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1 Introduction and preliminaries
In the past twenty years or so, the existence of oscillatory and nonoscillatory solutions
for a lot of neutral delay linear and nonlinear differential equations has been studied and
discussed by many researchers, for example, see [1-9] and the references therein.

In 1989, Chuanxi and Ladas [4] investigated the first order neutral delay differential
equation

d

o [x(t) + p(t)x(t - r)] +Q)x(t—0)=0, t=>ty. (1.1)
In 1998, 2001 and 2004, Kulenovi¢ and Hadziomerspahi¢ [6, 7] and Cheng and Annie [3]
investigated, respectively, the first and second order neutral delay differential equations
with positive and negative coefficients:

%[x(t) +cx(t — r)] + Qu()x(t —o01) — Qt)x(t —02) =0, t>1to (1.2)
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and

d2

prl [x(t) +cx(t — 1:)] + Qi()x(t —01) = Qy(O)x(t —02) =0, t>to. (1.3)

Under ¢ # £1 and other conditions, they obtained sufficient conditions for the existence
of nonoscillatory solutions of Egs. (1.2) and (1.3), respectively. In 2002, Zhou and Zhang
[9] extended the result in [7] to the nth order neutral functional differential equation with
positive and negative coefficients

n

j—tn [%(2) + cx(t — 7)] + (-1 [Qu(O)x(t — 01) - Qo(D)x(t — 02)] =0, £ > to, (1.4)

where ¢ # £1. In 2007, Liu et al. [8] extended and improved the results in [3, 6, 7, 9] to the
following nth order neutral delay nonlinear differential equation:

% [x(t) + cx(t — r)] + (—1)"+1f(t,x(t —01),x(t —09),...,%(t — crk))

=g(t), t>t, (1.5)

where ¢ # —1. They gave sufficient conditions for the existence of nonoscillatory solutions
for Eq. (1.5), constructed the Mann iterative approximations for these nonoscillatory so-
lutions and established the error estimates between these nonoscillatory solutions and
the Mann iterative approximations. At the same time, they also proved the existence of
infinitely many nonoscillatory solutions for Eq. (1.5).

Inspired and motivated by the results in [1-9], in this paper, we study the following
higher order nonlinear neutral delay differential equation:

n

d
o [x(t) +c(t)x(t - ‘L’)] + (—1)"*lf(t,x(ol(t)),x(ag(t)), . ,x(ok(t)))

:g(t): t Z tO: (16)

where 7 and k are positive integers, T > 0, £y € R, ¢,g,0; € C([ty, +00), R), lim;—, ;o0 0;(¢) =
+oo fori e {1,2,...,k}, and f € C([ty, +00) x RX,R) satisfies the following condition:

(Hi) there exist constants M > N > 0 and functions p,q € C([9, +00), R*) satisfying

[f(t,ul,...,uk) —f(t,l:ll,...,ljtk)|

Sp(t)max{lui—it,-|:1§i§k}, t € [tg,+00),u;it; € [N,M],1<i<k
and
f(tus..ur)| < q(8), £ € [to,+00),u; € [N, M1 <i <Kk,

where R = (—00, +00), R* = [0, +00).

It is easy to see that Eq. (1.6) includes Egs. (1.1)-(1.5) as special cases. Our aim in this pa-
per is to establish a few existence results of uncountably many nonoscillatory solutions for
Eq. (1.6), to suggest Mann iterative approximations for these nonoscillatory solutions and
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to discuss the error estimates between the approximate solutions and the nonoscillatory
solutions. These results obtained in this paper extend, improve and unify the correspond-
ing results in [3, 6-9].

