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1 Introduction

Fractional differential equations arise in the mathematical modeling of process in physics,
chemistry, aerodynamics, polymer rheology, fluid flow phenomena, wave propagation and
signal theory, electrical circuits, control theory, viscoelastic materials, and so on. The frac-
tional calculus and its various applications in many fields of science and engineering have
gained much attention and developed rapidly. Consequently, fractional differential equa-
tions have been of great interest. For details, see [1-8] and the references therein.

The numerical simulation plays an essential role in the analysis of fractional differential
equations, and new numerical techniques are being developed; see, for example, [9, 10].
Recently, many research papers have appeared concerning the existence of solutions for
the initial and boundary value problems of fractional differential equations; see [11-17].
The monotone iterative technique, combined with the method of upper and lower solu-
tions, is a powerful tool of obtaining the existence of solutions for fractional boundary
value problems; see [18—23].

By means of the monotone iterative method, in [24], the following PBVP of fractional

differential equation was considered:

Dy u(t) =f(t,u(t), te(0,T],
u(t)]1=0 = 7 u(t) =1,
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where D, is the Riemann-Liouville fractional derivative of order 0 < o < 1. The properties
of the well-known Mittag-Leffler function and the existence and uniqueness of solution for
this problem were given in [24]. However, fewer papers considered p-Laplacian boundary
value problems of fractional order via the upper and lower method and the monotone
iterative method; see, for instance, [25-27].

In [28], the authors have discussed the following PBVP of fractional p-Laplacian equa-

tion:

Db (0, (D% u(®)) = (¢, u(t), D% u(t)), tel0,T],
u(t)e=0 = u(t)|s=1, Dy, u(t)|i=0 = D u(t)| =1,

where 0 < &, 8 <1, D%, is the Caputo fractional derivative, and f : [0, 7] x R? > R is a
continuous function. By establishing the continuation theorem, which is an extension of
the coincidence degree theory for linear differential operators with PBCs, the existence
result of solution of the PBVP was stated under the nonlinear growth restriction of f. To
the best of our knowledge, the fractional p-Laplacian differential equation with periodic
boundary conditions has rarely been considered up to now.

In this paper, we investigate the existence of extremal solutions and uniqueness of
solution for singular fractional p-Laplacian differential equation with general nonlinear
boundary conditions

D, (¢ (D 1(8)) = f (&, u(t), Dy u(®)), € (0, T,
txlﬂ;—fliD‘g;+ u(t)|e=0 = t%}D& u(®)le=1, )
g(u(0),u(T)) = 0,

where 0 <o, <1,1<a + B <2, D§, is the Riemann-Liouville fractional derivative of
order o, ¢,(t) = |t|P~2t (p > 1) is the p-Laplacian operator, and (Pp) 7 =y }17 + % =1. Here
feC(0,T] xR x R,R), g € C(R x R,R), &t(0) = t""*u(t)|s-0, and it(T) = £~ u(t)|,-7.

In the problem (1.1), the boundary condition g((0), (7)) = 0 is a kind of general con-
dition. When g(x, y) = x £ y or others, this can cover periodic, antiperiodic, or other non-
linear boundary conditions. Moreover, if DJ, u(t)|;-0 = D§. u(t)|;=7, then t%D‘éﬁ u(t)|peo =
t}’%? D, u(t)|;7. From this we can see that the boundary conditions in (1.1) are weaker
than those in [28]. Thus, our conclusions can be more extensive. Here we not only obtain
the existence of extremal solutions, but also the iterative sequences that converge to the
extremal solutions.

In the previous related results on boundary value problems for p-Laplacian differential
equations by means of the monotone iterative method, the monotone-type conditions for
nonlinear terms f with respect to the functions u or their derivatives are usually required.
However, in this paper, we only consider the functions f + M¢,(D§. u(z)), not f, to satisfy
the monotone-type conditions (see (Hy)).

The rest of our paper is organized as follows. In Section 2, we provide some preliminar-
ies, the existence results for linear fractional problems with periodic boundary conditions
and the comparison result. In Section 3, the existence of extremal solutions and unique
solution for (1.1) are established by constructing two well-defined monotone iterative se-
quences of upper-lower solutions. Finally, an example is given in this section as an applica-
tion of the theoretical results. Some lengthy proofs of the compactness conclusions used

in Theorem 3.1 are settled in the Appendix.
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2 Preliminaries and existence results for linear fractional p-Laplacian problems
Let / = [0, T] be a compact interval on the real axis R. It is well known that C[0, T
is a Banach space of continuous functions from [0, 7] into R with the norm |ul|¢c =

maxe[o,7] |4(£)|. Denote
Ciol0,T] = {u € C(0,T]: tu e CJ0, T]}, o €(0,1].

