m L Z (mZ(Znin)l A
n=—00,n#0 j=1
Zi1+---+i7=m,i1,...,ir21 m;erll((x»Glz((x» T Giy((‘x)) forx ez, (4.19)
Zi1+---+ir:m,i1,4..,ir21 ﬁGi1 Gy G, + %Am forxeZ,
(b)
1 1 < (m
— At +— 121 (], )Am,+1B,(<x>)
1
= X e Ga()G() - Gi() (420
[T S S I L
forx € Z¢, and
1 1 < (m
;Amﬂ + ; FZZ (] )Am—j+lBj(<x>)
1 1
= Z —G,G, -G+ = Ay, (4.21)
. = Qlyeciy 2
[+ +ip=m,il,..,ir>1
forx e Z.
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