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1 Introduction and main results
For N e N, let (RY, (-,-),| - |) be the N-dimensional Euclidean space. For fixed [,k € N, set
B:={1,2,...,l} and C:={1,2,...,k}. If f : R" — R is a smooth function, let Vf stand for
the gradient operator. For a smooth function f : R” x R” — R, denote by V,, f and V,,f
the gradient operator with respect to the first component and the second component,
respectively. For a mapping f : R, — R, f(¢*) and f(¢~) mean the right-hand side limit and
the left-land side limit at ¢, respectively. For functions f : R — R” and g : R, — R”, let
A(f(g(®) =f(g(t) - f(g(t)).

In this paper, we consider a nonlinear system with impulsive effects on HY := RN x RN
forany p,g>1,2>0,jeB,and me C,

~ LD | @ (1y(8)) = AV F(t11(8), ua(0),  ace.£ € [0, T),

~EBON | @, (1y(8)) = AV (b, ur (), us(0),  ae.t€[0,T),

A(Dy(in (1)) = VI (),
A(Dp(it2(sm))) = VK (12(sm)),

(1.1)

with the initial condition (i2;(0), #2(0)) = (41(0), 42(0)) € HN and the terminal condition
((T),i2(T)) = (0,0) € HN, where ®,(z) := |z|* %z for any u >1 and z € RY; F: R, x
HN — R; (t)jes and (s,,)mec are impulsive times with 0 =ty <ty <ty <+ <ty <tp1 =T,
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O=sp<s1<Sr<--<sk<Ss1=7T,andforje Bandme C,[;:RY - Rand K,, : RN — R
are continuously differentiable.
For the nonlinear term F: [0, T] x HY — R, we assume that
(A1) For fixed ¢ € [0, T] and x € HY, F(-,x) is measurable and F(t, -) is continuously
differentiable;
(A2) There exist a1,a, € C(R,;R,) and b € L'([0, T]; R,) such that

|F(t,1,%5)| < [a1(|%1]) + a2 (|%21) |b(2),
|VE(t, x1,%2)| < [a1(11]) + a2 (1x2]) ]B(2),
[Lix1)| < ar(lnl), |VI(x)| <ai(ls1l), jeB,

’1(,,,(962)‘ = 612(|x2|), ‘VICM(?CZ)’ =< ﬂZ(leD’ meC

for all (x1,%,) € RN x RN and a.e. t € [0, T].
For N =1, p = q =2, F(t,x1,%) = F(t,x1), and [; = 0 (j € B), system (1.1) reduces to the

following second order impulsive differential equation:

uf(t) + ur(2) = MV, F(t,ui(2)), a.e. te[0,+00),
u;(0) = 1,(0),

uy(T) =0,

Aluy () = (L)), jeB.

(1.2)

Recently, Chen and Sun [2] investigated the following second order impulsive differential
equation:

U (&) + w1 (2) = AMf (&, m(¢)), a.e.tel0,+00),
u3(0%) = g(1(0)),

uy(+00) =0,

Alwy () = (L)), jeB,

1.3)

where f € C(R, x R;R), g,I; € C(R;R). In [2], the authors not only established the vari-
ational structure of equation (1.3) but also obtained that (1.3) enjoys three solutions by
using an abstract critical point theorem taken from [3]. More precisely, they obtained the
following theorem.

Theoremm A ([2], Theorem 3.1) Suppose that
(H1) g(u),Ij(u) are nondecreasing, and g(u)u > 0, I(u)u > 0 for any u € R;
(H2) Thereexista>0,l€(0,2),be L' (R,;R,), and c € L*(R,;R,) such that

Ft,u) <b@)(a+ul'),  fltu) <c@®)lul",

fora.e.t >0 and u € R, where F(t,u) := fouf(t, s)ds;
(H3) There exist d,m, M > 0 such that

42 / me m
Ii(s)ds + 2/ g(s)ds;
0
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(H4)
M? [ maxy < F(t,§) dt Jo F(t,me™) dt
2 < i .
d m?+2 ;=1 o ’ I(s)ds+2 [} g(s)ds

Then, for each

i
[FrE L e e . }
I F(t, me) dt " OM? Jo " maxg <4 F(t,€) dt ’

(1.3) has at least three classical solutions.