Then C;_,[0, T] is also a Banach space with the norm ||u| ¢, , = |£*™“u||c (see Lemma 2.2).
It is clear that C[0,T] := Co[0,T] C C14[0, T] C Ci4[0, T] with [lullc,_, < llullc_, <

llullc for 1 > o > B >0 and C1[0,T] C L[0,T] (L[0,T] is the space of Lebesgue-

integrable real functions on [0, 7]). Denote

CY[0,T] = {u(t) € C1¢[0,T]: (Dg‘+ u)(t) € C,[0,T] and

t' Dy u(t)|e=o = £ D+ u(t) |t:T}:

wherer:;%’f,p>1,0<a,,351,andp+ﬁ>2.

For convenience, we first present some useful definitions and fundamental facts of frac-
tional calculus theory, some of which can be found in [1, 2].

Definition 2.1 ([1]) The Riemann-Liouville fractional integral I§. and fractional deriva-
tive D§, are defined by

1810 = ﬁ /0 (-9 f(5) ds

and

1 d\" [t d\"
D50 () [ -9 reas-(£) e,

(n-a)
where n -1 <o <n, n €N, provided that the integrals exist.

Lemma 2.1 ([1]) Assume that f € C(0, T] N L(0, T with a fractional derivative of order o
(0 < @ <1) that belongs to C(0, T] N L(0, T). Then

I&DE () =f(t) — ct*™  for somec e R.

Lemma 2.2 (Ci[0,T], |- llc,,) and (C*[0, T, || - llce) are Banach spaces, where

lulleyy = |6 ull e Nlic = lulley, + [ DGul,

Proof Let {u,};°, be a Cauchy sequence in the space (C1_4 [0, T], || - llc;,_, )- Then there exist
v, € C[0, T] such that v, () = £ u,(t), t € [0, T, and thus u,(t) = t*'v,(t), t € (0, T]. For

any € > 0, there exists N > 0 such that

”Mn_um”Cl,a=||Vn_Vm||C<8y n,m=>N,
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which implies that there exists v(¢) € C[0, T] such that v,(¢) — v(¢), t € [0, T], and so
un(t) = t* v, (t) — t*(t), t € (0, T]. Let u(t) = t*v(¢), t € (0, T]. Then {£~u,(£)}2,
converges uniformly to #'~%u(t), and we can easily find that u € C;_, [0, T].

Next, we shall prove that C;[0, T] is a Banach space. It is clear that || - ||ce is a norm. Let
{un}52, be a Cauchy sequence in the space (C;[0, T], || - [lce). Evidently, {u,};2, is also a
Cauchy sequence in the space (C1_4[0, T1, || - llc,_,); thus, limy,— o0 8% u,, () = £ u(t), and
u € Ci_4[0, T]. Moreover, {t"(D{.u,)(t)};2; converges uniformly to some w(t) € C[0, T].
We need to verify that w() = £"(D§, u)(¢), t € [0, T].

For ¢ = 1, there exists N > 0 such that [t"(D§, u,)(t) - w(t)| < 1forany t € [0, T] and n > N.
Denoting

M* =max{1l+ sup |w(t) , sup |t’(D%‘+ui)(t)
te(0,T] te(0,T]

,i:1,2,...,N},

we have

t
e / (t =) s Dy, (s) ds
0

t
< Mt / (t—9)*ts"ds < M*Bla,1 - )T,
0

where B(:, ) is the Beta function. By Lemma 2.1 we get
1 t
%, (t) = tl_“18‘+Dg+ u,(t) +c=t%—— / (t- s)“‘lD‘(’,ﬁ u,(s)ds +c
['(a) Jo
1 t
A — / (t - s)“‘ls_’s’Dg+ u,(s)ds+c, tel0,T]. (2.1)
I'(a) Jo

Letting n — 00, by the Lebesgue dominated convergence theorem from (2.1) we derive

that

1 t
fut) =t —— / (t—8)*sw(s)ds + ¢ = tl’“l(‘;ﬁ [t”w(t)] +¢, tel0,T],
['(a) Jo
that is, u(¢) = I, [t w(®)] + ct*%, t € (0, T], and so w(¢) = " D%, u(¢), ¢ € (0, T]. Obviously,
t'DY, u(t)| =0 = "D, u(t)|;~1; hence, ||u, — ullce — 0, and u € C¥. The proof of the lemma
is complete. d

Lemma 2.3 ([24], Lemma 1.1) Assume that 0 < B8 <1, M > 0 is a constant, u(t) €
Ci-[0, T1, and h(t) € Ci_g[0, T1. Then the linear fractional periodic boundary value prob-
lem

Db, u(t) + Mu(t) = h(t), te(0,T],
7P u(t)| =0 = P ult) -1,

has the following integral representation of the solution:

o - T(B)T PP 1Eg s(-MtF) [T
T TIITB)E, s (-MTP) ),

(T - s)ﬁ_lE,g,ﬂ (—M(T - s)ﬁ)h(s) ds
+ /t(t - s)ﬂ_lEﬁ,f; (—M(t - s)ﬂ)h(s) ds,
0

where Eg g(x) =Y poo Wkﬂi) is the Mittag-Leffler function; see [1, 15].
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Remark 2.1 Note that Egg(x) > 0 for all x € R and Egg(x) < ﬁﬁ) for x < 0 (see [24],
Lemma 2.2), so we know that 1 — I'(B)Eg s(-MT?) > 0.

