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1 Introduction
In this paper, we consider a nonlocal fractional sum boundary value problem for a Caputo

fractional functional difference equation with delay of the form

Alu(t) = F[t+ @ = L1, Abu(t +a = B)], teNor:={0,1,...,T},
(1.1)
Alul@-y-1)=0, (T +a)=pA~u(n+w),

_ M) ((@=3)[(@=2)(2—y)+2]+(T+a) [(T-a+5)(2—y)-2])
and uy 3 = ¥, where p # Y g (to-0()27L((@-3)[(@—2)(2-y)+2]+(n+0) [(1+o—2a+5)(2-y)-2])
(2,3), B,y,w € (0,1), n € Ny_1,1+0-1 are given constants, F € C(Ny_37.4 X Cr x R,R)

, 0 €

and v is an element of the space
Crla-3):={y eC:y(@-3)=0,AL¢y(s-B+1)=0,5€ Ny 3043}

For r € Ny, 7,3 we denote C, is the Banach space of all continuous functions ¢ : N, _, 34 3 —

R endowed with the norm

IWlic, = _ max  [¥()]

o-r-3,0-3
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Ifu:Ny_, 343 — R, then for any ¢ € N,_3 r,, we denote by u, the element of C, defined
by

ur(0) =u(t+0) forfeN_,q.

Fractional difference calculus or discrete fractional calculus is a very new field for math-
ematicians. Basic definitions and properties of fractional difference calculus can be found
in the book [1]. Some real-world phenomena are being studied with the assistance of frac-
tional difference operators, one may refer to [2, 3] and the references therein. Good papers
related to discrete fractional boundary value problems can be found in [4—21] and the ref-
erences cited therein.

At present, the development of boundary value problems for fractional difference equa-
tions which show an operation of the investigative function. The study may also have other
functions related to the ones we are interested in. These creations are incorporating with
nonlocal conditions which are both extensive and more complex. For example, Goodrich
[6] considered the discrete fractional boundary value problem

“AV()=2ft+v-1y(t+v-1)), teNy,
y(v-2) = YN FHy(E)), 1.2)
yw+b+1) =M P2(y(e?),

where b > 0 is an integer, and A > 0 is a parameter, v € (1,2] is a real number, f: N, ,,; X
R — R is a continuous function, F},Fi2 : R — [0, 00] are continuous functions for each i
and satisfy some growth conditions to be specified later, and {£/},, {2}, C N, _; .. The
existence of positive solutions are obtained by Krasnosel’skii fixed point theorem.
Reunsumrit et al. [18] obtained sufficient conditions for the existence of positive solu-
tions for the three-point fractional sum boundary value problem for Caputo fractional

difference equations via an argument with a shift

Atu(t) +alt+a -1)f (u(0(t+a-1))) =0, teNgr,
wla-3)=A%u(a-3)=0, (1.3)

u(T +a) = AAPu(n + B),

where2 <a <3,0< B8 <1, 7 € Ny_1,1+a-1, A% is the Caputo fractional difference operator
of order o, and f : [0, 00) — [0, 00) is a continuous function. The existence of at least one
positive solution is proved by using Krasnoselskii’s fixed point theorem.

Recently, Sitthiwirattham [16] investigated three-point fractional sum boundary value

problems for sequential fractional difference equations of the forms

AL (AL =ft+a+B-Lx(t+a+B-1)),

P (1.4)
Acx(e—1) =0, x(@+B+T)=pA7"x(n+y),

whereteNyor, 0<a,<1,1<a+B<2,0<y <1,n€Ny,g10:+8+7-1, p is a constant, f :
Nesp-2,a+p+7 X R — R is a continuous function, ¢, is the p-Laplacian operator. Existence
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and uniqueness of solutions are obtained by the Banach fixed point theorem and Schaefer’s
fixed point theorem.

The results mentioned above are the motivation for this research. The plan of this paper
is as follows. In Section 2 we recall some definitions and basic lemmas. Also, we derive a
representation for the solution of (1.1) by converting the problem to an equivalent summa-
tion equation. In Section 3, we prove existence and uniqueness results of the problem (1.1)
by using the Schauder fixed point theorem and the Banach contraction principle. Some
illustrative examples are presented in Section 4.