Also, Dai and Zhang [4] showed by using the least action principle that (1.3) has at least
one solution if the potential function has subquadratic growth and, by taking advantage
of the fountain theorem due to [5], that (1.3) has infinitely many solutions if the potential
function is even.

To be precise, they obtained the following theorems.

Theoremm B ([4], Theorem 3.1) Suppose that

(S1) ())jep and g satisfy fou Ii(s)ds > 0 and foug(s) ds > 0, u € R, respectively;
(S2) Thereexista>0, o € (1,2), and b € L'(R,;R,) such that

F(t,u) < b(t)(a + |u|"‘)

fora.e.t>0andall u eR.
Then, for A > 0, (1.3) has at least one classical solution.

Theoremm C ([4], Theorem 3.2) Besides (S1) above, for a.e.t > 0 and all u € R, assume

that
(S3) There exist o € (1,2) and d € L7 (R4;R,) such that

E(t,u) > d(t)|ul*;

(S4) There exist y € (0,1) and hi, hy € LN(R,;R,) such that
S(&w) < m(0)|ul” + ha(t);

(S5) Thereexisty;>a—1,0 >a—1,and q;,q>0,j € B, such that
Li(w) < qjlul,  g(w) < qlul’;

(S6) f(t,u), Ij(u), and g(u) are odd about u.
Then, for any A > 0, (1.3) has infinitely many solutions.
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Recently, by applying the least action principle and saddle point theorem, [6—8] inves-

tigated the existence of periodic solutions for the following dynamical systems:

D, (i1(t)) = Vi F(t, u1(8), us(t)), ae. tel0,T],
®,(i12()) = Vi, F(t, w1 (£), u(2)), ae.£€0,T], 4
M1(0) ui(T) = i6,(0) — i (T) = 0, '
u(0) — un(T) = i12(0) — i1 (T) = 0
and
2L @, (iu(t) + Vi Ft, m(£), u2() =0, ae.t€0,T],
4, (ity(£)) + Vi F(t 11 (£), u2()) = 0, a.e. £ € [0, T, )

u1(0) — uy(T) = i61(0) — iy (T) = 0,
u3(0) — uy(T) = i12(0) — ito(T) = 0,

respectively. Subsequently, by variational approach, Yang and Chen [9, 10] discussed the
existence and multiplicity of periodic solutions for the following two classes of nonlinear

(¢, p)-Laplacian dynamical systems with impulsive effects:

Ao O O) _ o (1), (r (1)) + Vi (b, 11 (), u5(8) = 0, ace. t € [0, T,

O _ ) (1)@, (5(£)) + Vi F(t, 11 (), us(£)) = 0, ace. £ € [0, T],
u1(0) — uy (T) = i, (0) — iy (T) = O,

u3(0) — us(T) = 112(0) — it (T) = O,

Ap1(t) Qg () = VI(ua(8)), je€ B,

AYi(sm) Pplita(sm))) = VKu(ta(sm)), meC,

(1.6)

and

Lm0 _ g, F(t,ma(t),us(8)), ae.t€[0,T],
220D _ g, F(t,m (1), us(8)), ace.te0,T],
u1(0) — uy (T) = i,(0) — iy (T) = O,

u(0) — ua(T) = i12(0) — iap(T) =

A(Py (i1 (5) = VI (), jeB,
A(Pp(it2(5m))) = VK (ua(sm)), meC,

respectively, where p, g, A, >1 and py, p2, 1, 2 € C([0, T|;R,).
Motivated by [2, 4, 6-10], in this paper, we are interested in the existence and multiplic-
ity of a nontrivial weak solution for system (1.1) by using the least action principle and a

critical point theorem due to Ding [1]. To be precise, we obtain the following results.