Lemma 2.4 Assume that 0 <o, p <1, M > 0 is a constant, k € R, u(t) € C*[0,T], and
n(t) € Ci_gl0, T1. Then the linear fractional periodic boundary value problem

Db, (¢,(D% u(t))) + M, (D%, u(t)) = n(t), te(0,T],
D2 u(t)| im0 = ' D%us(t) ey, #(0) =k,

has a unique solution of the following integral form:

u(t) = ke +

1 t wat. [T(BTYPsPLE, o(—MsP)
r(a)[)(t's) ¢q[ 1= T(B)Epp(-MT?)

T

x/ (T - 9)P"Eg s (-M(T - 5)")n(s) ds
0

+ /s(s - t)ﬁ_lE,g,ﬁ (—M(s - t)ﬁ)r}(f)dt]. (2.3)
0

Proof Let v(t) = ¢,(D§. u(t)). Then ¢,(t" Dy, u(t)) = t'~Py(¢t) for 0 < t < T. Thus, problem
(2.2) is changed to the following fractional periodic boundary problem:

DEv(t) + Mu(t) = n(t), te(0,T],
PO ]1=0 = PV o1

By Lemma 2.3 we get

(BT PtP-1Eg 5(—MtP)
1-T(B)Egs(—MTP)

v(t) = / (T —s5)P- lEﬂﬂ( M(T—S)ﬁ)n(s)ds

+ / t(t — )P Eg 5 (=Mt — 5)P)n(s) ds. (2.4)
0

Hence, v(£) € Ci_[0, T], and

D(B) T PtP1Eg s (—~M1P)
1-T(B)Ess(-MTF) Jo

T
Dj.u(t) = ¢q|: (T—s)ﬁ_lEﬂ,ﬁ(—M(T—s)’s)n(s)ds

+ /[(t—s)ﬂ_lE,gyﬂ (—M(t—s)ﬂ)n(s) ds]. (2.5)
0

Since v(£) € C(0, TINL(0, T'], we have Dg. u(t) € C(0, TINL(0, T]. By Lemma 2.1 we arrive
at

. w1 [TBTPsPAEL 5(—MsP)
“t) = F(a)/ =9 ‘1[ 1-T(B)Ey(-MTP)

X / (T - )P Eg s (-M(T - 5))n(s) ds
0

+ /s(s - T)ﬂ_lEﬁ,,g (—M(s - l’)ﬂ)n(‘[)dl'] ds.
0
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In view of #(0) = k, we find ¢ = k and

PR S w1, [T(BYT'PsPEg s(—MsP)
ul) = ke m/o t=9) %[ 1 T(B)Ep 5 (-MT7)

T
X / (T - )P Eg s (-M(T - 5))n(s) ds
0
+ / (s— 1) Eg 5 (-M(s — 7)) n(z) dr] ds. (2.6)
0
Conversely, it is obvious that u(f) € C;_4[0, T] and #(0) = k. Note that D, t** = 0 and

D§.I°u = u for all u € C(0, T] N L(0, T]. Differentiating (2.6) with order «, we get (2.5).
Since n(t) € C1_[0, T'], we have ¢, (D, u(t)) € C1_g[0, T and D, u(t) € C,[0, T]. By (2.4)

we see that
g DB)TPEg s(-MtP)
£ = 17 T(B)Es s (—MTP)
T
X / (T - s)ﬁ’lEﬂ,,g (—M(T - s)ﬂ)n(s) ds
0
+17P /t(t - s)ﬂ’lE,g'ﬁ (—M(t - s)ﬂ)n(s) ds
0
and

£ Pv(O) im0 = P V()

-8 T )
" 1-T(B)Eps(-MTP) /0 (T =)’ Eg,p(-M(T ~5)")n(s) .

Thus, £"D§. u(t)|;-0 = £"D§, u(t)|.-7. Differentiating (2.4) with order 8, by Lemma 2.3 we
obtain

Db (¢p(D&u(0))) + M, (DG u(t)) = 1(2).
This completes the proof. d
Lemma 2.5 (Comparison result) Ifu(t) € C*[0, T] and satisfies
Dj. (¢ (D u(®))) + My (DG ul8)) = 0, £ € (0,T],
£ DR ()10 = ¢/ D u(B)] -1,
u(0) > 0,
where M > 0 is a constant, then DY, u(t) > 0 and u(t) > 0 for t € (0, T].

