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Abstract
In this paper, we study a sequential fractional q-integrodifference equation with
fractional q-integral and q-derivative boundary value conditions. Our problem
contains two different fractional orders and six different numbers of q in derivatives
and integrals. By using Banach’s contraction principle and Krasnoselskii’s fixed point
theorem, some new existence and uniqueness results are obtained. An illustrative
example is also presented.
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1 Introduction
In the th century, the intensive works on q-difference equations have became inter-
esting subject of research work [–] in the areas of mathematics and applications such
as the applications to orthogonal polynomials and mathematical control theories. Basic
definitions and properties of q-difference calculus can be found in the book []. For the
fractional q-difference calculus originating with work by Al-Salam [] and Agarwal [],
we refer to the book of Annaby and Mansour []. Many intensive works on q-difference
equations and fractional q-difference equations have been conducted (see [–]). How-
ever, the study of the boundary value problem of nonlinear q-difference equations is in
deficiency. Examples of such scant works are as follows.

In , Agarwal et al. [] proposed the nonlinear q-integrodifference equation with
non-separated boundary condition given by

⎧
⎨

⎩

D
qu(t) = f (t, u(t)) + Iqg(t, u(t)), t ∈ Iq,

u() = ηu(T), Dqu() = ηDqu(T),
(.)

where f , g ∈ C(Iq ×R,R), Iq = [, T] ∩ qN̄ , qN̄ := {qn | n ∈ N} ∪ {}, T ∈ qN̄ , and η �= . They
presented sufficient conditions for the existence and nonexistence results of problem (.).

In [], Ahmad et al. investigated the existence of solutions for the Caputo fractional
q-difference integral equation with two different fractional orders and nonlocal boundary
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conditions

⎧
⎪⎪⎨

⎪⎪⎩

cDβ
q (cDγ

q + λ)x(t) = pf (t, x(t)) + kIξ
q g(t, x(t)), t ∈ [, ),

αx() – β(t(–γ )Dqx())t= = σx(η),

αx() – βDq() = σx(η),

(.)

where β ,γ , ξ ∈ (, ), f , g are given continuous functions, λ, p, k are real constants and
αi,βi,σi ∈R, ηi ∈ (, ), i = , .

Recently, Sitthiwirattham [] discussed the existence results of solutions to a fractional
q-difference equation and a fractional q-integrodifference equation,

Dα
q x(t) = f

(
t, x(t), Dν

wx(t)
)
, (.)

Dα
q x(t) = f

(
t, x(t),
γ

w x(t)
)
, t ∈ [, T], (.)

with nonlocal three-point fractional p-integral boundary conditions of the form

⎧
⎨

⎩

x(η) = ρ(x),

Iβ
p g(T)x(T) = 

�p(β)
∫ T

 g(s)(T – ps)(β–)x(s) dps = ,

where p, q, w ∈ (, ), α ∈ (, ], ν ∈ (, ], β ,γ > , and η ∈ (, T) are given constants, f ∈
C([, T] × R × R,R), g ∈ C([, T],R+) are given functions, and ρ ∈ C([, T],R) → R is a
given functional. For ϕ ∈ C([, T]× [, T], [,∞)), define 


γ
w x(t) := (Iγ

wϕx)(t) = 
�w(γ )

∫ t
 (t –

ws)(γ –)ϕ(t, s)x(s) dws.
To gain further insight in nonlinear q-integrodifference equations, in this paper, we de-

vote our attention to the study of the existence and uniqueness for a sequential q-integro-
difference boundary value problem involving two different fractional orders and six dif-
ferent numbers of q in derivatives and integrals of the form

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

Dq[ρ(t)Dγ
p (κ + Do)]x(t) = f (t, x(t), Dw[eκt

o x(t)],
vx(t)),

x() = x(T),

(Do[eκt
o x(t)])t= = Do[eκT

o x(T)],

Iθ
r σ (T)x(T) = ,

(.)

where t ∈ IT
α := {αkT : k ∈N} ∪ {, T}; γ , θ ∈ (, ], p = p

p
, q = q

q
, o = o

o
, r = r

r
, w = w

w
, v =

v
v

, and α = 
LCM(p,q,o,r,w,v) are proper fractions with w ≤ o, LCM is the least common

multiple; κ ≤ 
T ; ρ,σ ∈ C(IT

α ,R+) and f ∈ C(IT
α × R × R × R,R) are given functions; and

for ϕ ∈ C(IT
α × IT

α , [,∞)), define 
vx(t) := (Ivϕx)(t) =
∫ t

 ϕ(t, s)x(s) dvs.
From our problem, we see that there are six different values of the q numbers consist-

ing of q, p, o, w-derivatives and v, r-integrals. This paper is organized as follows. We give
some basis definitions, some properties of the q-difference operator and lemma as ma-
terial used for this study in Section . To achieve proving the existence and uniqueness
of solution of the given problem (.), we employ Banach’s contraction mapping principle
and Krasnoselskii’s fixed point theorem in Section . Using our main results, we provide
an example in Section .
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2 Preliminaries
In the following, there are notations, definitions, and lemmas which are used in the main
results. Let q ∈ (, ) and define

[n]q :=
 – qn

 – q
= qn– + · · · + q +  and [n]q! :=

n∏

k=

 – qk

 – q
, n ∈R.

