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Abstract

We study the pinning control design for feedback stabilization of constrained Boolean
control networks (BCNs) via the semitensor product of matrices. Firstly, a constrained
algebraic representation is obtained for constrained BCNs with pinning control, and a
necessary and sufficient condition is established for the reachability of constrained
BCNs with pinning control. Secondly, a general procedure is proposed for the pinning
control design of state feedback stabilization of constrained BCNs. Thirdly, a necessary
and sufficient condition is presented for the output feedback stabilization of
constrained BCNs with pinning control. Finally, two illustrative examples are worked
out to demonstrate the effectiveness of the obtained new results.
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1 Introduction

In recent years, with the development of systems biology and medical science, there have
been a lot of computational models to simulate gene regulatory networks (GRNs) [1, 2].
In 1969, Kauffman [3] firstly proposed the concept of Boolean networks to model GRNs.
From then on, the study of Boolean networks has attracted attention of many scholars
[4-7]. In a Boolean network, genes are simulated as 1 and 0 for studying the activity of
genes. Since the dynamics of Boolean networks does not contain parameters, we can use
Boolean networks to model large-scale GRNs.

Recently, a semitensor product method [8] has been proposed for the study of Boolean
networks. Using this novel method, we can convert a Boolean (control) network into a
linear (bilinear) form. Then, we can conveniently investigate Boolean networks with the
help of classical control theory. This framework is called the algebraic state space rep-
resentation (ASSR) of logical systems. Up to now, many scholars have applied the ASSR
framework to the analysis and control of Boolean networks and obtained lots of inter-
esting results [9-23]. Moreover, the semitensor product method has also been applied to
networked evolutionary games [24, 25] and feedback shift registers [26].

As one of the most important issues in the study of GRNSs, the stabilization of Boolean
control networks (BCNs) has been found to be widely applied in the design of therapeutic
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interventions and the explanation of some living phenomena [27]. The state feedback sta-
bilization of BCNs was studied in [28, 29], and a novel design procedure was established.
Later, the design of output feedback stabilizers of BCNs was investigated [30-32], and
some necessary and sufficient conditions were presented.

Note that the pinning control problem has been introduced to the study of Boolean net-
works in some recent works [33, 34]. With the pinning control, we can realize the control
objective by controlling a small number of nodes. Using the ASSR framework, the pin-
ning control design for the stabilization of Boolean networks was studied in [34], and a
novel design procedure was established. Moreover, in GRNs, some states and inputs are
undesirable because they may lead to a dangerous situation such as the deterioration of a
disease, the metastasis of a cancer [7, 35], and so on. Hence, we need put some constraints
to the undesirable states and inputs in BCNSs. It should be noticed that the pinning control
design for feedback stabilization of constrained BCNss is still a challenging problem, and
there are fewer results on this problem. In addition, the pinning stabilization control de-
sign procedure proposed in [34] cannot be directly applied to the pinning control design
for feedback stabilization of constrained BCNs. This motivates us to study the pinning
control design for feedback stabilization of constrained BCNEs.

In this paper, using the ASSR framework, we investigate the pinning control design for
feedback stabilization of constrained BCNs and present a number of new results. The
main contributions of this paper are as follows. On one hand, we convert the dynamics of
constrained BCNs with pinning control into a constrained algebraic form, which facilitates
the reachability analysis and control design of constrained BCNs with pinning control.
On the other hand, we present some necessary and sufficient conditions for the pinning
control design of feedback stabilizers of constrained BCNs, which can be easily verified
with the help of MATLAB.

The rest of this paper is organized as follows. In Section 2, we give some preliminaries on
the semitensor product of matrices. In Section 3, we investigate the pinning control design
for feedback stabilization of constrained BCNs and present the main results of this paper.
Two illustrative examples are worked out to verify the obtained new results in Section 4,
which is followed by a brief conclusion in Section 5.

Notation R, N, and Z, denote the sets of real numbers, natural numbers, and positive
integers, respectively; D := {1,0}, D" :=D x --- x D, A, := {85 | 1 <k < n}, where 85 de-
| ———

notes the kth column of [,,, and for COl‘l’lpaCthéSS, A := Ay. An n x t matrix M is called a
logical matrix if M = (82 822 ... 8't]. We express M briefly as M = §,[i1 iy --- i;]. Denote
the set of # x ¢ logical matrices by L,.«;. An n x t matrix M = (M;;) is called a Boolean
matrix if M;; € D,i=1,...,n,j=1,...,t. Denote the set of # x t Boolean matrices by B,«;.
Given a real matrix A € R”*", Col;(A) denotes the ith column of A, and Row;(A) denotes
the ith row of A; %’ denotes the Khatri-Rao product of matrices.