Proof Let w(t) = ¢,(D§. u(t)). Then w(t) € Ci_g[0, T] and satisfies

DEw(t) + Mw(t) >0, te(0,T],
EPw(O)le=o = P wt)l o1,
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and hence w(t) > 0 for ¢ € (0, T] by Lemma 2.3 and Remark 2.1. Since ¢,(x) is nondecreas-
ing, u(t) € C¥[0, T satisfies

Dg.u(t) >0, te(0,T],
1#(0) > 0,

and so we get u(t) > 0, t € (0, T, by (2.5) and (2.6). This lemma is complete. O

Remark 2.2 In fact, from the above proof, we can see that Lemma 2.5 unifies and includes

two separate comparison results, which are applied to the next Theorem 3.1 directly.

3 Main results
We first introduce the definition of a pair of lower and upper solutions for using the mono-
tone iterative method.

Definition 3.1 A function u(t) € C*[0, T is called a lower solution of problem (1.1) if it
satisfies

{D’oﬂ (6, (D2 u(t))) <f(t, u(®), D u(t)), te(0,T], )

)
O D u(Blio = DOy, g(@(0),7(T)) = 0.

A function v(¢) € C¥[0, T is called an upper solution of problem (1.1) if it satisfies

(3.2)

Dy (¢p(Dgv(8))) = f(£,v(8), D v(t)), e (0,T],
DG v(B)le=0 = " DG v()le=1,  g(¥(0),W(T)) < 0.

For our main results, we need the following assumptions.

(Hi) Assume that ug, vy € C2[0, T'] are lower and upper solutions of problem (1.1), respec-
tively, and uo(¢) < vo(2), t € (0, T1].
(Hy) There exists a constant M > 0 such that

S (& u(®), Dy u(®)) - f (&, v(8), Dy v(t)) < M[pp (D v(8)) — (DG (1)) ]

for uo(t) = u(t) < () < vo(t), Dl uo(t) < D3 1u(t) < DEw(E) < Divo(t), £ € (0, T,
(H3) There exist constants A > 0 and @ > 0 such that

g1, 1) — g2, 92) < Ay — 1) — (y2 —y1)
for 719 (0) < x1 < ¥y <¥0(0) and izo(T) < y1 < y2 < Vo(T).

Theorem 3.1 Suppose that f € C([0,T] x R x R,R), g € C(R x R,R), and (H,), (H,), and
(Hs) hold. Then there exist sequences {u,(£)}, {v,(t)} C C¥[0, T] such that lim,_, o u, = x,
lim,—, o0 vy =y o1 (0, T| and x, y are minimal and maximal solutions on the interval [uo, vo)
of problem (1.1), respectively, where

[0, vo] = {u € CF10, T]: uo(£) < u(t) < vo(t), £ € (0, T], i1o(0) < 4(0) < ¥(0)},
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that is, for any solution u € [ug, vo),
wo <y < Suy < <x<u<y<-<v
Moreover, we have

Dy.ug <Dgoy <--- <Dsuy <--- <Dj.x

< Dgu <Dy < < Dgvy < -+ < Dgevi < D vo.
Proof Let F(u(t)) := f (¢, u(t), Dg. u(t)). For n = 1,2,..., we define

Db ($p (D2 1, (1)) + M (D%, 14, (2))
= F(uy1 (1)) +M¢p(Dg+ u,1(t)), te(0,T],

(3.3)
tngJr un(t)|t:0 = tng+ Mn(t)|t:T;
1, (0) = 1,,-1(0) + %g(ﬁn—l(o)r un-1(T)),
and
D (¢ (DG () + My (D v (£))
= F(Vn—l(t)) + M¢p(Dg+ V- (t))’ te (01 T]: (34)

"D vu(8)le=0 = " DGuvu (€)=,
17;1(0) = ‘7}1—1(0) + %g(;n—l(o): 17,,,_1(T)).

Since ug,vo € C¥[0,T], we know that D, uo(£), D§.vo(t) € C,[0,T], and so F(uy(t)) +
Gp(Dg 1o (t), F(vo(2)) + (D vo(t)) € Ci_gl0, T]. In view of Lemma 2.4, the functions u;
and v; are well defined in the space C'[0, T']. By induction, we can infer that &, and v, are
well defined in the space C*[0, T'].

First, we prove that u((£) < u1(t) < vi(t) < vo(2), t € (0, T], and Df, uo(t) < D§, ui(t) <
D§ vi(t) < D§.vo(t), t € (0, T. Let 8(¢) := ¢p(Dg+ 141 (£)) — ¢ (D 4o (£)). The definition of #;

and the assumption that u is a lower solution imply that
Df.8(t) + M5(2) = F(uo(2)) - D (¢p(DSa0(2))) = 0
and £1P8(t)|;c0 = £7P8(O)lier, 1(0) — #o(0) = 1g(ito(0),it0(T)) = 0. Thus, we have
Df.uo(t) < Dy ui(t) and w1 (t) > uo(¢), t € (0, T'] by Lemma 2.5.
Using a similar method, we can show that vi(¢) < vo(t) and D§. vi(t) < D, vo(¢) for all

t € (0, T]. Now, we put £(£) = ¢,(D§. v1(t)) — ¢,(Df, ui1 (). From (3.3), (3.4), and (H,) we
get