The q-analog of the exponential function is

ex
q :=

∞∑

k=

xk

[k]q!
.

The q-analog of the power function (a – b)(n) with n ∈N := [, , , . . .] is

(a – b)() := , (a – b)(n) :=
n–∏

k=

(
a – bqk), a, b ∈R.

More generally, if α ∈ R, then

(a – b)(α) := aα

∞∏

n=

 – ( b
a )qn

 – ( b
a )qα+n

, a �= .

Note that if b =  then a(α) = aα . We also use the notation (α) =  for α > . The q-gamma
function is defined by

�q(x) :=
( – q)(x–)

( – q)x– , x ∈R \ {, –, –, . . .},

and satisfies �q(x + ) = [x]q�q(x).
For any x, s > , the q-beta function is defined by

Bq(x, s) :=
∫ 


t(x–)( – qt)(s–) dqt

= ( – q)
∞∑

n=

qn( – qn+)(α–)(qn)(x–) =
�q(x)�q(s)
�q(x + s)

.

Definition . [] For q ∈ (, ), the q-derivative of a real function f is defined by

Dqf (t) =
f (t) – f (qt)

( – q)t
and Dqf () = lim

t→
Dqf (t).

For higher order q-derivatives of f , we define

Dn
qf (t) = DqDn–

q f (t), n ∈N and D
qf (t) = f (t).

Next, if f is a function defined on the interval [, T], q-integral is defined as

Iqf (t) =
∫ t


f (s) dqs =

∞∑

n=

t( – q)qnf
(
tqn).
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Note from the last term of the above definition that the infinite series is conver-
gent.

Definition . [] For α ≥  and f defined on [, T], the fractional q-integral of the
Riemann-Liouville type is defined by

(
Iα

q f
)
(x) :=


�q(α)

∫ x


(x – qt)(α–)f (t) dqt

=
x( – q)
�q(α)

∞∑

n=

qn(x – xn+)(α–)f
(
xqn)

=
xα( – q)
�q(α)

∞∑

n=

qn( – qn+)(α–)f
(
xqn)

and (I
q f )(x) = f (x).

Definition . [] For α ≥  and f defined on [, T], the fractional q-derivative of the
Riemann-Liouville type of order α is defined by

(
Dα

q f
)
(x) :=

(
Dm

q Im–α
q f

)
(x), α >  and

(
D

qf
)
(x) = f (x),

where m is the smallest integer that is greater than or equal to α.

Lemma . [] Let α,β ≥  and f be a function defined on [, T]. Then the next formulas
hold:

(i)
(
Iβ

q Iα
q f

)
(x) =

(
Iα+β

q f
)
(x),

(ii)
(
Dα

q Iα
q f

)
(x) = f (x).

Lemma . [] Let α >  and N be a positive integer. Then the following equality holds:

(
Iα

q DN
q f

)
(x) =

(
DN

q Iα
q f

)
(x) –

N–∑

k=

xα–N+k

�q(α + k – N + )
(
Dk

qf
)
().

Lemma . [] Let α,β ≥  and  < p, q < . Then the following formulas hold:

(i)
∫ η


(η – qt)(α–)t(β) dqt = ηα+βBq(α,β + ),

(ii)
∫ η



∫ s


(η – ps)(α–)(s – qt)(β–) dqt dps =

ηα+β

[β]q
Bp(α,β + ).

To define the solution of the boundary value problem (.), we need the following
lemma, which deals with a linear variant of the boundary value problem (.) and gives
a representation of the solution.

Lemma . Let p = p
p

, q = q
q

, o = o
o

, r = r
r

, and β = 
LCM(p,q,o,r) be proper fractions,

κ > . For h ∈ C(IT
β ,R) and ρ,σ ∈ C(IT

β ,R+), the solution for the problem

Dq
[
ρ(t)Dγ

p (κ + Do)
]
x(t) = h(t), t ∈ IT

β , (.)
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⎧
⎪⎪⎨

⎪⎪⎩

x() = x(T),

(Do[eκt
o x(t)])t= = Do[eκT

o x(T)],

Iθ
r σ (T)x(T) = ,

(.)

is of the form

eκt
o x(t) =


�p(γ )

∫ t



∫ s



∫ z



eκs
o (s – pz)(γ –)

ρ(z)
h(u) dqu dpz dos – O(h)

– O(h)
[


�p(γ )

∫ t



∫ s



eκs
o (s – pz)(γ –)

ρ(z)
dpz dos – A

]

+ O(h)
[
eκt

o + B
]
, (.)

where the functionals Oi(h), i = , ,  are defined by

O(h) =


�p(γ )�r(θ )
∫ T

 σ (s)(T – rs)(θ–) drs

×
∫ T



∫ s



∫ z



∫ y



σ (s)eκz
o (T – rs)(θ–)(z – py)(γ –)

eκT
o ρ(y)

h(u) dqu dpy doz drs, (.)