2 Preliminaries
First of all, we give some fundamental preliminaries on the semitensor product of matrices.
For details, we refer to [8].

Definition 1 ([8]) The semitensor product of two matrices A € R”*” and B € RP*1 is

AI><B=(A®I%)(B®I%), 1)
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where « = Icm(n, p) represents the least common multiple of # and p, and ® is the Kro-
necker product.

Obviously, when # = p, the semitensor product of A and B becomes the conventional
matrix product. Thus, we can simply call it ‘product’ and omit the symbol ‘&’ if no confu-

sion arises.

Proposition 1 ([8]) Let X € R™™! be a column vector, and A € R"™". Then
XxA=L®A) xX. (2)
Proposition 2 ([8]) Let X € R"*! aud Y € R"™ ! be two column vectors. Then
Y XX =Wy XX XY, (3)

where Wi € Lynsmn IS the so-called swap matrix defined as

Wimn) :8,,,,1[1 m+l -+ (m-1)m+1
2 m+2 - (m-1)m+2
m m+m - (n—l)m+m].

Proposition 3 ([8]) Define the matrix, M., called the k-valued power-reducing matrix,

as
5]1( 0r - O
O« 5]% e O

Mr,k = ) (4)
O Of --- 3/;

where Oy € R¥ is the zero vector.

Denoting 1 ~ 8} and 0 ~ 83, we have A ~ D, where ‘~’ denotes two different forms of
the same object. In most places of this paper, we use 83 and 87 to express logical variables
and call them the vector form of logical variables. The following lemma is fundamental
for the matrix expression of logical functions.

Lemma 1 ([8]) Let f(x1,%2,...,%;5) : D° + D be a logical function. Then, there exists a
unique matrix My € Loy, called the structural matrix of f, such that

So1%0, 0005 %6) = Mg X X - X X o= My X5 x5, % € AL (5)

For example, the structural matrices for negation (—), conjunction (A), disjunction (Vv),
conditional (— ), biconditional (<>), and exclusive Or (V) are M, = 8,[21], M. = §,[122 2],
My =6,[1112], M;=68,[1211], M =8,[1221] and M, = §,[2 11 2], respectively.

Based on Lemma 1, we can convert a BCN into an algebraic representation. For details,
refer to [8].
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3 Main results

In this section, we give the main results of this paper. Firstly, we convert the dynamics
of a constrained Boolean network with pinning control into its equivalent constrained
algebraic form, based on which we obtain a necessary and sufficient condition for the
reachability of constrained BCNs with pinning control. Secondly, we present the pinning

control design procedure for the feedback stabilization of constrained BCNs.

3.1 Constrained algebraic form

A Boolean network with # network nodes and r pinning controls can be described as
x1(t+1) = filxa (), ..., %, (8), ua (£)),

xp (£ +1) = fr(x1(2), - .., %u(2), 1, (£)),
X1 (£ +1) :fr+1(xl(t): % (2)), (6)

xn (£ +1) = fu(x1(2), ..., x4 (2)),
yi(t)=hi(x1(t)¢"'!xn(t)): i=1¢---;l97

where nodes iy, ..., i, are selected to be pinning controlled, and 1 < r < n. Without loss
of generality, we assume that i;=s,s=1,...,r.x;(t) €D, i=1,...,n,u(t) e D,i=1,...,r,
and y;(t) € D, i =1,...,p, are the states, the control inputs, and the outputs of system (6),
respectively, and f; : D"+ D, i=1,...,r, /;: D"+ D,i=r+1,...,n,and h; : D" > D,
i=1,...,p, are logical functions.

