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Abstract

In this paper, the problem of existence of periodic solution is studied for p-Laplacian
Liénard equations with singular at x = 0 and x = +00. By using the topological degree
theory, some new results are obtained, and an example is given to illustrate the
effectiveness of our results. Our research enriches the contents of second order
differential equations with singularity.
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1 Introduction

The problem of periodic solution for ordinary differential equations with singularities has
attracted much attention of many researchers because of its background in the applied
sciences [1-6]. Lazer and Solimini in [7] considered in 1987 problems of periodic solutions
for the equation with a singularity suggested by the two fundamental examples

X+ —= ]’l(t) (11)
X

(attractive restoring force) and

X - 1 h(t) (1.2)

X

(repulsive restoring force), where & > 0 is a constant and /#: R — R is a T-periodic contin-
uous function. A necessary condition for the existence of a positive T-periodic solution
of equation (1.1) is that / > 0, and a necessary condition for the existence of a positive
T-periodic solution for equation (1.2) is that / < 0, as shown by integrating both members
of the equations from 0 to 7. By using the techniques of upper and lower solutions in
equation (1.1) and the methods of Schauder fixed point theory in equation (1.2), respec-
tively, they have shown that those conditions are also sufficient if, in equation (1.2), one
assumes in addition that « > 1. Jebelean and Mawhin in [8] considered the problems of a
p-Laplacian Liénard equation of the form

(|%]7*%) +f @ + @) = h(2) 13)
and

(1) + f - go) = e, 14)
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where p > 1 is a constant, f : [0, +00) — R is an arbitrary continuous function, #: R — R
is a T-periodic function with /1 € L*°[0, T']. They extend the result of Lazer and Solimini
in [7] to p-Laplacian-Liénard equations. We notice that all the restoring force terms in the
equations studied by [7, 8] are not singular at x = +00. So far, to the best of the authors’
knowledge, there are few results for the problem of equation with singular at x = +00. For
example, Zhang in [9] studied the problem of periodic solutions of the Liénard equation
with a repulsive singularity at x = 0 and a small singular force condition at x = +o0,

&+ fx)x +g(t,x)=0, 0<t<T.

By using Mawhin’s continuation theorem of the coincidence degree theory [10], some re-
sults on the existence of periodic solutions were obtained. In [11], Wang further studied
the existence of positive periodic solutions for a delay Liénard equation with a repulsive
singularity at x = 0 and a small singular force condition at x = +00,

& +f)x +g(tx(t-1))=0, 0<t<T.

In [12-14], the problem of existence of periodic solutions for some p-Laplacian Liénard
equations were studied. However, the restoring forces term in these equations are all in-
dependent of variable ¢.

Motivated by the above mentioned work, in this paper, we study the existence of positive
T-periodic solutions for p-Laplacian-like operators with singularity of the form

(I [72%) + ) + @) + g2t %) = h(D) (1.5)

and

(|¥[72%) +f@)x’ - @) + o, %) = hi(2), (1.6)

where p > 1 is a constant, f : [0,00) — R is an arbitrary continuous function, g : R x
[0, +00) — R is a continuous function with g5 (¢ + T, x) = g2 (¢, x) for all (£,x) € R x [0, +00),
g € C((0, +00), (0, +00)) and limy_, o4 g1(x) = +00, 1 : R — R is a T-periodic function with
h € I}([0, T],R). From the corresponding definitions in [3, 7—9], we see that equation (1.5)
and equation (1.6) are all singular at x = 0 and equation (1.5) is of attractive type and equa-
tion (1.6) is of repulsive type.

The interesting thing is that the main results in this paper can be applied to any damping
forces term f(x)x’ without imposing more conditions on it than that of f € C([0, +00), R),
and we not only consider equation (1.6) with a repulsive singularity at x = 0, but we also
consider equation (1.5) with a attractive singularity at x = 0. Furthermore, for equation
(1.5) and equation (1.6), besides g (x) being singular at x = 0, we allow g>(Z, x) to be singular
at x = +00. Of course, a further growing restriction on g (t,x) with respect to variable x
will be needed.