O(h) =
eκT

o

�p(γ )
∫ T


(T–ps)(γ –)

ρ(s) dps

∫ T



∫ s



(T – ps)(γ –)

ρ(s)
h(u) dqu dps, (.)

O(h) =


�p(γ )(eκT
o – )

(∫ T



∫ s



∫ z


eκs

o
(s – pz)(γ –)

ρ(z)
h(u) dqu dpz dos

+
eκT

o
∫ T


∫ s

 eκs
o

(T–pz)(γ –)

ρ(z) dpz dos
∫ T


(T–ps)(γ –)

ρ(s) dps

∫ T



∫ s



(T – ps)(γ –)

ρ(s)
h(u) dqu dps

)

, (.)

and the constants

A =


�p(γ )
∫ T

 σ (s)(T – rs)(β–) drs

×
∫ T



∫ s



∫ z



σ (s)eκz
o (T – rs)(β–)(z – py)(γ –)

eκT
o ρ(y)

dpy doz drs, (.)

B =


∫ T
 σ (s)(T – rs)(θ–) drs

∫ T



∫ s


σ (s)eκz

o (T – rs)(θ–) doz drs. (.)

Proof We first q-integrate (.) to obtain

Dγ
p (κ + Do)x(t) =


ρ(t)

(∫ t


h(s) dqs + C

)

. (.)

Then, taking the p-integral of order γ for (.), we have

(κ + Do)x(t) =


�p(γ )

∫ t



∫ s



(t – ps)(γ –)h(u)
ρ(s)

dqu dps

+
C

�p(γ )

∫ t



(t – ps)(γ –)

ρ(s)
dps + C, (.)



Patanarapeelert et al. Advances in Difference Equations  (2016) 2016:148 Page 6 of 16

which can alternatively be written as

Do
(
eκt

o x(t)
)

=
(
κeκt

o + eκt
o Do

)
x(t)

=
eκt

o
�p(γ )

∫ t



∫ s



(t – ps)(γ –)h(u)
ρ(s)

dqu dps

+
Ceκt

o
�p(γ )

∫ t



(t – ps)(γ –)

ρ(s)
dps + Ceκt

o . (.)

Taking the o-integration of (.), we have

eκt
o x(t) =


�p(γ )

∫ t



∫ s



∫ z


eκs

o
(s – pz)(γ –)h(u)

ρ(z)
dqu dpz dos

+
C

�p(γ )

∫ t



∫ s


eκs

o
(s – pz)(γ –)

ρ(z)
dpz dos + C

∫ t


eκs

o dos + C. (.)

Letting t = , T in (.) and (.), and employing the first and second conditions of (.),
we get

C = –
eκT

o
∫ T


∫ s


(T–ps)(γ –)

ρ(s) h(u) dqu dps
∫ T


(T–ps)(γ –)

ρ(s) dps
, (.)

C =


�p(γ )
∫ T

 eκs
o dos

(∫ T



∫ s



∫ z


eκs

o
(s – pz)(γ –)

ρ(z)
h(u) dqu dpz dos

+
eκT

o
∫ T


∫ s


(T–ps)(γ –)

ρ(s) h(u) dqu dps
∫ T


(T–ps)(γ –)

ρ(s) dps

∫ T



∫ s


eκs

o
(T – pz)(γ –)

ρ(z)
dpz dos

)

. (.)

Next, taking the r-integral of order θ for σ (t)x(t) where t ∈ IT
β , we have

Iθ
r σ (t)x(t) =


�p(γ )�r(θ )

∫ t



∫ s



∫ z



∫ y



σ (s)eκz
o (t – rs)(θ–)(z – py)(γ –)

eκt
o ρ(y)

× h(u) dqu dpy doz drs

+
C

�p(γ )�r(θ )

∫ t



∫ s



∫ z



σ (s)eκz
o (t – rs)(θ–)(z – py)(γ –)

eκt
o ρ(y)

dpy doz drs

+
C

�r(θ )

∫ t



∫ s


σ (s)eκz

o (t – rs)(θ–) dpy doz drs

+
C

�r(θ )

∫ t


σ (s)(t – rs)(θ–)drs. (.)

By substituting C, C into (.) and employing the third condition of (.), we find that

C =


�p(γ )�r(θ )
∫ T

 σ (s)(T – rs)(β–) drs

{eκT
o

∫ T


∫ s


(T–ps)(γ –)

ρ(s) h(u) dqu dps
∫ T


(T–ps)(γ –)

ρ(s) dps

×
∫ T



∫ s



∫ z



σ (s)eκz
o (T – rs)(β–)(z – py)(γ –)

eκT
o ρ(y)

h(u) dpy doz drs
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–


∫ T
 eκs

o dos

(∫ T



∫ s



∫ z


eκs

o
(s – pz)(γ –)

ρ(z)
h(u) dqu dpz dos

+
eκT

o
∫ T


∫ s


(T–ps)(γ –)

ρ(s) h(u) dqu dps
∫ T


(T–ps)(γ –)

ρ(s) dps

∫ T



∫ s


eκs

o
(T – pz)(γ –)

ρ(z)
dpz dos

)

×
∫ T



∫ s


σ (s)eκz

o (T – rs)(β–) dpy doz drs

–
∫ T



∫ s



∫ z



∫ y



σ (s)eκz
o (T – rs)(β–)(z – py)(γ –)

eκT
o ρ(y)

h(u) dqu dpy doz drs
}

. (.)