In order to convert system (6) into an algebraic form, we define x(£) = X7 x;(t) €
Agn, x1(2) = XI_1xi(£) € Agr, x*(t) = X, 1 %:(8) € Agnr, u(t) = X7_ u;(t) € Ayr, and y(¢) =
l><f:1yi(t) € Ag. Assume that the structural matrix of f; and 4; are F;, i = 1,...,n, and Hj,

i=1,...,p, respectively. Using Lemma 1, system (6) can be expressed as

2t +1) = Fuax()u () Fax()ua(t) - - - Frx()u, (£)

= Fi(lynn @ Fy)a(t)uy (£)x(t)ua (8) F3ox(t)us(t) - - - Froo(t)u,(2)

= F1(12n+1 ® F2) W[zn’zn-v-l]Mryznx(t)I/ll(t)uz(t)

X Fan(t)us(t) - - - Froo(t)u,(t)
= Ay [ [[Upneicr ® F) Wign gosicay M J()a(t)
i=2

= Lix(t)u(t), (7)
x*(t +1) = Fpqx(8)Fpi0x(2) - - - Fux(2)

=F % Fpp %% Fux(t)

= sz(t), (8)
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and
y(t) = Hix(6)Hx(t) - - - Hyx(t)
=Hy * Hy % -+ Hyx(t)
:= Hx(¢), 9)
where
P
Ll = Fl l—[[(lzmi—l & Fi)‘v[zﬂ,zn‘ri—l]Mr,Z”] € £2’><2”+V,
i=2
Mr,zn = dlag{éin, 5%,,, ey 8%: } S £22n><2n,
LZ :Fr+1 >"FHZ*"' *Fn € EZ”"XZ",
and

H=HyxHy*--- *Hp G;Cszzn.
Summarizing, we obtain the following algebraic form of system (6):

x(t +1) = Qu(t)x(t),

10
j/(t) = Hx(t)’ ( )

where Q = Ll (12n+r X LZ)W[Z”,Z””]MV,Z” W[zr’2n] S ‘[-:2")(2”*7'
Now, we consider system (10) with state and input constraints. For any ¢ € N, we assume
that x(¢) € Sy C Ay and u(t) € S, C Ayr. Let |Sy| = m; < 2" and |S,| = r; < 2", where |S|

denotes the cardinality of the set S,. Then, S, and S,, can be expressed as

Se= {88 k=1l <ij<---<iy <2}, (11)

Su={dl k=1...,r51<ji<---<ju, <2} (12)
Denote the trajectory of system (10) with a pinning control sequence {(u;(t), us(2),...,
u,(t)) : t € N} € S, and an initial state xg € Sy by %(¢; %0, (261 (£), u2(2), . .., u())).

In the following, we convert system (10) with state and input constraints into an equiv-
alent constrained algebraic form.

Define the following set of matrices:

]z'(p’q): Ogxg -+ Ogxq 14 Ogxg - Ogxql, (13)
——

ith

p

where ]i(p’q) eR??1,j=1,2,...,p, 04xq denotes the g x g zero matrix, and I; € L, is the

q X q identity matrix.
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Proposition 4 ([35]) 1. Given a matrix A € RPT", split A as

Ay

where A; € R7*", Then,
JPPA = A,
2. Given a matrix B € R™?1, split B as
B=[B, --- B,
where B; € R™1. Then,
B("?)" = B..

Based on Proposition 4, set

p— 2"’1 —
i
“I”x_ . ’
2"1
2
L/ i,
— (2r,1)_
J
\Iju = .
2"
2 ]
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(14)

(15)

17)

(18)

(19)

Denote 821 =0y, x1 and 891 = 0,,x1. Then, we convert the state x(¢£) € Ay« and input u(t) €

Ay of the constrained system into the following form:

() = Ux(t) €Sy,

() = Wu(t) €S,
where S, = {81 , 52

ny’“np’ce rn’

For system (10), let Q = [Qy,..., Qar], Q1 € Lonyon, [ €{1,...,2"}. Set

Q-1 - QI[N e ) ] B,

Jry

H=HY! € Lon,
where

Q=9.Q¥! €Byxm, lefl,...2"}.

LOMYU(80 Y and S, = {81,62,..., 81 U {82 ).

(20)

(21)
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Remark 1 Since Q is a logical matrix, we can easily conclude that each column of Q has
at most one element ‘1’

Based on the above transformation, we convert system (10) into the following form:

Rt +1) = QutR(),
A( )A Qui(£)x(t) 25)
y(t) = Hx(¢).
Proposition 5 The state trajectories of system (10) with S, and S, are equivalent to that
of system (25) with S, andS,,.