2 Preliminary lemmas
The following two lemmas (Lemma 2.1 and Lemma 2.2) are all consequences of Theo-
rem 3.1 in [15].
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Lemma 2.1 Assume that there exist constants 0 < My < My, My > 0, such that the following

conditions hold.
1. For each A € (0,1], each possible positive T-periodic solution x to the equation

(| ]7w) + Af )i’ + rgi(w) + Aga(t, u) = Mh(e)

satisfies the inequalities Mo < u(t) < My and |u'(t)| < M, for all t € [0, T].
2. Each possible solution c to the equation

1 [T ,
g1(0)+?/ o(todt—h=0
0

satisfies the inequality My < ¢ < M;.
3. We have

T T
(gl(Mo) - /0 gz(r,Mo)dr—i«> (gl(Ml) - / gz(r,Mndt—E) <0.

0

Then equation (1.5) has at least one T-periodic solution u such that My < u(t) < M for all
te[0,T].

Lemma 2.2 Assume that there exist constants 0 < My < My, My > 0, such that the following

conditions hold.
1. Foreach A € (0,1], each possible positive T-periodic solution x to the equation

(17w + Af ()’ = Agu(u) + Aga(t, ) = Ah(e)

satisfies the inequalities My < u(t) < My and |u'(t)| < M, forall t € [0, T].

2. Each possible solution c to the equation

1 (T _
g1(C)——/ H(tdt+h=0
T Jo

satisfies the inequality My < ¢ < M;.
3. We have

T T
(gl(Mo) -z /0 (6, Mo)dt - 12) (g1<M1) -z /0 @2(t, M) di - 12) <0.

Then equation (1.6) has at least one T-periodic solution u such that My < u(t) < m; for all
te[0,T].

Lemma 2.3 [5] Let u be an arbitrary function in W ([0, T], R") with u(0) = u(T) = 0, then

T , 1/p , T/ ) 1/p
(/0 |u(t)| dt) §?</0 4G dt) ,

_ 2x(p-1)'?
where ), = W,p € (1, +00).
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In order to study the existence of positive periodic solutions to equation (1.5) and equa-
tion (1.6), we list the following assumptions:

(Hy) liminf,_ o+ [g1 () + g2 (£, 1) — 1] > 0 uniformly for all ¢ € [0, T'];
(Ha) limsup,_, . [g1 (&) + g2(t, u) — h] <0 uniformly for all ¢ € [0, T'];
(Hs) liminf,_ o+ [g1(x) — go(t, 1) + ] > 0 uniformly for all £ € [0, T];
(Ha) limsup,_, .. [g1() — g2(t, u) + h] <0 uniformly for all ¢ € [0, T7.

Now, we embed equation (1.5) and equation (1.6) into the following two equations family
with a parameter A € (0, 1), respectively,

(| |p72x’)/ + M (0)x" + Ag1(x) + Ag(t, %) = Ah(r), 1 €(0,1] (2.1)
and
(|¥[2%) + Af@)x = Agi (%) + Aga(t,%) = Ah(e), A € (0,1]. (2.2)
Lemma 2.4 Assume that assumptions (Hy) and (Hy) hold, then there exist constants D;
and D, with 0 < D; < Dy such that
(1) for each possible positive T-periodic solution u(t) of equation (2.1), there exist
to,t1 € [0, T such that

u(ty) >Dy  and u(ty) < Dy;

2) gi(w)++ fOng(t, u)dt —h >0 for all u € (0,D,], and gy (u) + 1 fOng(t, u)ydt—h<0
forall u € [D,, +00).

Proof Assumption (H;) implies the existence of some D; > 0 such that
gl(u) +g2(t’ 14) - ]jl > 07 (2.3)
whenever (t,u) € [0, T] x (0, D;]. Consequently,
1 [T .
a(u)+ T / Stu)dt—h>0 forallue(0,D]. (2.4)
0

Let u(t) be a positive T-periodic solution to equation (2.1). If 0 < u(¢) < D, forall t € [0, T,
it follows from (2.3) that

a(u(®) + & (tu®)) ~h>0, Vtel0,T]
and hence
1 [T _
T «/0 [g1 (u(t)) +9 (t, u(t)) - h] dt>0. (2.5)

But, by integrating equation (2.1) over [0, T] and using the periodic condition, we have