Throughout this paper, we assume that

(Hy) f[;oo s" max{p(s),q(s), |g(s)|} ds < +o0;
(Hs) [~ 5" max{p(s),q(s), lg(s)|} ds < +oo;
(Ha) {Au}uso is an arbitrary sequence in [0, 1] satisfying

[ee]
E A = +00.
m=0

By a solution of Eq. (1.6), we mean a function x € C([t; — 7, 00),R) for some #; > ¢, such
that x(¢) + cx(¢ — 7) is n-times continuously differentiable in [#, 00) and such that Eq. (1.6)
is satisfied for £ > ;. As is customary, a solution of Eq. (1.6) is said to be oscillatory if it has
arbitrarily large zeros and nonoscillatory otherwise.

Let X denote the Banach space of all continuous and bounded functions on [£j, +00)
with norm ||| = sup,. ., |%(¢)|, and A(N, M) = {x € X : N < «x(t) <M, t > to} for M > N > 0.
It is easy to see that A(N, M) is a bounded closed and convex subset of X.

2 Main results
Now we study those conditions under which Eq. (1.6) possesses uncountably many
nonoscillatory solutions, and the Mann-type iterative sequences converge to these

nonoscillatory solutions.

Theorem 2.1 Let (H;), (Hy) and (Ha) be fulfilled and
ct)=-1, t>t. (2.1)

Then
(a) forany L € (N, M), there exist 0 € (0,1) and T >ty + T such that for any
x0 € A(N, M), the Mann iterative sequence {x,}m=0 generated by the following
iterative scheme:

(1= Do) () + A [L = 352, [10 [0

n-1

c fo T S (50, 2(01(50))s - -, Xm(0(50))) o

Km+l (t) = cee dS,,_g dS,,_l — (—1)” Z:fl t:zo: '/S::c (22)
fsjoog(so)dso dsn—ZdSn—l]: tZ T:””zo,
X1 (T), to<t<T,m>0

converges to a nonoscillatory solution x € A(N, M) of Eq. (1.6) and has the following
error estimate:

%1 — ]| < eI LE0 Mg — x|, m>0; (2.3)

(b) the set of nonoscillatory solutions of Eq. (1.6) is uncountable.
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Proof First of all we prove that (a) holds. Notice that for any ¢ > t,,

oo

Z/ s Ip(s)ds < +00 / s"p(s) ds < +00.
t t

i=1 +IT

It follows from (H;) that there exist 6 € (0,1) and T > ¢, + t satisfying

TRy Z./Tm p(s)ds=106 (2.4)

and

- 1),2 / [q(s) + |g(s)|] ds < min{L - N,M - L}. (2.5)

T+it

Define a mapping S: A(N, M) — X by

DD A
f;oof(so,x(ol(so)) ,x(ak(so))) dso
Sx(t) = oo dSpy_gdsy — (1" oo trit fs (2.6)
..f;oog(so) dsy - - dsn,g ds,,,l, t>T,
Sx(T), to<t<T

for any x € A(N, M). Put x,y € A(N, M). It follows from (2.6) and (H;) that, for any ¢ > T,

[S2(0) ~ Sy(0)|

/t / / f (s0,%(01(50)), - %(0%(50)))

—f (50,7(01(50)), -, ¥ (0x(50)) ) | dso - - - ds—n dsy

e

X max{|x(o,«(so)) —y(oi(so))| :1<i< k} dsy -+ ds,_ods,_1

f / y / f plso)dsodsy - ds, o ds,1llx -y
t+it 52 S1
Z/ / / so)dso/ dsi - ds, o dsy 5 -yl
t+it
Z / f f / p(so)
t+it Spy—

X (So —s2)dsodsy - -+ dsp_ods,_1]x -yl

23 A A A
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/ (so —s2)dsyds3 - - ds,_pds,_1]lx -y

IS AT

x (so —83)>dsods3 -+ ds,_ds,1]x—yll

oo
= Z/ / - 2),19(50)(50 $p1)" 2 dso ds, 1 |lx =yl
Sne1

t+it H—

50
/+n (l’l 2 dso /t;ir p(so)(so — S,,_l)”_2 ds,_1|x -y

1 o n-17|Sn-1=50
S TEa / P00 =5y, dsole =30

e

I
—

1 +00

(l’l D' i p(SO)(SO —(t+ i‘[))n—l dso|lx — yl|. (2.7)