Substituting C, C, and C into (.), we obtain (.).
On the other hand, we shall show that (.) is the solution of problem (.)-(.). First

of all, taking the o-derivative for (.), we obtain

Do
(
eκt

o x(t)
)

=
eκt

o
�p(γ )

∫ t



∫ s



(t – ps)(γ –)h(u)
ρ(s)

dqu dps

–
eκt

o O(h)
�p(γ )

∫ t



(t – ps)(γ –)

ρ(s)
dps + O(h)κeκt

o , (.)

which can alternatively be written as

(κ + Do)x(t) =


�p(γ )

∫ t



∫ s



(t – ps)(γ –)h(u)
ρ(s)

dqu dps

–
O(h)
�p(γ )

∫ t



(t – ps)(γ –)

ρ(s)
dps + O(h). (.)

Taking the p-derivative of order γ for (.), we have

ρ(t)Dγ
p (κ + Do)x(t) =

∫ t


h(s) dqs + O(h). (.)

Finally, taking the q-derivative for (.), we obtain (.). The proof is completed. �

3 Main results
In order to prove the main results, we need to transform the boundary value problem (.)
into a fixed point problem. We employ Lemma . by letting P(t) = 

ρ(t) , the Banach space
C = C(IT

α ,R) = {x : IT
α → R | x ∈ C(IT

α )} equipped with a topology of uniform convergence
with respect to the norm

‖x‖C = ‖x‖ +
∥
∥Dw

[
eκt

o x(t)
]∥
∥,

where ‖x‖ = supt∈IT
α

|x(t)| and ‖Dw[eκt
o x(t)]‖ = supt∈IT

α
|Dw[eκt

o x(t)]|. Define an operator F :
C → C by

(Fx)(t) =
e–κt

o
�p(γ )

∫ t



∫ s



∫ z


eκs

o (s – pz)(γ –)P(z)

× f
(
u, x(u), Dw

[
eκu

o x(u)
]
,
vx(u)

)
dqu dpz dos
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– e–κt
o O∗

 (f ) – e–κt
o O∗

(f )
[


�p(γ )

∫ t



∫ s


eκs

o (s – pz)(γ –)P(z) dpz dos – A
]

+ e–κt
o O∗

(f )
[∫ t


eκs

o dos – B
]

, (.)

where p = p
p

, q = q
q

, o = o
o

, r = r
r

, w = w
w

, v = v
v

, α = 
LCM(p,q,o,r,w,v) are proper frac-

tions, w ≤ o; κ ≤ 
T ; and O∗

i (f ), i = , , , are defined by

O∗
 (f ) =


�p(γ )

∫ T
 σ (s)(T – rs)(θ–) drs

∫ T



∫ s



∫ z



∫ y


σ (s)eκ(z–T)

o (T – rs)(θ–)

× (z – py)(γ –)P(y)f
(
u, x(u), Dw

[
eκu

o x(u)
]
,
vx(u)

)
dqu dpy doz drs, (.)

O∗
(f ) =

eκT
o

∫ T
 (T – ps)(γ –)P(s) dps

∫ T



∫ s


(T – ps)(γ –)P(s)

× f
(
u, x(u), Dw

[
eκu

o x(u)
]
,
vx(u)

)
dqu dps, (.)

O∗
(f ) =


�p(γ )[eκT

o – ]

×
{∫ T



∫ s



∫ z


eκs

o (s – pz)(γ –)P(z)f
(
u, x(u), Dw

[
eκu

o x(u)
]
,
vx(u)

)
dqu dpz dos

+
eκT

o
∫ T


∫ s

 eκs
o (T – pz)(γ –)P(z) dpz dos

∫ T
 (T – ps)(γ –)P(s) dps

×
∫ T



∫ s


(T – ps)(γ –)P(s)f

(
u, x(u), Dw

[
eκu

o x(u)
]
,
vx(u)

)
dqu dps

}

, (.)

with the constants A, B defined as (.)-(.), respectively.
Clearly problem (.) has solutions if and only if the operator F has fixed points.