1 T 1 T _
0=— /0 [g1(u(®)) + &2 (t, u(®)) - h(t)] dt = T /0 [g1(w) + g2 (t,u) — h] dt, (2.6)
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which contradicts (2.5). This contradiction implies that there is a #y € [0, T] such that
u(ty) > Dy. (2.7)
On the other hand, assumption (H,) implies the existence of some Dy > D; such that
&) +g(t,u)—h <0, (2.8)

whenever (t,u) € [0, T] x (D5, +00) and then
1 T -
a(u)+ = / o(tu)dt—h>0 forall u € (D,,+00). (2.9)
0

Let u(t) be an arbitrary positive T-periodic solution to equation (2.1). If u(¢) > D, for all
t € [0, T], then by (2.8) we have

1 T
?/O [gl(u(t)) +gz(t,u(t))—h(t)] dt

1

T
== /0 [g1(u®)) + g2 (t, u(®)) - h]dt < 0. (2.10)

Comparing (2.6) with (2.10), we see that there exists some #; € [0, T'] such that
u(ty) < D,. (2.11)

Clearly, (2.7) and (2.11) ensure that conclusion (1) of Lemma 2.4 holds, and conclusion (2)
of Lemma 2.4 follows from (2.4) and (2.9). a

By a similar arguing to the proof of Lemma 2.4, we obtain the following result.

Lemma 2.5 Assume that assumptions (Hs) and (Hy) hold, then there exist constant 0 <
D3 < Dy such that
(1) for each possible positive T-periodic solution u(t) of equation (2.2) there exist
to, t1 € [0, T such that

u(ty) >Ds and u(ty) < Dy;

2) @) -+ fOng(t, u)dt +h >0 for all u € (0,Ds), and g (u) - 1 fOng(t, uwydt+h<0
forall u € [Dy, +00).

3 Main results
Theorem 3.1 Assume that (H;) and (H,), together with the following assumptions, hold:

(Hs) [y & () du = +o0;

(He) there are constants a > 0 and b > 0 such that |g(t,u)] < auw?™ + b for all (t,u) €
[0, T] x (0, +00);

(H7) (2aT)% (717’”)[’7_1 < 1, where T, is a positive constant which is determined by Lemma 2.3.

Then equation (1.5) has at least one positive T-periodic solution.
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Proof First of all, we will show that there exist M;, M, with M; > D; and M, > 0 such that

each positive T-periodic solution u(t) of equation (2.1) satisfies the inequalities

u(t) < My, |u’(t)| < My. (3.1)
In fact, if u is a positive T-periodic solution of equation (2.1), then

(|u’ ’pizu/)/ + M (W)u' + Ag(u) + Ag(t,u) = M), A €(0,1]. (3.2)

Integrating (3.2) over the interval [0, 7], we have

T T T
/‘gQMMH/Q@@MMﬂzflMML (3.3)
0 0 0

Multiply (3.3) with u(¢) and integrating it over the interval [0, T'], we have

T

T T T
/ |/ (t)|" dt = A/ g (u(0))u(t) dt + A/ ot u®))ut)dt - A/ h(t)ult) dt,
0 0 0 0

which together with (3.3) yields

T T T
| W OP <atus [ o) dr st [ et
0 0 0
T
+A|u|m/0 \h(t)| dt
T T
skluloofo [h(t)—gz(t,u(t))]dtﬂluloofo & (6 u(®))| dt
T
+A|u|oo/o |n(z)| dt
T T
§2x|u|oo/0 |g2(t,u(t))|dt+2k|u|oo/(; |h(t)| dt. (3.4)

It follows from (Hg) that

T T
/|u’(t)|p§2|u|oo(a/ |u(t)|"‘1+bT+||h||L1).
0 0

With ¢, given by Lemma 2.4,

u(t) = u(ty) + /[ u'(s) ds,

4

and hence, by the Holder inequality, we get

L/ [T 7
u(t)<Dy + T4 (/ \u’(t)|p dt) (3.5)
0
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}7 % =1). This together with (3.4) gives