2 Preliminaries

In the following, there are notations, definitions, and lemma which are used in the main
results. We briefly recall the necessary concepts from the discrete fractional calculus; see
[1] for further information.

(t+1)
C(t+l-a)’

for which the right-hand side is defined. If £ + 1 — « is a pole of the Gamma function and

Definition 2.1 We define the generalized falling function by % :=

for any ¢ and «

¢t +1is not a pole, then t* = 0.

Lemma 2.1 ([11]) Assume the following factorial functions are well defined. If t < r, then
4 <r% forany a > 0.

Definition 2.2 For« >0 andf definedon N, := {a,a+1,...}, the ath-order fractional sum

of f is defined by
A0 = 870 = s S (e- 006

where t € N,,, and o (s) =s + 1.

Definition 2.3 For « > 0 and f defined on N,, the ath-order Caputo fractional difference

of f is defined by
3 —(N-a) AN 1 iy N-a-1 , N
ALF(t) = AN ANF(p) = TN=a) Z (t-o(s)=ANf(s),

where £ € Nyyn_o and N € Nis chosen so that 0 <N -1 <a <N.Ifa = N, then Af(t) =
ANF(2).

Lemma 2.2 ([9]) Assume that o > 0 and f defined on N,. Then
AS G JAEY(E) = y(2) + Co + Ci(t - At + Cylt—a)+ -+ Cyoy(t —a)L,
forsome C;e R,0<i<N-land0<N-1l<a <N.
To define the solution of the boundary value problem (1.1) we need the following lemma

that deals with a linear variant of the boundary value problem (1.1) and gives a represen-
tation of the solution.
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F()(@=3)[(e=2)2=y)+2]+(T+a)[(T-a+5)2-y)-2])
Lemma 2.3 Let p 7 S oo ooml(@sla-2a-ramalnro-2asirra ¢ € &3)

v,w € (0,1) and f € C(Ny_1,744-1, R) be given. Then the problem

AZu(t)=f(t+a-1), teNor, (2.1)
u(la —3) =0,
Azu(o{ -y-1)=0, (2.2)

M(T + O[) = PAfwM(U + (,()), ne Na—l,Tﬂx—l;

has the unique solution

u(t) = %[(a - 3)((a -2)2-y)+ 2) + 2tl((3 -a)2-y)- 1) + tg]

’1 ‘
_

T
|: (a); T+oc o(s) f(s+a 1) - (a))l"(a)

-

X (n+o-a-o(E) (§+oc o(s))” f(s+ot 1):|

§=

=
S
=

(=]
o
I

S

t—a

I’La)z (t—0(s)*, (s+a 1), (2.3)
s=0

—

fort € Ny_3 144, where

A=B-a)[l@-2)2-y)+2] +(T+a)[2- (T - +5)2~-y)]
n
0
F(w)s;g n+w-o(s)* ((Ol 3(@-2)2-y)+2]+(n+w)

x [(n+w-2a+5)(2-y)-2]). (2.4)

Proof Using the fractional sum of order « € (2, 3) for (2.1) and from Lemma 2.2, we obtain

u(t) = Cy + Cot' + Gt + m Z (t-0(9)f(s+a-1), (2.5)

fort e Na—3,T+a~
By substituting ¢ = « — 3 into (2.5) and employing the first condition of (2.2), we obtain

C1 + Cz(Ol 3) + Cg(O[ 3) =0. (26)

Using the Caputo fractional difference of order 0 < y <1 for (2.5), we obtain

1 t+y-1 )
Aéu(t) = m a_g(t —o(s ))—V[C2 + 2C3Sl]
t+y-ls—a+l ,
"TA- )1 V)F(a -1) S;l ; (t-0s —o@) T fE+a-1), (27)

forte Na—y—Z,T+a—y+1~
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By substituting ¢ = @ — y — 1 into (2.7) and employing the second condition of (2.2) im-

plies
2-y)C+2[1+(@-3)2-y)]Cs=0.