Theorem 1.1 Suppose that
(HIK1) For x1,%, € RV,

1 k
L) =0, D> Kux:)=0
j=1 m=1
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(HF1) There exist a; € [0,q), ay € [0,p), a1 >0, and d, € L ([0, T|;R,) such that
F(t,x1,%0) < di () (a1 + [%1]™ + [%2]2),  V(x,x) € RN x RN,
Then, for each A > 0, system (1.1) has at least one weak solution in X, x X,, where, for s > 1,
X = {u :[0, T] — RN |u is absolutely continuous and it € L°[0, T] }
Remark 1.1 There exist examples satisfying Theorem 1.1. For example, let g =4, p =3,
L) = (ml+a)? (GeB),  Kubm)=ln(xl+c)? (me), (1.8)
where c1, ¢y, &1,& >0, and for all £ € [0, T,
F(t, 1, %2) = sint|x1]> + cos £|x3 |2,
or

el |y |*
F(t,%1,%2) = £ ln(l + |x1|2) + )

1+ |x2]?

Theorem 1.2 In addition to (HIK1), we assume that
(HF2) There exist as > 0 and do € L'([0, T];R,) such that

F(t,x1,%) <da(t) (a2 + 01|17 + [%2),  V(x,x) € RN x RY.

Then, for each 0 < A < min{m, W}’ (1.1) has at least one weak solution in X, x X,,,
where
(s-n7 \F
1 S — $
o= (e YT
’ 271 . (25-1)

Remark 1.2 There exist examples satisfying Theorem 1.2. For example, let g = 4, p = 3,
and J;, K, defined by (1.8). For all ¢ € [0, T, let

E(t,%1,%2) = €' |x1|* + sin t]x |,
or
F(t,x1,%) = Cla P In(1+ a1 ?) + (£ + 1) x|
Theorem 1.3 Along with (HIK1) and (HF2), for x1,x, e RN, je B,m € C, and t € [0, T},
we suppose that
(HIK2) There exist vi > q, vo > q, and 8o > 0 such that

Ii(x1) < dslx |, Kin(x2) < dalxa]?, || < 8o;

(HIK3) Ii(x1) = £i(=x1), Kin(x2) = Kin(=2), £;(0) = 0, K, (0) = 0;
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(HF3) There exist u1 € (1,9), u2 € (1, p), ds > 0, and 8 > 0 such that
F(t,x1,%) > ds (Jx1 " + [%2]"2),  |%1] <81, |%2] < 845

(HFS) F(t)xl;xZ) = F(t) —X1, _xZ),F(t; 0, 0) =0.

Then, for each 0 < X < min{m,m}, (1.1) has infinitely many weak solutions in
Xq X X,

Remark 1.3 There exist examples satisfying Theorem 1.3. For example, let g = 4, p = 3,
and

L) =csla® (G€B),  Kuls)=calral* (meC),
where ¢3,c4 > 0. Forall £ € [0, T], let
E(t,x1,%2) = (€' + 1) [ + (£ + 1) o) %

If we take v; = 4.5, v, = 3.5, u1 = 3.5, and py = 2.5, it is easy to see that the example satisfies
Theorem 1.3.

2 Variational structure and some preliminaries
For u € X; with s = g, p, define

T T 1/s
||M||Xs=</0 |u(t)|sdt+/0 |iz(t)|sdt> .

Set

T 1/s
S
[[z||s == (/ |u(t)| dt) and ||#]|s := max |u(t)|.
0 te[0,7]

Set X := X; x X, and define the norm ||(u1,u2)llx = [mllx, + llu2]lx,. Obviously, X is a
reflexive Banach space. Let

C= {u: [0,7] - RN|uis Continuous}.
X embeds into C continuously and, according to [11], Lemma 2.4,
lulloo < Do(s)llullx, foranyu e X. (2.1)

Lemma 2.1 ([12], Proposition 1.2) If uy converges to u weakly, then wy uniformly converges
touon[0,T].