M

In light of (2.4) and (2.7), we get that

o +00
|Sx() = Sy(t)| < Y Z/ sq ' pso)dsollx -yl <Ollx—yl, t=T,
C =l t+it

which yields that
Using (2.5) and (2.6), we gain that, for t > T,

Bl T

»x(Uk(SO))) dso- - ds,—2ds,

EDY /t/ / (o) dso - -~ dsy_s sy
/H,, / / el o

(s0 — (& +i1))" " (q(s0) + |(50)|) s

t+it

s

<L+min{L -N,M-L}

<M
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and

Sx(t) = L - /;m /; / So, 01 So))

.,x(ak(so))) dsy - ds,_ods,_1

/ / SQ dSo ds,, gdS,, 1

t+it Sp—

/ f / (as0) + g(50)]) dso - 2
t+iT Sp—

> L !
- (n-1)!

2L- 0 1),2 / 1 (g(s0) + |g(s0)|) dso

>L—-min{L - N,M - L}

5 [ o= in) atoo) + gt s

i=1

>N,

which imply that S(A(N,M)) € AN, M). Consequently, (2.8) means that S : A(N, M) —
A(N, M) is a contraction mapping. Hence S has a unique fixed point x € A(N, M), that is,

L= i /;f’f o /;I“f(so,xwl(so)), -, %(0%(50))) dso

- ds,_od,_ 1— - Zz lft+zr f5n1
. fsl g(so)dso -+ dsy_ndsya, 2T,
), to<t<T.

x(t) =

It follows that, for t > T + 7,

x(t—1)

:L—Z/( ) / / f(s0,%(01(50)), .., %(0k(50)) ) dso - - dsy2 sy
=1 VI i-1)t Jsp-1 s1

/ / / S() dSo dsn_z dSn_l.
t+(i-1)t Jsy-1 s

Consequently, we know that, for ¢ > T + 7,

x(t) —x(t - 1)

/ / / £ (s0,%(01(s0)), ..., %(0x(s0)) ) dso - - - sy s,

+00
rear [ / / gs0)dso -+~ dsyr s
t Sp-1 s1
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In view of (2.1) and the above equation, we easily verify that x is a nonoscillatory solution
of Eq. (1.6). It follows from (2.2), (2.6) and (2.8) that, for each ¢ > T,

|xm+1 (t) - x(t) |

= (1 = X)X (E) + Ay [ /tm /n / so,xm ol(so))

cor%m(0%(s0))) dso -+ dsu_y dsp

(1) [ / / glso)dso - ds, 2 s, 1} )

<(1- )Lm)ixm(t) - x(t)| + Am |Sxm(t) - Sx(t)|

< [A=1m) + 2B 11 — ]|

m o
<e LM |y — x|, m=0,

which yields that (2.3) holds. Thus (2.3) and (H4) ensure that x,, — x as m — +00.
Next we prove that (b) holds. It follows from (a) that for any distinct ; and L, € (N, M),
there exist Si; tAN, M) — AN, M), 6; € (0,1) and T; > ¢ + 7 satisfying

Li= 35 e Jon o Sy S (s0,x(01(50)),

. x(0x(80))) dso - - - ds,_o ds,

-y tf:f fs: g fs1 g(so)dso - dsy_ods,1, t>T),
Sij(Tj), to<t<T,

1 & +00 )
—_ s p(s)ds =6
(n—1)! 21: /T, '

Sij(t) =

and

Z/ q(s) + |g(s)|)ds <min{L; - N,M - L;}

T/+zr

(n-1)!
for each x € A(N, M) and j € {1,2}. Note that the contraction mappings S;, and S;, have

fixed points x and y € A(N, M), respectively, that is, x and y are two nonoscillatory solu-
tions of Eq. (1.6). Put T = max{Ty, T}, 6 = max{6,0,}. It is clear that