Dg+§(t) +ME(t) = F(vo(t)) — F(uo(0)) + M[ ¢, (D vo(8)) — ¢p(Dgsuo(t))] =0 (3.5)
and

tPE) o0 = EPEW) i (3.6)
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We find, by (Hs) and (H;), that

11(0) = 11 (0) = ¥o(0) + %g(f/o(o)» V(7)) - [5{0(0) + %g(ﬁo(o):ﬁo(T))]

= —[*(#0(0) - i16(0)) + g(¥0(0), ¥o(T)) — g(#0(0), o (T))]

>|’: >"H

(Vo(T) - 11(T))) = 0. (3.7)

It follows from (3.5)-(3.7) and Lemma 2.5 that DJ, vi(¢) > D§. u1(t) and vi(£) > u(2), t €
(0, T1.

Next, we show that #; and v; are lower and upper solutions of problem (1.1), respectively.
From (3.3) and assumptions (H;) and (H3) we have

Db (¢p(D2u1(8))) = F(uo(£)) = F(ua(8)) + F(ua(2))
~ M[ (D 11(8)) ~ b (D 10 (2)) ]
F(ul(t))

and

0 = g(i0(0), ito(T)) — g(#1(0), #1(T)) + g(1(0), 1 (T)) — A[#1(0) — do(0)]
< g(1(0),#,(T)) — pu(a2(T) — 120 (T)).

Since 1 (T) > 11o(T), the last inequality implies g(7,(0), #:(T')) > 0. This proves that u; isa
lower solution of problem (1.1). In the same way, we can show that v, is an upper solution
of (1.1).

Using mathematical induction, we have

up(t) ui(t) < -+ S up(t) < a1 (t) < Ve (£) < vu(€) < - <nit) < wolo),
Dj.ug <Djeuy < -+ < Dsty < DGy thyin (3.8)

< Dgs Vi1 < Dge vy < --- < Dgivi < DGiv

forte (0,T]and n=1,2,3,....

The sequences {#~*u,} and {¢"D%. u,} are uniformly bounded and equicontinuous (see
Lemma A.1 in the Appendix). Similarly, we can prove that the sequences {t'*v,} and
{t"D§,v,} are uniformly bounded and equicontinuous. The Arzela-Ascoli theorem guar-
antees that {t!*u,} and {£!"%v,} converge to t'%x(¢) and £'"*y(¢) uniformly on [0, T], re-
spectively, and {t"D{, u,,} and {£"D§,v,} converge to {t"D§,x(t)} and {£"'D{, y(t)} uniformly
on [0, T, respectively. Therefore, ||z, —x||ce — 0, [V, = yllce — 0 (n — 00).

By the integral representation (2.3) for the linear fractional problem, the solution ()
of problem (3.3) can be expressed as

o (t) = £ 1[un 0)+ 2g(Ea0), ﬁn_m)}

F( )/ (t—S)a l(f)q|:MoSﬂ Eﬂﬂ( MS)



Ding et al. Advances in Difference Equations (2016) 2016:201 Page 10 of 17

T

x/ (T—s)’g_lEﬂ,ﬂ(—M(T—s)’g)nn_l(s)ds
0

+/s(s—r)ﬂ_lEﬂ,ﬂ(—M(s—r)’g)nn_l(T)dr], te(0,T],
0

where 17,1 (s) = F(tt,-1(8)) + M, (D 11,1 (s)) and

e
~ 1-T(B)Egs(-MT#)’

My : (3.9)

By the assumption on f, applying the dominated convergence theorem, we get that x(¢)
satisfies the following integral equation:

- 1 ¢ _ _
x() = t“71%(0) + m/() (t—s)~ 1¢q I:Mosﬁ lEﬂ,lg (—Ms’s)

T

x/ (T - )P Eg s (-M(T - 5))n(s) ds
0

+fs(s—t)ﬂ‘lEﬂ,ﬂ(—M(s—r)ﬁ)n(t)dr], te(0,T],
0

where 1(s) = F(x(s)) + M¢,(D§. x(s)). By Lemma 2.4 we have that x(t) is a solution of prob-
lem (1.1). Meanwhile, y(¢) is also a solution of problem (1.1) and satisfies uy <x <y < vq
on (0, T].

To prove that x(¢) and y(¢) are extremal solutions of (1.1), let « € [uo, Vo] be any solution of
problem (1.1). We suppose that u,, < u <v,, t € (0, T], for some n. Let { (t) = ¢, (D, u(t)) -
Op(DGs thn1(£)), N(t) = Pp(DF+ Vi1 (t)) — ¢, (DG4 u(t)). Thus, by condition (Hy) we have

Dh.£(t) + MC (D) = F(u(t)) = F(un(0)) + M[¢p (D 1t) — p(Dert))] = 0
and
DYjon(e) + Mn() = F(va()) = F(u(2)) + M[ (D1 v2) - (D5 v)] = 0.