Proof On one hand, vVt e N, Vu(t) = 8];, € S,, and Vx(¢) = 8;% € Sy, if x(t +1) = Qu(t)x(t) €
Sy, say, x(t +1) = 8;@, B e{l,...,m}, asimple calculation shows that

Rt +1) = Qut)R(t) = 8L €S\ {80},

where %(¢) = 8 € S, and 7(¢) = 8, € S, If x(t + 1) = Qu(t)x(t) = 8in ¢ Sy, thenX(£ +1) =
Qu)x(t) = 821. Hence, in both cases, x(¢ + 1) = W,x(¢ + 1).

On the other hand, V¢ € N, Vii(t) = 85, €S, \ {62}, and V&(¢) = 8% €S, \ {80}, if &(¢ +1) =
Qut)z(t) € Sy \ {89, ), say, X(¢+1) = 8}, B {l,...,m}, we can obtain that

x(t+1) = Qu(t)x(t) = 82, € S,..
IfR(¢ +1) = QU(£)R(t) = 83, then
x(t +1) = Qu(t)x(¢) ¢ Sy.

Hence, we have x(¢ + 1) = W,x(£ + 1).
Therefore, the state trajectories of system (10) with S, and S, are equivalent to that of
system (25) with /S\x and §u, O

Remark 2 We call (25) the constrained algebraic form of the original system. Based on
Proposition 5, we can convert the feedback stabilization of the original system to that of
system (25).

3.2 Reachability analysis
In this subsection, we study the reachability of system (25), which is crucial to pinning
control design for the feedback stabilization.

We give the definition of the reachability for system (25) as follows.

Definition 2 For system (25), given two states %o, %, € S, \ {821} and a integer k > 0,
%, is said to be reachable from %, at time k if there is a pinning control sequence
(@), (0), ..., () with T(t) = xj7(t) € Sy \ {89}, ¢ € {1,2,...,k — 1}, such that
R(k; %o, W (2), U (), ..., Uy (£))) =R

For system (25), consider two given states Xy = 8, € S\ {80}, %a = 85 €S\ {89} and
a given integer k > 0. Let P(k;%y,%;) denote the number of different paths such that % is
reachable from X, at time k.
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Lemma 2 Consider system (25) with two given states %o = &, €3S, \ {621},35,1 = 851 €S, \
{821} and a given integer k > 0. Then,

P(k;%o,%a) = (%) (Q)F Go), (26)
where Q=Y 1\, Qi, and Q; is defined in (24).

Proof We prove this lemma by induction.

Firstly, letting k = 1, assume that u! = §;7!,4% = 8/2,..., 0 = 8/ € S\ {891} are different
control sequences such that %, is reachable from %, at one step. Let 7! = §.°1,7°*2 =
Sp, L uh = 8,'?1 €S, \ {82} be different control sequences such that ¥y cannot reach
X4 in one step. Hence, it is easy to see that (@pl),g,a =1,Vvle{l,...,s}, and (@pl),g,a =0,
Vi€ {s+1,...,m}, which implies that (3"}, ai)ﬂ,a = 5. Since (&1)(Q)®o) = X_1, @)ﬁ,a, we
have

P(1;%0,%4) = s = (%) (Q) o).

Thus, (26) holds for k = 1.
Suppose that (26) holds for an integer k > 1. Then, we consider the case of k + 1. It is
easy to see that

(@ 70 = (8) (@462 = (@Q), )
=3 (88)" (@) (5 (84) @8z,
p=1
=Y P(k; % ,%a)P(1;%0, 85,
p=1
= Plk + 1;%0, %), (27)

which shows that (26) holds for k + 1.
By induction, (26) holds for any integer k > 0. This completes the proof. O

Based on Lemma 2, we give the following result on the reachability of system (25).

Theorem 1 For system (25), %y = 8 €S, \ {89,} is reachable from % = 85, AN {69} at
time k if and only if

(d‘)m >0.

Proof By Lemma 2 we get P(k;Xo,%,) = (851 T(Qk (6% = (ak) p.o- Therefore, P(k; %o, %,) de-
notes the number of different paths from %, to %, at time k. If (Gk)ﬁ,a > 0, then there are
(ak) s« different paths from %, to %,. Thus, %; can be reached from %, at time k. Con-
versely, if % is reachable from %, at time k, then we can find at least one pinning control
sequence (71 (t), %2 (t), .., i:(t)) with T(t) = x[_7i(t) € S, \ {82}, t € {1,2,...,k — 1}, such

that X(k; %o, (741 (¢), U (¢), . . ., %,(£))) = X4, which implies that (ak),g,a = P(k;%o,%4) > 0. d
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Remark 3 From the proof of Theorem 1 we easily see that
~ o~ T = o —k
P(k; %0, %a) = (851) (Q)k(aﬂl) = (Q )ﬂ,a'

All of them denote the number of different paths such that %, is reachable from %, at

time k.