T+l7.'

and
|x(2) - y(0)]

. er [ / / (50,2010 .. 2(0x(s0)))
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~f(s0,¥(01(s0)), .- ,y(ak(so)))] dso- - ds, o ds,

t+it n

> Ly - L] - Z/ / : / p(so)dso -+ dsy_pds,_y|lx -yl
i=1 Sn-1 1

1 X 4o
> L1 - Lyl - I ;/Tm s p(so) dso llx =yl
> |Li— Lo -Ollx—yll, t=T,
which yields that
%=yl = IL1 — La| = Ollx - yll.

That is,

|Ly — Lo|
1+6

> 0.

llx =yl =

Hence x # y. It follows that for any distinct L; and L, € (N, M), the corresponding nonoscil-
latory solutions x and y € A(N,M) of Eq. (1.6) are distinct. Consequently, the set of
nonoscillatory solutions of Eq. (1.6) is uncountable. This completes the proof. O

The proofs of Theorems 2.2-2.8 are similar to the proof of Theorem 2.1, hence are omit-
ted.

Theorem 2.2 Let (H;), (H3) and (Hy) hold. Assume that there exists C € (0,1) such that
0<c(t)<Cfort>tyand M > ﬁN. Then
(a) forany L € (CM + N, M), there exist 0 € (0,1) and T > to + T such that for each
x0 € AN, M), the Mann iterative sequence {X,}m>0 generated by the following
iterative scheme:

(1 - )\m)xm(t) + )\m{L - C(t)xm(t - f)

ok [ s = 0 (5 0m(01(5))

X1 (t) = ey X (04 (5))) ds (2.9)
+ SO [0 s - £y gls) ds), t>T,m=>0,
X1 (T), to<t<T,m=>0

converges to a nonoscillatory solution x € A(N, M) of Eq. (1.6), and the error estimate
(2.3) holds;
(b) the set of nonoscillatory solutions of Eq. (1.6) is uncountable.

Theorem 2.3 Let (H;), (H3) and (Hy) hold. Assume that there exists C € (0,1) such that
—-C<c(t) <0 fort>tyand M > ﬁN. Then
(a) forany L € (N, (1 — C)M), there exist 0 € (0,1) and T > to + T such that for each
x0 € A(N, M), the Mann iterative sequence {xX,,}m=o generated by (2.9) converges to a
nonoscillatory solution x € A(N, M) of Eq. (1.6), and the error estimate (2.3) holds;
(b) the set of nonoscillatory solutions of Eq. (1.6) is uncountable.
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Theorem 2.4 Let (H;), (H3) and (Hy) hold. Assume that there exists C > 1 such that c(t) >
C fort >ty and %N <M. Then
(a) forany L € (%M + N, M), there exist 0 € (0,1) and T > to + T such that for each
x0 € A(N, M), the Mann iterative sequence {x,}m=0 generated by the following
iterative scheme:

(L= A% () + AL — =2 (t + T)

c(t+7)
* mnem Je G-
X1 (£) = X £(8,%m(01(5)), . ., X (0% (5))) ds 010

+ m TX(s—t-1)"'g(s)ds}, t=T,m=>0,

X1 (T), th<t<T,m=>0

converges to a nonoscillatory solution x € A(N, M) of Eq. (1.6), and the error estimate
(2.3) holds;
(b) the set of nonoscillatory solutions of Eq. (1.6) is uncountable.

Theorem 2.5 Let (H;), (H3) and (Hy) hold. Assume that there exists C > 1 such that c(t) <
—Cfort=>tyand éN <M. Then
(a) forany L e (N,(1- é)M), there exist 6 € (0,1) and T > ty + T such that for each
x0 € A(N, M), the Mann iterative sequence {x,}m=o generated by (2.10) converges to
a nonoscillatory solution x € A(N, M) of Eq. (1.6), and the error estimate (2.3) holds;
(b) the set of nonoscillatory solutions of Eq. (1.6) is uncountable.