Moreover, from condition (Hz) we find

#(0) = 11,1 (0) = %[AQ(O) +g((0),i(T)) — (Aita(0) + g(n(0), it (T)))]
= S (1) - ,(T)) = 0
and
71(0) — i2(0) = %[m(O) +g(#4(0), #(T)) — (1it(0) + g (i (0), it:1(T))) ]
= & (0 (1) - (D) 2 0.

These inequalities and Lemma 2.5 imply that D, u,.,(t) < D§. u(t) < D§,v,.1(t) and
U1 (t) < u(t) < vyuia(2), t € (0, T], so by induction x(£) < u(t) < y(t) and Df,x < D, u <
D§.y on (0, T] by taking the limits as # — oo. This finishes the proof. O
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Remark 3.1 In Definition 3.1, we also can use g(i2(0), #(T)) < 0 instead of g(z(0), (7)) >
0 to define the lower solution of problem (1.1) and use g(¥(0),%(T)) > 0 instead of
g(¥(0),%(T)) < 0 to define the upper solution of problem (1.1), with the remaining condi-
tions unchanged. However, the conclusions of Theorem 3.1 hold under assumptions (H;),
(H3), and

(H3) there exist constants A’ > 0, 1’ > 0 such that
gx, 1) — g(x2,¥2) = =4/ (%2 —x1) + 11/ (y2 — y1)

for 219(0) < x1 < x5 <¥o(0) and %(T) < y1 < y2 < Vo(T). Meanwhile, in the proof, we need
to transform the definitions of #,,(0) and 7,,(0) in (3.3) and (3.4) into the forms

. - 1 . . . - 1 . -
1,(0) = t1,1(0) - ;g(un—l (0), un—l(T)), Vu(0) = ¥,.1(0) - ;g(‘/n—l(o); Vn—l(T))
and make the corresponding modification in view of (Hj).

Theorem 3.2 The assumptions of Theorem 3.1 hold, and there exists a constant N > 0
such that

N([¢p(D§:v(0)) = ¢ (DG ()] < f (£ u(e), D ua(2)) — f (£ v(8), Dy v(2)) (3.10)

Jor ug(£) < u(t) < v(t) < vo(t), Dy uo(t) < D§,u(t) < D§.v(t) < D, vo(t), t € (0,T), and
110(0) = vo(0). Then problem (1.1) has a unique solution in the order interval [ug, vo].

Proof By Theorem 3.1 we see that x(¢) and y(t) are extremal solutions and x(¢) < y(t), t €
(0, T]. In order to prove that x(t) > y(t), t € (0, T], we let w(z) = ¢,(Dg.x(t)) — dp(Dg. y(£)),
t € (0,T]. From (3.10) we arrive at

D’g+ w(t) = F(x(£)) — F(y(£)) = N[¢,(Dg. y(t)) — ¢p(Dg+x())] = —Nw(¢),
EPw(E) 120 = P w(E) |17

Then w(t) > 0, t € (0, T], that is, D, x(¢) > D§. y(¢), t € (0, T]. Also, by (3.8), since 7((0) =
0(0), we have x(0) = y(0). Therefore, Lemma 2.5 implies x(¢) > y(¢), t € (0, T]. Thus, we
obtain x = y. The proof is complete. g

Example 3.1 Consider the following fractional periodic boundary value problem:

D (D u(®)) = 21 = £) = 2[DG (@) + (), ¢ € (0,1],
£ D%, (t) -0 = £/ D (1) 11, (3.11)

7(0)(FE19 — (1)) = 0,

where o =1/2, B =2/3, p=3, T =1, and f(t,u, D% u) = t2(1 — £) - 2[D& u(t)]* + u(?),

8(x,y) = x(5750 — 7). Set

_TG/6) 1

“Tan) te[0,1].

0, 140 (t)

uo(t)
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It is easy to verify that Djuo(¢) = 0 and Dy2vy(t) = t /¢ for t € (0,1] and

6D uo(£)li=0 = 0 = /8D uo(t) =1, £7°DYPvo(8)li=0 = 1 = £/ DYPvo (811,
Dgis (¢3 (D(l)/}l/lo (t))) 0 <f(t MQ,D(I)/}MQ) 1/2(1 )
Dy (¢3(Dvo(®)) = Do (¢7%) = 0 = £ (2, vo, Dy 2vo )

913 | r'(/6) /3
F(4/3)

g(#0(0), (1)) =0, g(70(0), 70(1)) =0

— t1/2(1 _ t) _

’

These show that uy and v, are the lower and upper solutions of (3.11), respectively, and
uo(t) < vo(t) on [0,1].
For uy < u < v < vy, we have ¢3(Dy2v) — ¢3(Dy*u) = (Dy2v)? — (Dy?u)? and

f(t, u, D%)/fu) + 203 (D%,/Eu) - [f(t, v, D%,/Ev) + 263 (D})ﬂzv)] =u-v=<0.