If u € X;, then u is absolutely continuous, whereas i need not be continuous. Hence, it
is possible that A®(u(t)) = P(u(t*)) — O,(i4(¢7)) # 0, which leads to impulse effects.

Following the idea [13], multiplying by v; € X, on both sides of the first equation in (1.1)
and integrating from 0 to T yields that

T
/ [—%(ml(t)lq‘zal(t)hIul(t)|"‘2u1(t)—leP(t,ul(t),uz(t))]vl(t)dt:0. (2.2)
0
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Since v, is continuous, vl(tj‘) = Vl(t;') =11(t)). Combining i, (T) = 0 with #;(0) = #;(0) im

plies that

L (d(®y(in(t))
[ (A0, )

L g .
22/ (d(q)q;?(t)))’vl(t)) dt

Z (G0)) i (80)) = (g (i (8)) ()] dt
- if:’*‘ (g (i (2)), n(2)) dt

= (P4 (i (1)), n(T)) = (P4((0)), 11 (0))

1 T
= (AD(in(8)), i) - / (@4 (in(2)), n(2)) dt
0

j=1

= —(®y(m )-> (A® ) vi(8)) — /OT(q)q(itl(t)),f/l(t)) dt

j=1

I

T
= —(@4(1(0)),1(0)) = > (VI(mi(t), m(2)) —/(; (g (i1 (2)), 11 (2)) dt

j-1

which, together with (2.2), further leads to
I T
( ul(O) vl(O + Z VI ul(t) vi(t )) / (d>q(it1(t)),{/1(t)) dt
j=1 0

9 T
. / 20| (1 (8), 1 (0)) it = 2 / (Vi E(t, 1 (8), us(0)), va () d = 0.
0 0

Analogously, for any v, € X,,,

k T
(D (42(0)), v2(0)) + > (VK (a2 (tm)), va b)) + /O (@, (i2(0)), 12 (2)) dit

m=1

T
/ lua (@) ), va(t)) dt — A f (Vi E (& ua (), u2(2)), va(2)) dt = 0.
With the two equalities above in hand, we present the notion of weak solutions for (1.1).

Definition 2.1 For any v = (v, 1) € X; x X, if
l T
(@4(u1(0)),1(0)) + Z (VIi(m(5)), mi(5)) + / (@q(i1(2)), 1 (0)) dt
j=1 0

9 T
. / 10| (a(2), () i — / (Ve E (6 1a(6), 10)), m(0)) it = 0
0 0
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and
k T
( (u2(0) v 0) +Z VK uz(tm) Vz(tm)) / (dDP(itz(t)),f/z(t))dt
m=1 0

T
+ |M2(t) |p_2 (ua(t), v (t)) dt - )L/ (Vao F (8, ur(£), un(2)), va(8)) dt = 0,
0 0

then u = (41, uy) € X; x X,, is called a weak solution of (1.1).

For u = (uy, uy) € X; x X, define the functional ¢ : X — R by

@(u) = p(uy, us)

T T .
:é/o |ii1(t)|th+119/o |it2(t)|Pdt—)»fo F(trul(t);uz(t))dt
T T
+$L|m@ﬁﬁ+éﬁ|mmkm