Theorem 2.6 Let (H;), (Hz) and (Hy) hold. Assume that there exists C € (0, %) such that
le®)| < C fort >ty and N < (1 -2C)M. Then
(a) forany L € (CM +N,(1- C)M), there exist 6 € (0,1) and T > to + T such that for each
x0 € AN, M), the Mann iterative sequence {x,,}m>o0 generated by (2.9) converges to a
nonoscillatory solution x € A(N, M) of Eq. (1.6), and the error estimate (2.3) holds;
(b) the set of nonoscillatory solutions of Eq. (1.6) is uncountable.

Theorem 2.7 Let n =1, (H;), (H3) and (Ha) hold and c(t) =1 for t > to. Then
(a) forany L € (N, M), there exist 0 € (0,1) and T >ty + T such that for every
x0 € AN, M), the Mann iterative sequence {%,,},,>0 generated by the following

iterative scheme:

(1= M) () + do{L + 375 [0

t+(2j-1)t
210 X f(8, % (01(5)), - . ., X (0% (5))) ds (2.11)
m+1 = 20t .
=S fror. () ds), t>T,m=0,
X1 (T), to<t<T,m>0

converges to a nonoscillatory solution x € A(N, M) of Eq. (1.6), and the error estimate
(2.3) holds;
(b) the set of nonoscillatory solutions of Eq. (1.6) is uncountable.

Theorem 2.8 Let n > 2, (H,), (Hs) and (Ha) hold and c(t) =1 for t > to. Then
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(a) forany L € (N, M), there exist 0 € (0,1) and T > ty + T such that for arbitrary
x0 € A(N, M), the Mann iterative sequence {xu}m=0 generated by the following
iterative scheme:

(1 - )\m)xm (t)

1 +00 [t+2T +00 )
+hmlL + 53y Zj=1 t+(2j-1)t Jo o s—w"

X1 (£) = X (8, %m(01(5)), . . ., % (0%(S))) ds du (2.12)
1) 2J
+ ((Vl—lg)‘ Z}-',:Olo tT(Zizl)r f;oog(s) ds dbt}, t> T: m = 0,
X1 (1), to<t<T,m>0

converges to a nonoscillatory solution x € A(N, M) of Eq. (1.6), and the error estimate
(2.3) holds;
(b) the set of nonoscillatory solutions of Eq. (1.6) is uncountable.

Remark 2.1 Theorems 2.1-2.8 extend, improve and unify a few known results due to
Cheng and Annie [3], Kulenovi¢ and Hadziomerspahic¢ [6, 7], Liu et al. [8] and Zhou and
Zhang [9] and others.

3 Examples
In this section, in order to illustrate the advantage of our results, we consider the following
three examples.

Example 3.1 Consider the nth order neutral delay differential equation

dl’l
T [x(t) —x(t - t)]

+ IST;‘/—“Z x3 (tz - 4r)x4(«/2)}

+ (~1)"* {e‘tz cos’(Vt —t)
=% sin(t* -3 +1), >0, (3.1)

where 7 is a positive number. Let {1, },>0 be an arbitrary sequence in [0, 1] satisfying (Hy4),
M and N be constants with M >N >0.Putty =0, k=2,

o) =t*—4t,  or(t) =1,
sinvt 5,

1+ 2 itz

Flt,u1,u5) = e cos®(VE—1) +

c(t)=-1, g(t) =" "sin(t° - 3¢ + 1),

6 7

p= L =t

1+ ¢n+2’ Tl

for t > 0, u; € R and i € {1,2}. It is easy to verify that (H;) and (H3) hold. It follows from
Theorem 2.1 that Eq. (3.1) possesses uncountably many nonoscillatory solutions, and for
each L € (N, M) the Mann iterative sequence {x,},>0 generated by (2.2) converges to some
nonoscillatory solution of Eq. (3.1), and the error estimate (2.3) holds. But the results in
[3, 6—9] are inapplicable for Eq. (3.1).
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Example 3.2 Consider the nth order neutral delay differential equation