T . T : T
f|u/(t)|pdt§2[D2+Tq(/ |u/(t)|pdt> ][a/ |u(t)|p_1dt+bT+||h||L1}
0 0 0
T 1
2| Dy + T / pd)"]
< [2+ (fo |/ (¢)|” dt

p

L 7
y [m (/ \u(t)r’dt) SBT + ||h||L]}
0

1 T v
<2aD,T?r </ lu(®)|” dt)
0
p-1

T 5/ rT &
+ 2aT( / W' @) dt) < / |u(e)[” dt)
0 0

1 LN v
+2Tq(bT+||h||L1)</ AG] dt) +2D,(bT + || hll,)- (3.6)
0

forall £t € [0, T] (

—

—

Let v(£) = u(t) — u(ty), then v(#;) = 0 = v(#; + T). By using Lemma 2.3, we have

' om0
([ o -utwrra)” <%( ["wer)'s

and then

( / lu®)|” dt) < / |u(t) - u(tr) + u(tr) [’ dt)
T ;, T }7
< ( /0 |u(t)—u(t1)|Pdt> + ( /0 |u(t1)|pdt>

T =
5@(/ |u/(t)|pdt>p+D2T!1’.
T \Jo

By substituting into (3.6), we get

T T 1 p-1
f |u/|pdt < 2aD2T}’ [Q(/ |u’(t)|pdt>p +D2T11’i|
0 T \Jo
T Pl T 2 el
+2aT</ ’u/|pdt) [%(/ |u’(t)|pdt> +D2TE:|
0 0

- 1
+2T4 (BT + ||hll,) </ /| dt>p +2D, (BT + h]1,),
0

(1-ar (% )"7)(/ |u<t>|pdt)
S(ZaDZTP)Il’C;f)pT(/ |u(t)|”dt>

|":
L
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1l pd 1
+(2aD,TP)PD,” T/ + [2D5(bT + |1hl1,)]?
1 ) r e

+(2aT)17(D2TP)7<f’ |pdt)
1
1,1 l P’
+(2T7)7 (T + ||k, p(/ |/ t)]"dt)
L (7,\ 7 2
(2aD2TP)P<ﬂp> (/ |u(r)|"dt>
T 0
p-1 pl 1
p

(2aD2Tp)pD T 7 +[2Dy(bT + ||kl1,)]

[(2aT)z%(D2Tq) 5 +2me (T + |Ihllz,) 37 </ |/ (¢ y"dt)

M"_‘

Page 8 of 12

Since r% > max{ [%, 1;;21}, it follows from (Hs) that there exists a positive constant C; such

that

r ;
( / |u/(t)|pdt) <Ci.
0

Then, by (3.5), we get

u(t)<D2+T%C1 =M; forallteR.

Now, if z attains its maximum over [0, T] at ¢, € [0, T], then #//(t;) =

(3.2) that

|u’(t) |p_2u’(t) = k/ [f () - g1 (u) — g (t,u) + h(2)] dt

15}

forall ¢ € [0, T]. Thus, if F' = f, then

W @) < A|F(u(t)) - F(u(ta))]

T
<2A OlgfixR‘F(u)’ + A/(; ’gz(s, u(s))’ds

T T
+k/0 ’gl(u(s))|ds+)»[; ‘h(s)‘ds.

Since g; € C((0, +00), (0, 00)), it follows from (3.3) that

T T T T
ds = d . d h(s)|ds.
/0 |g1(u(s))| s /0 a1(u(s)) sffo }gz(s u(s))| s+/0 | (s)| s

Substituting it into (3.8), we have

T T
|w(t) |19—1 <2\ OIQI?SXR!F(MH + 2)»/0 !gz(s, u(s))!ds + ZAfO |h(s)| ds.

f’gz s, u ’ds+)»/ 1(u(s)) ds+k/’h ’ds

3.7)

0 and we deduce from

(3.8)



Lu et al. Advances in Difference Equations (2016) 2016:146 Page 9 of 12

Using (Hg), we obtain
|/ (2) ’pfl <2\ OmaxR|F(u)’ + ZA(aMf_l +bT + ||hlL,).
<us

Thus, we have

W@ <rCy VEe0,T), (3.9)
and then
1
/()| < CY™ :=M,, Vtel0,T], (3.10)

where C, = 2 maxo<y,<r |F(u)| + Z(aM‘f_1 +bT + ||h||1,) +1. Equations (3.7) and (3.10) ensure
that (3.1) holds.