Theorem . Assume σ , P : IT
α → R

+, f : IT
α × R × R ×R → R and ϕ : IT

α × IT
α → [,∞)

are continuous, let ϕ := sup(t,s)∈IT
α ×IT

α
{ϕ(t, s)}. In addition, assume that f , σ , and P satisfy

the following conditions:

(H) there exist positive constants L, L, and L such that

∣
∣f

(
t, x, Dw

(
eκt

o x
)
,
vx

)
– f

(
t, y, Dw

(
eκt

o y
)
,
vy

)∣
∣

≤ L|x – y| + L
∣
∣Dw

(
eκt

o x
)

– Dw
(
eκt

o y
)∣
∣ + L|
vx – 
vy|,

for all t ∈ IT
α and x, y ∈R,

(H)  < m < σ (t) < M and  < n < P(t) < N , for all t ∈ IT
α ,

(H) λ(� + �) < ,

where

λ = max{L + ϕTL, L},

� =
Tγ +N

�p(γ + )[γ + ]o

[
 + M[θ ]rBr(θ ,γ + )

]
+

[
T

[γ + ]o
+

M[θ ]rBr(θ ,γ + )
m[r + ]p

]
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× NeκT
o Tγ

n�p(γ + )
+

NeκT
o Tγ +

n�p(γ + )

[
T

[γ + ]o
+


[γ + ]o

][

 +
MeκT

o
m[θ + ]r

]

, (.)

� =
Tγ N[γ + ]w

�p(γ + )

[
T

[γ + ]o
+ +

NeκT
o

n[γ + ]o

]

+
Nκ(eκT

o )Tγ

�p(γ + )

[
T

[γ + ]o
+


[γ + ]o

]

.

Then the given boundary value problem (.) has a unique solution.

Proof As mentioned earlier, we need to transform the boundary value problem (.)
into a fixed point problem x = Fx, where F : C → C is defined by (.). We assume that
supt∈IT

α
|f (t, , , )| = K and choose a constant R satisfying the inequality

R ≥ K(� + �)
 – λ(� + �)

. (.)

For x ∈ BR, the following is to prove that FBR ⊂ BR, where BR = {x ∈ C : ‖x‖ ≤ R}. First we
consider

∣
∣O∗

 (f )
∣
∣ ≤ sup

t∈IT
α

∣
∣
∣
∣

MN
m�p(γ )

∫ T
 (T – rs)(θ–) drs

∫ T



∫ s



∫ z



∫ y


(T – rs)(θ–)(z – py)(γ –)

× (∣
∣f

(
u, x(u), Dw

[
eκu

o x(u)
]
,
vx(u)

)
– f (u, , , )

∣
∣

+
∣
∣f (u, , , )

∣
∣
)

dqu dpy doz drs
∣
∣
∣
∣

≤ sup
t∈IT

α

∣
∣
∣
∣
MN((L + ϕTL)|x(u)| + L|Dw[eκu

o x(u)]| + K)
m�p(γ )

∫ T
 (T – rs)(θ–) drs

×
∫ T



∫ s



∫ z



∫ y


(T – rs)(θ–)(z – py)(γ –) dqu dpy doz drs

∣
∣
∣
∣

≤ sup
t∈IT

α

{
(
λ‖x‖C + K

)
(

MN�r(θ + )�r(γ + )Tγ +

n�p(γ + )�r(θ + γ + )[γ + ]o

)}

, (.)

∣
∣O∗

(f )
∣
∣ ≤ sup

t∈IT
α

∣
∣
∣
∣

NeκT
o

n
∫ T

 (T – ps)(γ –) dps

∫ T



∫ s


(T – ps)(γ –)

× (∣
∣f

(
u, x(u), Dw

[
eκu

o x(u)
]
,
vx(u)

)
– f (u, , , )

∣
∣

+
∣
∣f (u, , , )

∣
∣
)

dqu dps
∣
∣
∣
∣

≤ sup
t∈IT

α

∣
∣
∣
∣
NeκT

o ((L + ϕTL)|x(u)| + L|Dw[eκu
o x(u)]| + K)

n
∫ T

 (T – ps)(γ –) dps

×
∫ T



∫ s


(T – ps)(γ –) dqu dps

∣
∣
∣
∣

≤ (
λ‖x‖C + K

)
(

NeκT
o

n[γ + ]p

)

, (.)

∣
∣O∗

(f )
∣
∣ ≤ sup

t∈IT
α

∣
∣
∣
∣

NeκT
o

�p(γ )[eκT
o – ]

{∫ T



∫ s



∫ z


(s – pz)(γ –)
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× (∣
∣f

(
u, x(u), Dw

[
eκu

o x(u)
]
,
vx(u)

)
– f (u, , , )

∣
∣

+
∣
∣f (u, , , )

∣
∣
)

dqu dpz dos

+
NeκT

o
∫ T


∫ s

 (T – pz)(γ –) dpz dos

n
∫ T

 (T – ps)(γ –) dps

∫ T



∫ s


(T – ps)(γ –)

× (∣
∣f

(
u, x(u), Dw

[
eκu

o x(u)
]
,
vx(u)

)
– f (u, , , )

∣
∣

+
∣
∣f (u, , , )

∣
∣
)

dqu dps
}∣
∣
∣
∣

≤ sup
t∈IT

α

∣
∣
∣
∣

NeκT
o

�p(γ )[eκT
o – ]

(
(L + ϕTL)

∣
∣x(u)

∣
∣ + L

∣
∣Dw

[
eκu

o x(u)
]∣
∣ + K

)