Finally, taking the fractional sum of order 0 < w < 1 for (2.5), we obtain

A™u(t) = %) i (t- a(s))ﬂ[Cl + Cost + Cs?]

s=a-3
(t-0()* (s -0 ®)*fE +a-1)
a))F (o) ggzo

= % ; (t- a(s))ﬂ[Cl + Cost + Cas?]

s=a-3
1 t—o—wt—o—w .
+ F )@ (t—oz—a(é))—1

x (E+a—-o(s)* f(s+a 1),

fort e Na—y+w—2,T+a—y+w+l-

(2.8)

(2.9)

By substituting £ = T + o, 7 + w into (2.5) ,(2.9), respectively, and employing the last

condition of (2.2) implies

7
[1—% Z(n+a) o(s))* ]Cl

s=o—3

7
+ |:(T+oz)1— % Z (n +a)—o(s))w—_l(n +a))1]C2

s=o—3
n

+ |:(T +a)* - ﬁ s:a_g(n +0-0(s)" 0+ w)? |Cs

T
=—$Z t+a as) f(s+a—1)
w)F(a)ZZ n+w-—a-— aé))

s=a &=s

X (3;’ +a —U(S))a;f(S+Ol -1).

(2.10)

The constants C;, C; and Cs can be obtained by solving the system of equations (2.6), (2.8)

and (2.10),
G = —(@-3)[(«-2)2-y)+2]Q[f],

[B-a)2-y)-1]QIf],

e ol ] e

K
[
\9)
=
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where A is defined by (2.4) and the functional Q[f] is defined as

T

1
—m; T+a US) f(s+a 1)—4( r@)
n-a n-o
X (n+w—a—a($))w—4(§ +a—a(s))ﬂf(s+a—1).
s=0 &=s

Substituting the constants C;, C, and Cs into (2.5), we obtain (2.3).

Corollary 2.1 Problem (2.1)-(2.2) has a unique solution of the form

T
u() =y Gt,s)h(s +a - 1),

s=0
where
a(ts), se€Noso NNg,q,
Glis) = L |8 sENwa
F(Ot) gg(t, S), s e Nn—(x+l,t—at
g4(t, s), S€ Nt—a+1,T N Nn—a+l,T:

with gi(t,s),1 <i<4,as

alts) = %[(a =3)((@-2)2-y)+2) +2(B-a)2-y) - 1)t + £]

n—-oa

|:(T+a o(s) 20 Zn+a) a-o(E) ($+a o(s)™

a) P

+ (- o(s))ﬂ,

&(t,s) = %[(a =3)((@-2)2-y)+2) +2(B-a)2-y) - 1)t + ]

n—-o

Page 6 of 14

(2.11)

(2.12)

|

[(T+a o(s))” - ﬁZ(n+w a-o(&) (§+0l U(S))al:|,

E=s

g3(t,s) = X[(a 3)((a 2)2-y)+ 2) + 2((3 a)2-y) 1)t + ¢ ]
x (T +a- a(s))ﬂ+ (t-o(s)"
g4t s) = %[(a 3)((a 2)2-y)+ 2) + 2((3 a)2-y) 1)t +t ]

x(T+a —cr(s))ﬂ

Lemma 2.4 ([22]) A bounded set in R" is relatively compact; a closed bounded set in R”

is compact.

Lemma 2.5 ([22]) Ifa set is closed and relatively compact, then it is compact.
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Lemma 2.6 (Schauder fixed point theorem [22]) Assume that K is a convex compact set
in a Banach space X and that T : K — K is a continuous mapping. Then T has a fixed
point.