n

9
d_n [x(t) + tgx(t — ‘L’)] + (_1)n+1 { t

In(1 + |x(v/ - 57)])

dt tn+10
1—¢t%cos®t 2(2¢ _ 9) x8(82 — Vt-10)
ST TP P 20— 9) —
£ + g7 "1 4+ x2(t2 - 400)
t + tsin(t®
_ Jt + tsin(t®) (=2, (3.2)

%3 +1n%t

where 7 is a positive number. Let {4, },~¢ be an arbitrary sequence in [0, 1] satisfying (Hy),
M and N be constants with 0 < %N <M.Putty=2,k=4,C=8,

o1(t) =/t - 57, oo(t) = 2¢ -9,
o3(t) = £ -Vt - 10, 04(t) = £2 — 400,

1-t°cos®t , us
I/l pu—
2 4 pnt7 2 gnl g 270
t“+t "+ uy

-2
St uy, up, u3,us) = 0 ln(l + |M1|) +

Wt tsin(td)
C o3y n?t ]

-2 2M1—tocos®t| 2M’(GM? +4t"1)
p@) = + +

tn+10 t2 + tn+7 (NZ + tn+1)2

)=, g

’

-2 M?|1 - t°cos® ¢t M8
111(1 + M) + t2 + t"+7 + NZ + tn+l

q(t) =

t”+10

for t > 2, u; € Rand i € {1,2,3,4}. Clearly, (H;) and (H3) hold. It follows from Theorem
2.4 that Eq. (3.2) possesses uncountably many nonoscillatory solutions, and for any L €
(%M + N, M), the Mann iterative sequence {x,},>0 generated by (2.10) converges to some
nonoscillatory solution of Eq. (3.2), and the error estimate (2.3) holds. However, the results
in [3, 6-9] are not applicable for Eq. (3.2).

Example 3.3 Consider the higher order nonlinear neutral delay differential equation

d" t—sint 1 — 4¢2n+3
ﬁ |:x t)— 4t x(t - '()i| + (_1)n+1 { sz(\/;)
(B -10) . 5, 5 1-2t-¢"
—=sin“(x°(2¢)) + —————
"6 4 cost ( ( )) t"+8 4 |x3(31)|
2+ t"cost”
= 0 t>1, (3.3)

where 7 is a positive number. Let {4, },>¢ be an arbitrary sequence in [0, 1] satisfying (Hy),
M and N be constants with M >2N >0.Puttg=1,k=3,C = —%,

at) =+t  ol)=2t,  o3(t)=3t

1-423 , 2 -10) ., 5 1-2t-¢
w + -
g3m+5 LT g6 4 cogt 27 )|

f(tr Ui, U, MS) =

t—sint 2 +t"cost”
c(t) = - 4 g(t):T

’
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_2M(4*"? —1)  6MPE | —10]  BMP(t7 +2t 1)

p(t) £3n+5 £+6 4 cost (tn+8 +N3)2 ’
CMPAe-1) 2P -10] 7 +2t-1
q(t) - £3n+5 16 4 cost 8 + N3

for t > 1, u; € R and i € {1,2,3}. Obviously, (H;) and (Hs) hold. It follows from Theo-
rem 2.3 that Eq. (3.3) possesses uncountably many nonoscillatory solutions, and for any
L e (N, %M), the Mann iterative sequence {x,},>o generated by (2.9) converges to some
nonoscillatory solution of Eq. (3.3), and the error estimate (2.3) holds. However, the results
in [3, 6-9] are not applicable for Eq. (3.3).
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