×
{∫ T



∫ s



∫ z


(s – pz)(γ –) dqu dpz dos +

NeκT
o

∫ T


∫ s
 (T – pz)(γ –) dpz dos

n
∫ T

 (T – ps)(γ –) dps

×
∫ T



∫ s


(T – ps)(γ –) dqu dps

}∣
∣
∣
∣

≤ (
λ‖x‖C + K

)
[

NeκT
o Tγ

n�p(γ + )

(
T

[γ + ]o
+


[γ + ]o

)]

, (.)

and

|A| ≤ MN
m�p(γ )

∫ T
 (T – rs)(β–) drs

∫ T



∫ s



∫ z


(T – rs)(β–)(z – py)(γ –) dpy doz drs

≤ sup
t∈IT

α

{
MNTγ +�r(γ + )�r(θ + )

m�p(γ + )�r(θ + γ + )

}

, (.)

|B| ≤ MeκT
o

m
∫ T

 (T – rs)(θ–) drs

∫ T



∫ s


(T – rs)(θ–) doz drs ≤ MTeκT

o
m[θ + ]r

. (.)

Consequently, we have

∣
∣(Fx)(t)

∣
∣ ≤ sup

t∈IT
α

{
N

�p(γ )
(
(L + ϕTL)

∣
∣x(u)

∣
∣ + L

∣
∣Dw

[
eκu

o x(u)
]∣
∣ + K

)

×
∫ t



∫ s



∫ z


(s – pz)(γ –) dqu dpz dos + e–κt

o
∣
∣O∗

 (f )
∣
∣ +

∣
∣O∗

(f )
∣
∣

×
[

N
�p(γ )

∫ t



∫ s


(s – pz)(γ –) dpz dos + e–κt

o |A|
]

+
∣
∣O∗

(f )
∣
∣
[
 + e–κt

o |B|]
}

≤ sup
t∈IT

α

{
tγ +N(λ‖x‖C + K)
�p(γ + )[γ + ]o

+ e–κt
o

∣
∣O∗

 (f )
∣
∣

+
∣
∣O∗

(f )
∣
∣

[
tγ +N

�p(γ + )[γ + ]o
+ e–κt

o |A|
]

+
∣
∣O∗

(f )
∣
∣
[
t + e–κt

o |B|]
}

≤ (
λ‖x‖C + K

)
(

Tγ +N
�p(γ + )[γ + ]o

[
 + M[θ ]rBr(θ ,γ + )

]

+
NeκT

o Tγ

n�p(γ + )

[
T

[γ + ]o
+

M[θ ]rBr(θ ,γ + )
m[r + ]p

]
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+
NeκT

o Tγ +

n�p(γ + )

[
T

[γ + ]o
+


[γ + ]o

][

 +
MeκT

o
m[θ + ]r

])

=
(
λ‖x‖C + K

)
� (.)

and

∣
∣Dw

[
eκt

o (Fx)
]
(t)

∣
∣

≤ sup
t∈IT

α

{
N

�p(γ )( – w)t

∣
∣
∣
∣

∫ t



∫ s



∫ z


eκs

o (s – pz)(γ –)

× f
(
u, x(u), Dw

[
eκu

o x(u)
]
,
vx(u)

)
dqu dpz dos

–
∫ wt



∫ s



∫ z


eκs

o (s – pz)(γ –)f
(
u, x(u), Dw

[
eκu

o x(u)
]
,
vx(u)

)
dqu dpz dos

∣
∣
∣
∣

+
N |O∗

(f )|
�p(γ )( – w)t

∣
∣
∣
∣

∫ t



∫ s


eκs

o (s – pz)(γ –) dpz dos –
∫ wt



∫ s


eκs

o (s – pz)(γ –) dpz dos
∣
∣
∣
∣

+
∣
∣O∗

(f )
∣
∣ |eκt

o – eκwt
o |

( – w)t

}

≤ sup
t∈IT

α

{
NeκT

o ((L + ϕTL)|x(u)| + L|Dw[eκu
o x(u)]| + K)

�p(γ )( – w)t

×
∣
∣
∣
∣

∫ t



∫ s



∫ z


(s – pz)(γ –) dqu dpz dos –

∫ wt



∫ s



∫ z


(s – pz)(γ –) dqu dpz dos

∣
∣
∣
∣

+
NeκT

o |O∗
(f )|

�p(γ )( – w)t

∣
∣
∣
∣

∫ t



∫ s


(s – pz)(γ –) dpz dos –

∫ wt



∫ s


(s – pz)(γ –) dpz dos

∣
∣
∣
∣

+
∣
∣O∗

(f )
∣
∣

(

κ

∞∑

n=

[n]w

[n]o!
(κt)n–

)}

≤ (
λ‖x‖C + K

) tγ +N[γ + ]w

�p(γ + )[γ + ]o
+

∣
∣O∗

(f )
∣
∣ tγ N[γ + ]w

�p(γ + )[γ + ]o

+
∣
∣O∗

(f )
∣
∣

(

κ

∞∑

n–=

(κt)n–

[n – ]o!