3.3 Feedback stabilization pinning control design
In this part, we study the pinning control design for the feedback stabilization of con-
strained BCNs. By Proposition 5 we consider the feedback stabilization of system (25)
based on the reachability analysis.

Firstly, we give the definition of stabilization for system (10) with S, and S,,.

Definition 3 System (10) with S, and S, is said to be stabilizable to a given equi-
librium x, € S, if there exists a pinning control sequence {(u;(t), ux(),...,u,(£)) : t €
N} C S, under which the trajectory initialized at any xy € S, converges to x, and
x(t; %0, (1 (), uz(8), ..., u, () €Sy, Ve € N.

In this paper, we study the following two kinds of feedback pinning controls:

1. State feedback pinning control:
ui(t) = Kix(t), (28)

wherel(i € szzn, i=1,...,r.
2. Output feedback pinning control:

ui(t) = Giy(0), (29)

where G; € Loy, i=1,...,r.
In the following, we consider the pinning control design for the state feedback stabiliza-
tion of system (10) with S, and S, based on the constrained algebraic form.
For system (25), let X, = W%, = (Sﬁl € §x \ {621 }. For any integer k > 0, define

Ax(®@,) = {851 elS\x \ {821} : there exists a control sequence
7(0),7(),..., 74k —1) €S, \ {87 } such that
55(/(; afl,ﬁ(o), oo ulk = 1)) =4, and

®(5:88,7(0),..., 71 - 1)) € S, \ {85}Vl € {1,...,k}}. (30)

Proposition 6 System (25) is stabilized tox, = 8, by a state feedback control if and only
if there exists a positive integer o < n; such that

1 (a)a,a >0,
2. Rowa(aa) > 0.

Proof (Sufficiency) We can see from Condition 1 and Theorem 1 that %, € A;(%,), which
implies that Ay (%) #0, Yk =1,...,0.
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Denote

AZ(ZC\e) = Ak@e) \ Ak—l@e)’ (31)

where A (%,) := @. Then, we obtain AL (%) NA;, (%) =0, Vki, ky € {1,...,0), ki # k. More-
over, by Condition 2 and Theorem 1 we have | J;_; Ap(Xe) = S\ {621 }. Thus, for any integer
i satisfying 1 <i < n;, we can find the unique integer 1 < k; < ¢ such that 821 IS A;‘(l_ (%)

For system (25), set Q = 8, [i1, th2s...» sy ] When k; = 1, we can find an integer 1 <
w; < ry such that a X Syl X 821 = 651(“)"_1)”1” =%,. When 2 < k; < o, we can find an integer
1 < w; < ry such that Q x 8/ i 8, = 651("”'71)"1” € Ag1(Re).

Let
K =4, lo,w,...,00] € Ly xn. (32)
Then, for any initial state %o = &/, € S\ {89}, if k; = 1, then we obtain
o~ A A A AN A Hoj-Dnp+i  ~
%(L;%0, u) = Quixo = QKXoXo = 8y =%e;

if 2 < k; <o, we have

PGPS A AN~ H(w;— i
%(1;%0, ) = Quxog = QKXoXo = 5n1(ml ot e Ag1(Xe).

Hence, X(k;; %o, %) = %, V1 < i < ny, and Z(£; %0, %) € Sy \ {821}, VO <t <k;—1. Sincex, €

A1(%X.), we obtain
bR, 1) =Re,  VE>0,¥R €S, \ {80},

which implies that system (25) is stabilized to %, = 8y, by the state feedback control u(t) =
Kx().

(Necessity) The proof of this part is based on a straightforward calculation, and thus we
omit it here. d

Based on Propositions 5 and 6, we have the following result.

Theorem 2 System (6) with S, and S, is stabilized to x, by a state feedback control if and

only if there exists a positive integer o < ny such that (Q)y,q > 0 and Row,, Q") >o0.

From the proof of Proposition 6 we get the following procedure for the pinning control
design of state feedback stabilization of constrained BCNs.

Remark 4 The procedure contains the following steps:
1. Calculate Ax(%.) and AY(%,), k=1,...,0.
2. For every integer 1 < i < my, find the unique integer 1 < k; < o satisfying 821 €Ay, (*e).