I

k
+ le(ul(tj)) + ZKm(uz(Sm))

j=1 m=1
1 1
+ = |w1(0)|" + = |uz(0)[”
q V4
= d’(ul’ uz) + I;Z/(Ml; uZ))
where

T T T
S, 1) = é/o |I;tl(t)|th+}l7/0 |i¢2(t)|pdt—xf0 E(t,u1(2), ua(t)) dt

1T 4 1t »
+—/ ‘ul(t)’ dt+—/ ’Mg(t)| dt
qJo pPJo

+ 2mO + L),
q p

! k
Y (g, up) = le(ul(tj)) + ZKm(M(Sm))-
j=1 m=1

By virtue of (Al) and (A2), by following the argument of [12], Theorem 1.4, one has ¢ €
C'(X; x X, R). Thanks to continuous differentiability of (Ij)je and (Ky) mec, we have ¥ €
CY(X,; x X,,R). As a consequence, ¢ € C'(X,R) and, for all (v;,v3) € X; x X,,,

(qj/(ulr M2)7 (Vl’ VZ))
T

T
_ /0 (@, (in(0)), () dt + /0 (@, (ia(6)), in(0)) dt

T T

. / (@, (1(0), va()) dt + / (@, (12(0)), va0)) dt
0 0

+ (@ (11(0)),11(0)) + (@ (12(0)), v2(0))
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T

T
[ (Va0 @) de = [ (Vo (em (0,100 va(0) de
0

0

l k
Y (VL)1 @) + D (VK (2(5)), valsi)-
j=1 m=1

Definition 2.1 shows that the critical point of ¢ is the weak solution of system (1.1).
The following lemma plays a crucial role in achieving the critical point of ¢.

Lemma 2.2 ([14]) Assume that ¢ € C}(E,R) is bounded from below (above) and satisfies
the (PS) condition. Then

c=infp) (c=supp(w))

ueE

is a critical value of .

Lemma 2.3 ([1]) Let E be an infinite dimensional Banach space, and let ¢ € C*(E,R) with
©(0) = 0 be even and satisfy (PS). If E = Ey @ E,, where E; is finite dimensional, and ¢
satisfies that

(¢1) @ is bounded from above on Ej;
(o) for each finite dimensional subspace E C E, there are positive constants p = p(E) and
o = o(E) such that ¢ > 0 on B, NE ﬂnd¢|33ﬂmig >o,where B, ={x € E; ||x|| < p},

then @ possesses infinitely many nontrivial critical points.

3 Proofs of theorems

Proof of Theorem 1.1 1t follows from (HIK1), (HF1), and (2.1) that

@(u) = @(ur,us)
) lfT|u O de+ lnyu (t)’Pdt—k/TF(t (), 15(0)) dt
= p 1 » 2 ; ,ui(t), Uy
2 [Chaoftar s [ of a
k
+ Z l(ul(t})) Zl (uZ(Sm)) + _|u1(0)|q + —|M2(0)|p
j=1 m=1
>

1 1 T
_||u1||§q + —||u2||1;(p —k/ dy () (a1 + | (0] + |ua ()| ?) it
q p 0
1 1 r
- q - r _ o]
= il + il - Azt [ diode

T T
—)\||M2||g§ / dl(t)dt—)xﬂlf dl(t) dt
0 0

v

1 T
Ml + Sl = (Oo(@) [ oy
0

(Do) 212 / () dt - rar / d(0) dt.
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Owing to o; € [0,¢) and o, € [0, p), we readily obtain that ¢(u#) — +o0 as | u| x — oo, i.e.,
¢ satisfies the coercive condition on X. So ¢ is bounded below on X.
Hereinafter, we claim that ¢ satisfies the (PS) condition. If {¢(z1,, u2,,)} is bounded and

ll' (1, tiay) || = O as m — o0, then there exists a positive constant D; such that

|§0(u1m Mzn)| <Dy, H @' (U1s o) ” <D;, VmeN.
Since ¢ satisfies a coercive condition on X, we infer that ||u1,|x, and [|u2,lx, is bounded.
Next, in light of the reflexive property of X, there exists a subsequence, still denoted by
{u, = (t41,,, 43,)}, such that