)

≤ (
λ‖x‖C + K

)
(

Tγ N[γ + ]w

�p(γ + )

[
T

[γ + ]o
+ +

NeκT
o

n[γ + ]o

]

+
Nκ(eκT

o )Tγ

�p(γ + )

[
T

[γ + ]o
+


[γ + ]o

])

=
(
λ‖x‖C + K

)
�. (.)

Therefore, we obtain

‖Fx‖C ≤ (
λ‖x‖C + K

)
(� + �) ≤ (λR + K)(� + �) ≤ R. (.)

Hence, we can conclude that FBR ⊂ BR.
Further, considering for any x, y ∈ C and t ∈ IT

α , letting

∣
∣f

[
x(t)

]
– f

[
y(t)

]∣
∣ :=

∣
∣f

(
t, x(t), Dw

[
eκt

o x(t)
]
,
vx(t)

)
– f

(
t, y(t), Dw

[
eκt

o y(t)
]
,
vy(t)

)∣
∣,
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we find that

∣
∣(Fx)(t) – (Fy)(t)

∣
∣

≤ sup
t∈IT

α

{
e–κt

o
�p(γ )

∫ t



∫ s



∫ z


eκs

o (s – pz)(γ –)P(z)
∣
∣f

[
x(t)

]
– f

[
y(t)

]∣
∣dqu dpz dos

+
[

MNe–κt
o

m�p(γ )
∫ T

 (T – rs)(θ–) drs

∫ T



∫ s



∫ z



∫ y


(T – rs)(θ–)(z – py)(γ –)

× ∣
∣f

[
x(t)

]
– f

[
y(t)

]∣
∣dqu dpy doz drs

][
Neκ(T–t)

o

n
∫ T

 (T – ps)(γ –) dps

∫ T



∫ s


(T – ps)(γ –)

× ∣
∣f

[
x(t)

]
– f

[
y(t)

]∣
∣dqu dps

][


�p(γ )

∫ t



∫ s


eκs

o (s – pz)(γ –)P(z) dpz dos – A
]

+
NeκT

o

�p(γ )[eκ(T–t)
o – ]

[∫ T



∫ s



∫ z


(s – pz)(γ –)∣∣f

[
x(t)

]
– f

[
y(t)

]∣
∣dqu dpz dos

+
NeκT

o
∫ T


∫ s

 (T – pz)(γ –) dpz dos

n
∫ T

 (T – ps)(γ –) dps

∫ T



∫ s


(T – ps)(γ –)∣∣f

[
x(t)

]
– f

[
y(t)

]∣
∣dqu dps

]

×
[∫ t


eκs

o dos – B
]}

≤ λ‖x – y‖C�. (.)

Similarly, we have

∣
∣Dw

[
eκt

o (Fx)
]
(t) – Dw

[
eκt

o (Fy)
]
(t)

∣
∣ ≤ λ‖x – y‖C�. (.)

Consequently, we obtain

‖Fx – Fy‖C ≤ λ‖x – y‖C(� + �). (.)

From (H), we can conclude that F is a contraction. Therefore, our proof is completed by
using Banach’s contraction mapping principle. �

The following theorems show the existence of at least one solution to the boundary value
problem (.) by employing the Krasnoselskii fixed point theorem.

Theorem . [] Let E is a bounded closed convex and nonempty subset of a Banach
space X. If A, B are operators such that:

(i) Ax + By ∈ E whenever x, y ∈ E,
(ii) A is compact and continuous,

(iii) B is a contraction mapping;
then there exists z ∈ E such that z = Az + Bz.

Theorem . Assume that the condition (H)-(H) of Theorem . are assumed. In addi-
tion we suppose that:

(H) |f (t, x, Dw[eκt
o x(t)],
vx)| ≤ μ(t), for all (t, x, Dw[eκt

o x(t)],
vx) ∈ IT
α ×R×R×R, with

μ ∈ C(IT
α ,R+).
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Then the boundary value problem (.) has at least one solution on IT
α if

� + � < , (.)

where � and � are given by (.).

Proof We set supt∈IT
α

|μ(t)| = ‖μ‖, choose a constant

� ≥ ‖μ‖(� + �), (.)

and let B� = {x ∈ C : ‖x‖C ≤ �}.
On the given ball B�, we define the operators F and F as

(Fx)(t) =
e–κt

o
�p(γ )

∫ t



∫ s



∫ z


eκs

o (s – pz)(γ –)P(z)

× f
(
u, x(u), Dw

[
eκu

o x(u)
]
,
vx(u)

)
dqu dpz dos – e–κt

o O∗
 (f ), (.)

(Fx)(t) = e–κt
o O∗

(f )
[

A –


�p(γ )

∫ t



∫ s


eκs

o (s – pz)(γ –)P(z) dpz dos
]

+ e–κt
o O∗

(f )
[∫ t


eκs

o dos – B
]

. (.)