=7%,; if k; > 2, then

w;—-1)ny +i

. . . u
3. Find an integer 1 < w; < ry such that if k; = 1, then 8,,1(
Il(wi—l) +i o~
(Snl e € Ak,'—l(xe)~
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4. The state feedback pinning control can be designed as u;(¢) = Kix(¢), i = 1,...,r, with
K %Ky * -+ - % K, = K, where K =8y [py,...,pon], and

pt:j(b‘p ift:ipype{l,...,nl},
Pr€{jis...,jn} otherwise.

(33)

Finally, we discuss the pinning control design for the output feedback stabilization of

constrained BCNs. To this end, we recall the definition of a nilpotent matrix.

Definition 4 A nilpotent matrix N is a square matrix such that N* = 0 for some positive

integer k. The smallest such & is called the degree of N.

For system (25) with an output feedback control z(t) = @(t), Ge Ly, <o, we have

-~

(¢ +1) = Qu(R(E) = QGY(B)A(t) = QGHM, , 2(2), (34)

where M,,, = diag{s} ,5>

ny2 s e 82{ }. Then, we have the following result on the output feed-

back stabilization of system (25).

Theorem 3 System (25) is stabilizable to'x, = 8,, by an output feedback control if and only

if there exist a logical matrix Ge Ly xor and an integer 1 < v < n; such that

Al 3 Ay
QGHMr,n1 = é-l 1 4-2 (35)
Az Ly Ag
and
A A, 6)
Az Ay

is a nilpotent matrix of degree tv, where Ay € B_1)x(a-1) A2 € Ba-i)x(m-a), A3 €
B -y x@-1)s Aa € Biuy—a)x(m-«)» $1 and o are some proper Boolean row vectors, and {3

and ¢4 are zero column vectors.

Proof (Sufficiency) Since

A Ay
o 4 o

is a nilpotent matrix of degree 7, we see that

t
A A
L | (38)
A; Ag
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for any integer ¢ > 7, which, together with a simple calculation, shows that

0 0 0
(QGHM, ) = |1 1 1| =8yla,a,...,a] (39)
0 0 0
for any integer £ > 7.
Hence, we obtain from (34) that
#(t) = (QGHM;,)'%(0) = %, (40)

for any %(0) € S\ {821} and any integer ¢ > t.

Therefore, system (25) is stabilizable to ¥, = 8,, by the output feedback control u(t) =
Gy().

(Necessity) Suppose that system (25) is stabilizable to x, = 8y, by an output feedback
control, say, u(t) = ’G“y(t). Then, we can find the smallest integer 1 < 7 < i; such that (40)
holds for any %(0) € §x \ {821} and any integer ¢ > 7. Hence, (Q/GﬁMr,nl)T =6y la,,...,al.

Split QGHM,.,,, € L, xy, into the following blocks:

Al 3 A
QGHMr,m: & A &
A3 s Ay

where A € {0,1}, A1 € Ba-yx(@-1)» A2 € Bla—)x(m-a)» A3 € Bun-a)x(@-1)» Aa € By —a)x(m—a)s
& and ¢, are some proper Boolean row vectors, and ¢3 and ¢4 are some proper Boolean
column vectors.

It is easy to see from a@ﬁM”ﬂ'@ =%, that A =1, and ¢3 and ¢4 are zero column vectors.

In the following, we prove that

Ao | A
Az Ay
is a nilpotent matrix of degree 7.
We can easily see from (G@ITIMN,I)’ =0y la,,...,a] that AT = 0, which shows that A

is a nilpotent matrix. If its degree is less than 7, then there exists a positive integer 7’ < t
such that A” =0, and thus

(’Q\aﬁ[Mhnl)r/ = 8}11 [a’ a1 LXXS ,C(],

which is a contradiction to the minimality of 7. This completes the proof. 0

Remark 5 Based on Theorem 3 and Algorithm 1 presented in [32], we can design an
output feedback gain matrix, say, G = 8, [wi,wy,...,ww], under which system (25) is
stabilizable to ¥, = d;; . Then, the output feedback pinning control can be designed as

ui(t) = Giy(t), i=1,...,r, with Gy x Gy * - - - % G, = G, where G = 8or [juy, -+ jw,p |-
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Remark 6 It should be pointed out that the pinning control design for the state feedback
stabilization of Boolean networks was studied in [34], and a novel design procedure was
established. Compared with [34], our main results have the following advantages: (i) we
established some necessary and sufficient conditions for the pinning control design of both
state feedback and output feedback stabilization problems, whereas [34] only considered
the state feedback stabilization problem; (ii) our results are applicable to the pinning con-
trol design for the state feedback stabilization of constrained BCNs.