Uy, —u; onXgy, Uy, — Uy onXp.
Thus, Lemma 2.1 gives that

u, — uy  in C(0, T;RN) and  up, — up in C(0, T;IRN).
Following the argument in [15-17], we can derive that ||u, — u||x — 0, where u = (111, u»).
Consequently, ¢ satisfies the (PS) condition. Thus, with the help of Lemma 2.2, we deduce

that ¢ has at least one critical point on X. Hence system (1.1) has at least one solution
on X. O

Proof of Theorem 1.2 By (HIK1), (HF2), and (2.1), it follows that

o) = o1, uz)

T T T
= é/o Iizl(t)|th+}9/o |a2(t)|pdt_)\/o F(t,m(t), us(t)) dt
T T
+é/o |u1(t)|qd,:+}g/0 lun(o)|? de
! k
+ 3 L) + > Ko (a(sm))
j=1 m=1

1 1
+ —|l/l1(0)|q + —|Lt2(0)|p
q p
1 g 1 p ’ q v
> Nk, + = llualk, = | [d2@) (a2 + [m@]" + [ua(6)|) ] dt
q p 0
> 1 1,1 B Ml Td d
_5||u1||xq+l_7||u2||x”_ lua 2, ; 5 (t) dt

T T
—)\”lxtz”go / dg(t) dt—)»aZ/ dz(t) dlf
0 0

v

1 1 r
allulll?(q + ;Iluzllé”(p - A(Do(q))qllmll?(q /0 dy(t)dt

T T
~ A(Do®)) llu> ||§’(p / dy(t) dt — Lay / dy(t) dt. (3.1)
0 0
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. . 1 1 . .

In view of A < mm{W, W}’ one has ¢(u) — +00 as |lu||x — oo, that is, ¢ satisfies

the coercive condition on X. Hence ¢ is bounded below on X. By carrying out a similar

argument to derive Theorem 1.1, we get that system (1.1) has at least one solution in X.
O

Proof of Theorem 1.3 Keep in mind that ¢ and —¢ have the same critical points. Let ® =
—¢. In the sequel, we aim at verifying that all conditions in Lemma 2.3 are fulfilled by ©. In
fact, from (HIK3) and (HF5), we find that ® is even and ®(0) = 0. Taking (HIK1), (HF2),
and (3.1) into account, we obtain that ®(x) — —o0 as ||u|lx — oo. Hence © is bounded
above on X so that © satisfies (¢;) in Lemma 2.3.

Assume that X C X is finite-dimensional. For any u = (1, u) € X= )~(q X )~(p, where )~(q C
X, and Xp C X,, we deduce that [|u ]|, is equivalent to ||z x,, and |[u2]|, is equivalent
to [luallx,. Hence there exist constants ds, d7 > 0 such that

lually > dellmllx, l#2lly = d7lluzlx,- (32)
Let py = min{=5ea, Bp0 ). For any p € (0,p0), if |lullx = p, then |lmloc <
Do(@)llmllx, < Do(q)p < min{do,é1} and [luzllec < Do(p)llu2llx, < Do(p)p < min{do,é1}.
Thus it follows from (HIK2), (HF3), (3.2), and Holder’s inequality that

O(u) = —¢(u1, us)

T T T
=-611f0 |i11(t)|th—}9/0 |a2(t)|”dt+xf0 F(t, (), ur(2)) dt

1 (7 p 1 (7 »
-—/|mm|m——/|m@|ﬁ
qJo P Jo

i k
= (@) - Y Kn(ua(sm))
j=1 m=1

. §1|u1(0)|q . ;1u2<0>|”

1 1 T
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Observing that u; € (1,9) and pu, € (1, p), we take sufficiently small p € (0, pg) such that
©(u)>0on B, N X and ©(x) > 0 on 0B, N X. Therefore, © satisfies (¢,) in Lemma 2.3.
Then, according to Lemma 2.3, ® has infinitely many critical points in X so that (1.1) has
infinitely many solutions in X. g
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