For any x, y ∈ B�, since

|Fx + Fy|

≤ sup
t∈IT

α

{‖μ‖Ne–κt
o

�p(γ )

∫ t



∫ s



∫ z


eκs

o (s – pz)(γ –) dqu dpz dos

+
[ ‖μ‖MNe–κt

o

m�p(γ )
∫ T

 (T – rs)(θ–) drs

∫ T



∫ s



∫ z



∫ y


(T – rs)(θ–)

× (z – py)(γ –) dqu dpy doz drs
]

+
[ ‖μ‖Neκ(T–t)

o

n
∫ T

 (T – ps)(γ –) dps

∫ T



∫ s


(T – ps)(γ –) dqu dps

]

(.)

×
[


�p(γ )

∫ t



∫ s


eκs

o (s – pz)(γ –)P(z) dpz dos + A
]

+
‖μ‖NeκT

o

�p(γ )[eκ(T–t)
o – ]

×
[∫ T



∫ s



∫ z


(s – pz)(γ –) dqu dpz dos +

NeκT
o

∫ T


∫ s
 (T – pz)(γ –) dpz dos

n
∫ T

 (T – ps)(γ –) dps

×
∫ T



∫ s


(T – ps)(γ –) dqu dps

][∫ t


eκs

o dos – B
]}

≤ ‖μ‖�, (.)

and by the same argument as above, we have

∣
∣Dw

[
eκt

o (Fx)
]
(t) – Dw

[
eκt

o (Fy)
]
(t)

∣
∣ ≤ ‖μ‖�. (.)
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Consequently, we obtain

‖Fx – Fy‖C ≤ ‖μ‖(� + �). (.)

We can conclude that Fx +Fy ∈ B�. By the condition (.), F is a contraction mapping.
From the continuity of f and P, with the condition (H), the operator F is continuous and
uniformly bounded on B�. We next show that F is compact. For t, t ∈ IT

α where t ≤ t

and x ∈ B�, we have

∣
∣Fx(t) – Fx(t)

∣
∣

≤
∣
∣
∣
∣
e–κt

o N‖μ‖
�p(γ )

∫ t



∫ s



∫ z


eκs

o (s – pz)(γ –) dqu dpz dos

–
e–κt

o N‖μ‖
�p(γ )

∫ t



∫ s



∫ z


eκs

o (s – pz)(γ –) dqu dpz dos
∣
∣
∣
∣

≤ N‖μ‖
�p(γ )

∫ t

t

∫ s



∫ z


(s – pz)(γ –) dqu dpz dos

≤ N‖μ‖
�p(γ + )

∫ t

t

sγ dos =
N‖μ‖|tγ +

 – tγ +
 |

�p(γ + )[γ + ]o
. (.)

We see that the right-hand side of the latter inequality tends to zero if t → t. Therefore,
F is relatively compact on B�. Hence, by the Arzelá-Ascoli theorem, we can conclude that
F is compact on B�.

We find that all assumptions of Theorem . are satisfied. Therefore, we can reach the
conclusion that the boundary value problem (.) has at least one solution on IT

α . Our
proof is completed. �

4 Example
To illustrate our main result, we provide an example of the boundary value problem of
second-order q-difference equations with q-integral boundary conditions:

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

D 


[(π + e sin( π t
 ))D






( 
 + D 


)]x(t)

= e– sin( π t
 )

+ecos( π t
 )

·
|x(t)|+|D 


[e

t




x(t)]|+|
 


x(t)|
+|x(t)| ,

x() = x(),

D 


[e
t




x(t)]|t= = D 


[e
T




x(T)],

I




σ ()x() = 

� 


( 
 )

∫ 
 ( – s)(– 

 )ecos( πs
 )x(s) d 


s = ,

(.)

where t ∈ I



= {( 

 )n : n ∈N} ∪ {, } and 
 


x(t) =
∫ t


√

ts · x(s) d 


s.

Applying Theorem ., when q = 
 , p = 

 , o = 
 , r = 

 , w = 
 , v = 

 , θ = 
 , T = ,

f (t, x, Dw[eκt
o x(t)],
vx(t)) = e– sin( π t

 )

+ecos( π t
 )

·
|x(t)|+|D 


[e

t




x(t)]|+|
 


x(t)|
+|x(t)| , κ = 

 , P(t) = 
π+e sin( π t

 )
,

σ (t) = ecos( π t
 ), and ϕ = sup{ϕ(t, s)} = .
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Since

∣
∣f

(
t, x, Dw

[
eκt

o x(t)
]
,
vx(t)

)
– f

(
t, y, Dw

[
eκt

o y(t)
]
,
vy(t)

)∣
∣

≤ ( + )


|x – y| +



∣
∣D 



[
e

t




x(t)
]

– D 


[
e

t




y(t)
]∣
∣,

so (H) satisfies with λ = max{L + L, L} = 
 .

Also, we have 
e ≤ σ (t) ≤ e and 

π
≤ P(t) ≤ 

π+e , then (H) is satisfied with M = e,
m = 

e , N = 
π+e , and n = 

π
. Moreover, we can show that

� = . and � = ..

We obtain

λ(� + �) ≈ . < ,

which implies that (H) holds. By Theorem ., we can conclude that the above problem
(.) has a unique solution on I
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