Below, we will show that there exists a constant M, € (0, D), such that each positive
T-periodic solution of equation (2.1) satisfies

u(t)>M, forallte[0,T]. (3.11)

Suppose that u(¢) is an arbitrary positive T-periodic solution of equation (2.1), then u(z)
satisfies equation (3.2), i.e.,

(|« |p_2u’)/ + M () + Ag1(w) + Mgy (t, u) = Mha(t), A €(0,1). (3.12)

Let ¢y be determined in Lemma 2.4. Multiplying (3.12) by #'(¢) and integrating over the
interval [to, t] (or [t,%]), we get

/ (|u’(s) \p_zu'(s))/u’(s) ds + A/ f(u(s)) (z,/(s))2 ds

to

+)L/ gl(u(s))u’(s)dS+A/ gz(s,u(s))u/(s)ds

Lo to

= )L/th(s)u'(s) ds, X’e(0,1). (3.13)

Set y(¢) = |u/(¢)[P~24/(¢), then y(¢) is absolutely continuous and #/(¢) = |y(¢)|72y(t), where
q € (1, +00) with 117 + % =1.So

f(]u’(s)\pizu’(s))/u’(s)ds

t

_ @1 @)l W@ ()P
q q q qa

- f ()| 2y(8)y (5) s

Substituting into (3.13), we get

WP
q

W o [ (e a

t t t
:—A/ gl(u)u’dt—k/ gz(t,u)u/dt+A/ h(t)u dt,

to to to
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which yields the estimate

ulto) W Or to>|
A/M([) as)ds < /lf(u)|

q

A/ |g2(t,u)||u’|dt+k/ |n(t)u | dt.
0 0
From (3.9) we get

_p_
22.CY

u(to)
A / @) ds <
u(t)

+A(OEHEXMZ[f(z4)|)TC’ﬁ

1 1

+ 2@+ bT)CET + AL CE

which gives

u(to)
/ g1(s)ds < Cs forallte [to,to+ T] (3.14)
u(t)
with
&
2Ct” = P
Cy = —2—+ ( max |f( u)I)T + (aMf™ + bT)CET + 1, €Y
q 0<u<M>

From (Hg) there exists My € (0, D;) such that
Dy
/ g(s)ds> Cs forall n € (0, My]. (3.15)
n

Therefore, if there is a t* € [£y, £y + T] such that u(t*) < My, then from (3.15) we get

u(to) Dy
/ gi(s)ds > / a(s)ds > Cs,
u(t*) u

(%)

which contradicts (3.14). This contradiction shows that u(¢) > M, forall ¢t € [0, T]. So (3.11)
holds. Let mq € (0, M) and m; € (M; + Dy, +00) be two constants, then from (3.2) and
(3.11), we see that each possible positive T-periodic solution u satisfies

mg < u(t) < my, |u’(t)| <M.

This implies that condition 1 and condition 2 of Lemma 2.1 are satisfied. Also, we can
deduce from Lemma 2.4 that

1 [T -
gl(c)+?/ g(t,c)dt—h>0 force(0,mp]
0
and

1 [T -
a(c) + 7/ &(t,c)dt—h<0 force [my,+00),
0
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which results in

I . I .
a(mo) + — / ot,mo)dt —h || @(my) + / &(t,m)dt-h) <0.
T Jo T Jo
So condition 3 of Lemma 2.1 holds. By using Lemma 2.1, we see that equation (1.5) has at

least one positive T-periodic solution. The proof is complete. d
By using Lemma 2.5 and Lemma 2.2, we can obtain the following result.

Theorem 3.2 Assume that (Hs) and (Hy), together with the following assumptions hold:

(Hs) [, g1(u)du = +oo;
(He) there are constants a > 0 and b > 0 such that |g(t,u)] < auw?™ + b for all (t,u) €
[O’ T] X (01 +OO);

1 pr=1
(Hy) (aT)e (%”) 7 <1, where m, is a positive constant which is determined by Lemma 2.3.

Then equation (1.6) has at least one positive T-periodic solution.

Example 3.1 Consider the following equation:

&(t) + f (x(2))x' (2) + x%(t) - a<1 + % sin t)x(t) =cost, (3.16)

where f is an arbitrary continuous function, a € (0, %) is a constant. Corresponding to
equation (1.5), we can assume that g1 (1) = u% ,&(t, u) = a(l+sint)u, and h(t) = cos t. By sim-
ple calculating, we can verify that assumptions (H;)-(H,), (Hs)-(H7) are all satisfied. Thus,
by using Theorem 3.1, we see that equation (3.16) has at least one positive 27 -periodic so-

lution.
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