3 Main results
In this section, we wish to establish the existence results for the problem (1.1). To accom-
plish this, we define the Banach space

= {M HZAS C(Na—r—3,T+ou R), Agu € C(Na—ﬁ—r—Z,Tﬂr—ﬂH’R); 0<B< 1}

with the norm defined by
laelloe = llael + | AGw (3.1)
where [|u|| = max;en,_,_; 7., |u(t)| and ||Aféu|| = MAX(eN, 3 74q [ALu(t— B +1)I.
For u,_3 = ¢, in view of the definitions of i, and ¥, we obtain
Uy3=Uy30)=ul@+a-3)=¢@+a-3) forfeN_,. (3.2)
Thus, we have
u(t)=y () forteNy , 343 (3.3)

Since F € C(Ny_3 110 X Cr x R, R), set F[t, u,, A’éu(t — B +1)]:=f(¢) in Lemma 2.3. We
see by Lemma 2.3 that a function u is a solution of boundary value problem (1.1) if and
only if it satisfies

T B
G, ) Fls+a—1ugq1, Avu(s+a—PB)], t€Ny_370r
u(t): Zs—O ( ) [ +a—1 c( ,3)] 3,T (34)

l/f(t), te Na_,«_g,a_g.
Define an operator 7 : X — X as follows:

S G(t,$)Fls + =1 thguur, Alu(s + = B)], £ €Nz 1rar

(Tu)t) = - (3.5)
w(f): te Na—r—S,a—Sr
and
0=, | Lletno v, a6
0= teNanD;a 3{Z|fAG t-B+1,8)p(s+a— 1)!} (3.7)
(T+a o(T + o + w)

RCE ﬂ)‘F(a+1) T(T) (o +w + 1) {(T+a)T(2-pB)

x[B-MT+a+20-y)]+2(T +a) +2[B-a)2-y)-1]}

(3.8)

(T + o)L ) a(T+a—B+1)E
' (e) { (T+Hre-p) }
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Theorem 3.1 Assume the following properties:
(Al) There exists a nonnegative function ¢ € C(Ny_3,14¢) sSuch that

| Fltx,91] < o) + halx|™ + 2oy,

foreach x € C,, y € R where A1, Ly are negative constants and 0 < 11, 7o < 1; or
(A2) there exists a nonnegative function ¢ € C(Ny_3 11q) such that

| Floxy)| < $0) + dalal™ + 2alyl,

foreach x € C,, y € R where A1, Ly are negative constants and 11, T > 1.
Then boundary value problem (1.1) has at least one solution.

Proof We shall use the Schauder fixed point theorem to prove that the operator 7 defined
by (3.5) has a fixed point. We divide the proof into three steps.

Step 1. Verify T maps bounded sets into bounded sets.

Suppose (Al) holds, choose

~(T+a—-pB+1)° p

LZmax{ (@ 3 r2-p)

) (31 T)7T, (3, T) 72 } (3.9)
and definethe P ={u e X : |u|| <L,L>0}.
For any u € P, we obtain

|(Tu)(®)]|
T \

Z G(t,s)}"[s +o—1,Uugq 1, Agu(s +a - ﬁ)]

s=0

T
<Y |Gl + o = 1)] + (Alttsrat|™ + Ao | Aluls + a — B)|?)

{|A||(a 3)((@-2)2-y)+2) +2(B-a)2-y) - 1)t + £

1 a-1 Y
I’—; T+a as) @)@
n-a n-o 1 —a
X Z(n+a)—a—a(§)) (§+(x os) F—Zt o(s }
s=0 £=s s=0

‘(T+a)°‘ o(T +a +w) ‘
IAl|T(@+1) T(TIN'ox+w+1)

(T + )%
Mo +1) }

= O+ ()\1|Ms+ot—1|rl +)\2|Aléu(s+a _ﬂ)|12 {

x[(T+)[B-NT+a+20-p)]]+

Next, we consider

(AT W)@

T
< Z|£AG(t,s)| |]-"[s +o =1, Usgrq1, Aféu(s +o— ,3)]|

s=0
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< e AGES)p(s + o = 1) + (Mgt [+ 2o| Alu(s + o = B)])
s=0

{i 2(B-a)2-y)-1) +2tl|

T
Z T+a o(s)
5=0

IA]
n-a - =t
l"(a))F(oe) SZ_O:X:S: n+w-—o-— a(%‘)) (E +a-— o(s)) F(a)]

<O + (Mltgrar | + 2| ALus + a - B)|?)