Thus, f(t, u, D§?u) - f(t,v, Dy2v) < M{¢s(Dy?v) — ¢3(Dy2u)], where M = 2.

. dg(x, dg(, . .
In addition, g;(,iy) = 21;(54//63)) -y = 2F1-((54/,63)) gg;y ) = _x for @1p(0) < x < ¥(0), y €
[i10(1), 70(1)] = [0, F573]. Therefore, g(u1, v1) - g(uta, v2) < 315355 (us — y) for it (0) < 1y <

Uy < 99(0), 19(1) < v1 < vy < ¥o(1). Hence, conditions (H;), (H), and (H3) are satisfied.
There exist two monotone iterative sequences {u;} and {vi} that converge uniformly to
the minimal and maximal solutions of fractional periodic boundary problem (3.11) in
[#0,vo] by Theorem 3.1.

Appendix

Lemma A.1 The sequences {t*u,} and {t' D*u,,} are uniformly bounded and equicontin-
uous in C[0, T], where u,, is defined by (3.3) in Theorem 3.1.

Proof We first show that {#'"%u,} are uniformly bounded in C[0, T]. Since ug,vo €

C#[0, T, we have ¢, (D{. vo(2)) € C1_[0, T, that s, tl‘ﬂ¢p(Dg‘+vo(t)) € C[0, T]. Thus, there
exists a constant y; > 0 such that

[£77¢,(DGsvo)[c =10 £el0,T),
which is equivalent to

|6y (DG vo(0))| < mit”™, te(0,TI. (A1)
Let

Nu1(t) = F(tn1(2)) + My (D3 rna(2)),  t€(0,T). (A.2)
By condition (H,) and (A.1) we get

Nn-1(£) < F(vo(2)) + Mg (DG vo(t)) < F(vo(2)) + Myt’™,  t€(0,T].
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Hence,

Imnllcs < |[Fo)|| T+ My =:ys, t€[0,TI. (A.3)
Let

T
%-1(8) = MosP " Eg g (-Ms") / (T - )" "'Eg s (~M(T = $)P )1 (s) ds
0
+/ (s—r)ﬁ_lEﬂ,ﬂ(—M(s—r)’g)nn_l(t)dr, (A.4)
0

where M is defined in (3.9). Then x,,_; € C1_g[0, T']. Noting that Eg g(x) < ﬁ for x < 0,
by (A.4) and (A.3) we have

1
r>(8)

T
(9] = Most s [T = e
0

1 S
_ \B-1.B-1 d
+ F(ﬂ)/o (=) " nnall_, d

1V _ Y _
< Mos" lrz(zﬂ)B(,B, BT 4 szi)B(ﬂ’ B, se(0,T], (A.5)
which yields
|8, 1(5)| < MO%B(&;S)TW + %)B(ﬂ,ﬁ)ﬁ, s€(0,T].

Thus, for s € (0, T], we get

Sr¢q (xn—l (S)) = ¢q (Sl_ﬁx”—l (S))

V2 2p-1, V2 B\ _.
< 0u(Mo s BB, T+ 18, T ) =i . (A.6)

This implies that ¢, (x,_1(s)) = D§ u,(s) is bounded in C,[0, T']. From (3.3) and Lemma 2.4
we find

1-o

tl_aun(t) = ﬂn—l(o) + %g(ﬁn—l(o)r ﬁn—l(T)) + ‘ /0 (t - S)a_1¢q(xn—l(s)) ds. (A7)

I'(x)

Using (A.7), (A.6), and condition (H3), we get

800 = [#02(0) + 32itn 101y 1 (7)) | + Fl(:) /0 (= 9y (502 () ds
1-« t
< |P0(0) + %g(ﬁo(()),f/o(T)) + T )y (t_s)aflsfrds
<[5 + %g(f/o(o)»f/o(ﬂ)l : %W, (el0,7].

Hence, {t!"*u,} are uniformly bounded in C[0, T.
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Next, we prove that {¢'"*u,} are equicontinuous in C[0, T]. Suppose 0 < #; < t, < T.
From (A.7) and (A.6) we have

|6 un(t2) = 8 un(t)|

tiia 2 a—1 tiia h a—1
£ [ o) ds- 2o /0 (6= )y (x0a(5)) s

tl—a

S / (b — 5y (0 (5)) ds

i

1— fn

t
lf’( A [(t2 =)' = (61— 9)* "] bg (%u-1(5)) dis
L|2r-a 14

@) / (t1 — 9)” xn_l(s)) ds

Ctloz 1-o 51
2 f (b — )" s ds + (Za) fo [[(t2 —9)* 7 =t —5)* s | ds

tla t%a)/ al—rds
=1+ 1I+IIL

For part I, we have

5]
/ t%_o‘(tz —8)* s ds < t;“”tg‘_rB(ot, 1-r)= té_’B(a, 1-r)<oo.