4 lllustrative examples
In the section, we give two illustrative examples to show how to use the obtained results
to design pinning control for feedback stabilization of constrained BCNs.

Examplel Consider the following Boolean model to simulate the A phage, which is a virus
growing on a bacterium. The virus can only follow one of two different pathways: lysogeny
or lysis, after injecting chromosome into the bacterium cell. The molecular mechanism
responsible for the lysogeny/lysis decision is known as A switch [36]. For example, two
genes, cl and cro, directly affect the decision. When cl is active (inactive) and cro is inac-
tive (active), the phage is in the lysogenic (lytic) state, and whether lysogenic state will be
established or not depends on five phage genes, cI, cro, cl, cIlII, N, and the environmental
state. More details can be found in [37]. Its dynamic can be described in the form

cl(t +1) = (—cl(t)) A (N(2) V Il (t) A ult),

clII(t + 1) = (—=cl(t)) AN(E) A u(t),

N(t+1) = (—cl(t)) A (—cro(t)), (41)
cl(t +1) = (—cro(t)) A (cI(t) Vv cll(t)),

cro(t + 1) = (—cl(¢)) A (—cll(2)),

where u(t) is a binary input that represents whether environmental condition is favorable

or not.

Letting x(t) = cII(t)cIII(t)N (t)cI(t)cro(t), we obtain the following algebraic form:
x(t +1) = Qu(t)x(t), (42)

where

Q=0335[3230 8 2 323016103230 8 2 32301610
3230 7 3323031273230 7 3 32303127
32303226323032263230322632303226
32303127 323031273230 31273230 31 27].

In this example, several environmental conditions including concentration of nutrition,
growth rate, temperature, and multiplicity of infection can influence the cII and cIII genes.
If the environmental conditions are favorable, then the cII and cIII genes are highly active,
and the cII gene product turns the cI gene on. The cI gene inhibits all other genes in-
cluding cro, and the lysogenic state is established. If the environmental conditions are not
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favorable, then the genes cII and cIII are not activated, the cro gene remains active, and
its product represses the cI gene. Thus, the lytic state is established.

Due to the limitation of the environmental conditions, we constrain the state in S, =
(513,633,627, 82).

By Theorem 2 and Remark 4 we can design 23° state feedback pinning controls that
stabilize system (41) with S, to the equilibrium 83} (the Iytic state), and one of them is

u(t)=8,[1212121212121212122112211221122 1]x(2).
Example 2 Consider the following BCN:

x1 (¢ +1) = x2(8) V a (2),

xo(t +1) = (x3(8) = x1(2) V ua(8),

x3(t +1) = —3(2); (43)
1(8) = x2() V x3(8),

Ya2(t) = (x1(£) Axa(8) V (m1(E) A (w2(8) <> x3(8))).

Setting x(¢) = x?zlxi(t), u(t) = M?zlui(t), and y(t) = x%zly,-(t), we obtain the following al-
gebraic form:

x(t +1) = Qu(t)x(t),
y(t) = Hx(2),

(44)

where
Q=84[22221111226611552424111124681155]
and
H=6411241223].

We assume that S, = {83,82,83,84,83,85}, and S, = {85,63,83,8;). We aim to design an
output feedback pinning control such that system (43) with S, and S, is stabilized to x, =
52.

Based on Theorem 3 and Algorithm 1 presented in [32], we can obtain eight output
feedback pinning control gain matrices; one of them is K3 =8,[1121], Ky =8,[1111].

5 Conclusion

In this paper, we have studied the pinning control design for feedback stabilization of con-
strained BCNs. We have obtained the constrained algebraic form for constrained BCNs
with pinning control via the semitensor product of matrices. We have given a necessary
and sufficient condition for the reachability of constrained BCNs. We have proposed a
procedure for the pinning control design of state feedback stabilization of constrained
BCNs. Moreover, we have presented a necessary and sufficient condition for the output
feedback stabilization of constrained BCNs with pinning control. The study of two illus-
trative examples has shown that the new results obtained in this paper are very effective.
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