"
{ (T+o¢)°‘ o(T +a +w)
x [

[Al|T(@+1) T(TI'x+w+1)

x[T+a+(B-a)2-y)-1]+

(T + a)e=L
fo )

and

|(ALTu)(t-B+1)|
_F(l ,3)2 -B+1- cr(s) ﬁ|(ATu)S)|

- (t—ﬁ+1)ﬁ{~ , Oalitsio]® +x2|A2u<s+a—ﬂ)|f2>[(T+a)a -
- T2-p re-p F(e)

(T +a)* o(T +a +w)
NRCERE F(T)F(ot+a)+1)‘|2(T+a)+2[(3_a)(2_y)_1]|:|}

_(Tra-p+ 1)ﬁ{~ , Oalttseant | + dal Aguls + @ = )[) [(Tm)u
T Te-p) r2-p F()
[T+a+(3—oz)(2—y)—1]]}.

(T + ) o(T +a +w)
|A|} Tla+l) T(T(a+w+l)

Hence, we obtain

T +a—-B+1)F

| Tu@)], <©+ T2-p)

+ (Ml thgrqo|™ +A2|A€u(s +a-pB)|?)T
L
< 5+ (ltssan | + 2o ACuls + = B)[*) Y
L L L
<oct+o+o =1 (3.10)
3 3 3

which implies that 7 : P — P.

For the second cases, if (A2) holds, choose

1 1

{( ~(T+a- /3+1)1f’>< 1 >1—q( 1 )1—12}
L>max{3(®+6 , ) (3.11)
r'2-4) 3Y 3,
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and by the same argument as above, we obtain

T +a-B+1)=L
r@2-p)

=1, (3.12)

||Tu(t)||X <O+ + ()»1|us+a_1|f1 + )»2|A’2u(s+ot —,B)ITQ)T

=

which implies that 7 : P — P.
Step I1. The continuity of the operator T follows from the continuity of 7 and G.
Step 111. By Lemma 2.4 and Lemma 2.5, P is compact.
Hence, by the Schauder fixed point theorem, we can conclude that problem (1.1) has at

least one solution. The proof is completed. 0

The second result is the existence and uniqueness of a solution to problem (1.1), by using

the Banach contraction principle.

Theorem 3.2 Assume the following properties:
(A3) There exists a constant k > 0 such that

| Flt, w1, u2) = Flt,v1,va]| < i (Jur = wal + [z = val),

for each uy,v1 € Cy, ug, vy €R.
(A4) k(2 + Q) <1, where

(T+a)* (T + )% o(T +a +w) ‘
Y T+ Al |A| Fa+1) T(DT@+w+1)
X (T+a)[(3 -V T+a+2(1- y)], (3.13)
Q (T+a-B+1D)=L (T +a)2 o(T + o + w)
27T -p) ‘I‘(a+1) (T)I‘(a+w+1)‘
{ [T+a+B-a)2-y)-1]+ M} (3.14)
N I (e)

Then the problem (1.1) has a unique solution.
Proof Consider the operator 7 : ¥ — X defined by (3.5). Clearly, the fixed point of the
operator T is the solution of boundary value problem (1.1). We will use the Banach con-

traction principle to prove that 7 has a fixed point. We first show that 7 is a contraction.

For each t € N,_3 7.4, we have
[(Tu)(®) - (Tv)(©)]
T
Z|G(t s)||]-" s+oa—1,uUgq-1, Cu(s+a ,B)]
5=0
- f[s +a—1,Vspa 1, A’év(s +o— ,B)]|

<kllu—vix]|[l@-3)((@-2)2-y)+2) +2(B-a)2-y) - 1)t + £
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1 T 0
ﬁ ; T+a “ S) F(w)F(a)
n-o n-a

X (n+o-a-o() (§+(x o(s))
s=0 £&=s

1
"T@)

(T+a)* 1 (T+a)1_ o(T + o + w)

t

8

< Kllu—Vle{
x(T+a)[B-9T+a +2(1—y)]}
=«llu—vl|x€2.