5]

By the absolute continuity of the integral, we have that I can be sufficiently small when
is sufficiently close to £,. For part II, we have

ne ¢ - a/t (f —8)* s ds — ™ (t —5)* s
r?* J ’

_ ¢ [tla / t](t $)* s ds — £ ( / 2(L‘ $)* s ds / N (8, —s)* s ds>:|
F(a) > 0 ! > 0 2 t 2
¢ B £ —t¢ ) Bla,1—r) + £57¢ / tz(t $)* s ds (A.8)
=——|(= - a,1— - . .
re\\s/) 7 Py

It is easy to see that as ¢; approaches t,, II goes to zero.
For part III, we have

C(tl o tl Ol)
Il < ;(7%; £ Ba,1-7).

Combining the results of I, I, and III, we have that |3 u,,(t;) — ; “u,(t;)| — 0 as t; — t;.
When t; =0 <t, < T, from (A.7) and (A.6) we have

1-« ty

t .
T'(e) Jo (t2 = 5)* g (0n1(5)) ds

|ty tn(t2) — 4,(0)] =

C 2 1-« a-1_-r
§m P (7o) 7
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C
=—£7Bla,1-
Ok (o r)

—0 ast, — 0.

This shows that {t'~%u,} are equicontinuous in C[0, T'].

In the following, we will check that {¢"D{, u,} are relatively compact in C[0, T'].

First, we prove that {t"D. u,} are uniformly bounded in C[0, T]. By (3.3) and (2.5) we
get

T
D§.uy(t) = ¢y I:Motﬁ_lE,g,ﬂ (—Mtﬁ) /0 (T - s)ﬁ_lE,g,ﬂ (—M(T - s)ﬁ)n,,_l(s) ds
+ /t(t—s)ﬁ‘lEﬂ,ﬁ (—M(t —s)ﬁ)nn,l(s) ds:|, (A.9)
0

where 7, is defined in (A.3). By (A.9) and the definition of x,_; in (A.4) and (A.6), we
still have

' DG 1n(8)] = |£ g (x0-1(0))| = |pg (£ P2 (1)) < C, £ (0, T1.
Therefore, {t"D§, u,} are uniformly bounded in C[0, T1.
Second, we prove that {t"D§,u,} are equicontinuous in C[0, T']. Since ¢, ("D, u(t)) =
£ ¢, (D%, u(t)), we need to deal with the equicontinuity of {f'*?¢,(D%.u,)} in C[0, T].
Choosing 0 < t; <, < T, by (A.9) and (A.3) we have

|té_ﬂ¢p (DG tn(t2)) = 4" by (DG (1) |

T
= ’ Mo[Ess(-Mt}) - Eg s (-Mt])] /0 (T =)/ Eg 4 (~-M(T - 9)°) 11 (s) s
+ t;iﬂ /(; 2(t2 — S)ﬁflEﬁ,ﬁ (—M(tz - s)ﬂ)nn_l(s) dS

5]
-4 / (01 =5)" " Ep p(-M(tr = ) )11 (5) ds
0

T
1
< MolEps(-Mt5) — Eg 5 (-Mt;)| /0 (T -9 Fﬁ)Sﬂ_l I1ntllc,., ds

2
+|67? / (t2=8)" " Ep 5 (-M(t2 = )" ) 11,1 (5) dis
0

5]
-7 / (t1 =)' Ep 5 (~M(ty ~ 5)") -1 (s) ds
0

<t,” ‘ /0 1[(t2 — )P Eg 5 (~M(t2 - 5)P) — (11 — )P Eg 5 (~M(t1 = 9)) | (s) ds

+|(&F -17F) / l(tl—s)ﬁ"lEﬂ,ﬂ(—M(tl—S)ﬂ)nn,l(s)ds
0

2
+|a? / (t2=5)" " Eg 5 (-M(t2 ~ )" ) nu-r(s) ds
51

+ C*|Epp(~-Mth) — Eg p(-Mt])|

=1 +1I'+ ' + IV,
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where

V2

¢ =Mori

T*71B(B, B).

It is easy to verify that IT', III', and IV’ go to zero as t; — ;. In the following, we only

consider I":

t
U<ty ” / 1[(t2 — )P Ep 5 (-M(ts - 5)P) — (81 — )P Ep s (-M(tr — 5)P)]sP L ds
0

5]
< yzté_ﬂ/ (t1 —S)ﬁ_liEﬂ,ﬁ (—M(tz - S)ﬂ) —Eﬁ,f; (—M(tl - S)ﬂ) |Sﬂ_1 ds
0

+ F)(//ZB)t;ﬂ /0 1 (i =5)f =ty —9))sP " ds.

By the continuity of the Mittag-Leffler function and (A.8) we have that I goes to zero as
t — t. It is easy to verify that the equicontinuity of {t"D§, u,} is true for t; = 0 by (A.9)
and similar estimates. This completes the proof of the lemma. d
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