Next, we consider

’(AéTu)(t -B+1)— (A’éTv)(t -B+ 1)’

¢
=

s=0

(t-B+1-0(s)" |:Z|AG(S,S)|

t

1
<
T ra-p)

s=0

X |.F[%- +0[—1;M§+a_1,A’2~M(§' +a—1_ﬂ+1)]

A’év($+a—1—ﬂ+1)][|

Fiop (- B 1=o )T (ATu)E) - (ATV)]

IN'a +1) WF(OHI) NN+ w+1)

-

Z(t - a(s))u;

- -/_'.[%- ta-1, Vetra-1s

<klu- v||Xm1 5)2 —B+1-0(s))" [Z| AG(s,§)|:|

<kllu—vilx

(T+a-pB+1)2 (T+a)g_ o(T + o + w)

2
{|A|[T+oz+(3 a)(2-y) - 1] o)

=k|u—v|x0.

}

Obviously, for each t € N,_,_3,_3, we have |(Tu)(¢) — (Tv)(¢)| =

Therefore, we obtain

|(Tw)®) = (TV)®)| x < xllx =yl (R0 + Q).

re-p) Mo +1) I’(T)I’(a+w+1)‘
(T + )L

|

Page 11 of 14

By (A4) implies T is a contraction. Hence, by the Banach contraction principle, we see

that 7 has a fixed point which is a unique solution of the problem (1.1).

4 Examples

In this section, to illustrate our results, we consider some examples.

O
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Example 4.1 Consider the following fractional difference boundary value problem:

2

2 —(t+3)
5 3 e 2 5
Alu(t) = (t+ —) +———lu,, 3|+ e 2t+3) , teNpgs,

2 (t+3)3

1 3 (3 15 1 _4 (43
ul\—-=)=Acul - =0, ul — ) =-A"3ul —|.
2 4 2 2 1

(4.1)

F)((@-3)(@-2)2-y)+2]+(T+a)[(T-a +5)(2—-y)-2])
S s+ o—0(s)2((a-3) (@ -2)2-y)+2]+ (1 +w)(n+w-2a+5)(2-y)-2])

2
L 2
and F¢t, us, A‘gut_ﬂﬂ] =24 (t‘i—l)3 g™ + e‘z(“l)méuH% |2,

Fort € N_ | 15, we have
22

2

15\ 8 1] .2 1
Flt,u, AL, <|=) +—=lul™+=|A%ult+=
’ [ t Ctﬁ+1]|—<2> \/El fl e‘ C( 3>

’

so |p(E)| < %, A= %, Ay = % For 0 < 11, 75 < 1, (Al) is satisfied and for 71,7 > 1, (A2) is
satisfied. Therefore, by Theorem 3.1, boundary value problem (4.1) has at least one solu-
tion.

Example 4.2 Consider the following fractional difference boundary value problem:

2
3 1
4,31+ 1A Su(e + 1))

5
Alu(t) = P , t€Npg,
(t+28)[1+ |y 31+ 1ACu(t + Hi (4.2)
1 3 (3 15 1 4 (43
u{-=)=Acul - | =0, ul — | ==-A3ul — ).
2 4 2 2 10

1
p= #1068

Fw)((@-3)[(@-2)2-y)+2]+ (T+o)[(T —a +5)(2-y) -2])
Yz +@w—o(s)2 (@ -3)(@-2)2-y)+2]+ 1+ )1+ 0 =20 +5)(2- ) -2])’

2
luae |+ A2 u(e+ 1)

and Ft, uy, A'(S;ut_;m] = 5 .
(£+200)2 [L+|ug | +]1 A3 u(t+ 3)1]
Fort e N_% 15, we have

| F[t, w0, ALu] = Ft,ve, AY]| < [lut -Vl +

A% t+1 A% 1f+1
u ol 14 — ,
¢ 3 ¢ 3

159,201
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and for t e N 1 15, we have
272

| F[t, e, Agu] - Flt.ve Afév]

4
| < o |l —wil +
148,225

Adu(e L Ayt L
ult+- | -Azvlt+= )| |
¢ 3 ¢ 3

so (A3) holds with « = ﬁ. Also, we can show that

|A| ~28.719, Q; ~116.027, Qy~x1,202.136,
and
K(92 + 2,) ~0.0331 < 1.

Therefore (A4) holds, by Theorem 3.2, boundary value problem (4.2) has a unique solu-
tion.
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