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Abstract

In this paper, we give a reduction formula for a specific g-integral. Our formula is
expressed as a three term recurrence relations for basic hypergeometric 3¢, series.
This is a g-analog of work by Watson and by Bailey of 1953.
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1 Introduction and preliminaries

In [1], Watson constructed a reduction formula for the integral

1 NV (1 — 4)0
I, = f x2%(1 _x)ﬂM dx.
0 dx"

In fact, he proved that

MNae+y-n+)I(B+8-n+1)
I, = w

I'2o —n+2)

where
Hy= ) ()" (’:) (VB +8 -1+ (=8)(ar 4y —n+ 1)y
r=0

and the notation (x), denotes the product
*)o=1 and x),=x(x+1)---(x+r-1), r>1

Furthermore, Watson proved that H,, satisfies the following three term recurrence rela-

tion:
(20 - }’1)(0 - n)Hn+2 - QuHy + S,H, =0, (11)
where

Si=m+)o-n-1)(a+B-n(y+6—n)(B+8-n),

Q, =20 - 2n—1){(/3y —ad)(o +1)+603(n+1)(20 —n)},
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and20 =a+f+y +68,205 =a— B —y +§. Also, he remarked H, can be expressed in terms
of a hypergeometric series of the type 3F, with last element unity which implies that (1.1)
gives a three term contiguous relation for terminating 3 F; series.

The proof introduced by Watson depends on constructing a second order linear differ-
ential equation satisfied by the integrand of I,. On the other hand, in [2], Bailey derived
relations between contiguous hypergeometric functions of the type 3F,(1), and by using
these relations, he obtained another proof of Watson’s reduction formula.

In this paper, we introduce a g-analog of the integral 7, by

1
L, = / x*(qu; q)p D)) [« (4" % q) | dgx, n=0,1,2,...,
0

where «, B, v, and § are complex numbers, and ¢ is a positive number less than one. Our
aim to obtain a reduction formula for /,, ;.

It turns out to us that Watson technique for introducing (1.1) is too hard to applied to
our work. Therefore, we follow Bailey’s approach for deriving the reduction formula.

We recall the following definitions (see, e.g., [3-5]):

The g-shifted fractional is defined by

(@ q)00 = l_[(l -aq), and (aq),:= CT forneZ,aeC.
-0 (@q"; @)oo

The g-derivative D f of an arbitrary function f is given by

S &) —f(gx)

D ==

, x#0.

We follow Gasper and Rahman [6] for the definitions of Jackson g-integrals, and the
q-gamma and g-beta functions (see also [7-9]).

The g-integration by parts rule (see [3]) is

/0 f(at)Dgg(t) dgt = f(a)g(a) - lim £(q")¢(q") - /0 Df (t)g(t) dyt.

Letay,...,a,,by,...,bs be complex numbers, the g-hypergeometric series ,¢; defined by

o

(611,...,6lr;61)n —1)/2\ 1(s—r+1)
be(ans . an by, bgyz) =S~ @ Dn n o)
rPs\é1 r V1 S 61 ;(q,bbm,bs;q)n ( q )

The series representation of the function ,¢; converges absolutely for allz € Cif r <s, and
converges only for | z |< 1 if r =5 + 1 (for more details and results see [10-14] and [15]).
Observe that

1
Io, / XV (gx; @)prs dgx =Byl +y + 1,8 +8 +1)
0

~ Fgla+y +DI,(B+8+1)
- Polo+y +B+8+2)
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and, by using the g-integration by parts, one can verify that

1
L= | a0 [ (6 ) ) dye

y Lgla +y)Ty(B +8)

_gb
I‘q(OH)/+,3+8+1)[[y][/3+5] 7" 18)[e + 1],

where the notation [z] is defined by

Note that the above values of the integrals I, ;, and /; ; coincide with I and ;, respectively,
which are given by Watson in the limit ¢ — 1.

This paper is organized as follows. In Section 2, we derive three term contiguous rela-
tions for the basic hypergeometric function s¢»(a, b, c; d, €; 4, q). In Section 3, we show that
I, can be represented as 3¢, (g) and a direct substation in the derived contiguous relation

yields the result of this paper.

2 Contiguous relations of 3¢,
Throughout this section, we simply used 4 to denotes the value g7 where 7 is an arbitrary

nonnegative integer. We denote by ¢ the function

3¢)2(d, b» (% d; e;q’q)’

and by ¢(a*), ¢(a”) the same function when «a is changed to ag, a/q, respectively. We
use a similar notation when the other parameters are so changed. Also, let ¢,, ¢_ be the
functions defined by

¢, =3¢2(aq,bg,cq;dg,eq;q,q) and ¢_ =3ps(alq,blq,clq;dlq,elq; q,q).

By the definition of 3¢,, one can verify the following:

(1-b)1-0)
p(a*)-¢ = T T e)¢ 21
_ (I-b)(1-¢)
p(@)-¢p=-a D= )¢>+( ), (2.2)

1-a)1-b(1-0)

¢(d")-¢=—-q (l—d)(l—qd)(l—e)¢+(d+)’ 2.3)
L -a-b1-9
W) == Tpa-aa-a” @4)
These equations, and the symmetries of the 3¢5, give us
c1-a){op(a) - ¢} =al-o){o(c") - ¢}, (2.5)
a(l-b){e(b*) -9} =b(1-a){¢(a*) -0}, (2.6)

qa(l-diq){p(d”) - ¢} =dQ - a)|{p(a’) - ¢}, (2.7)



Mansour and Al-Towailb Advances in Difference Equations (2016) 2016:82

d1-elq){p(e”) - p} =e(l-dig){p(d) - ¢}.
Now, applying the transformation (see [6])

(delbc; q),
(6‘; 6]);4

spa(a, b,c;d, e;q,q) = (be/d)"3pa(a,dlb,dlc;d, delbc; q, q),

to ¥ = 3a(a,d/b,dlc; qd, delbc; q, q) yields the following relations:

B (delbc; q)n
- (E;Q)n

(delbc; q)n wl o (s
— " (gbcld )
(g€ q)n (gbeld)"" v (a")
(delbc; q),
(g @)n

¢ (beldy"y (d°),

¢+:

p.(a) = (gbeld)" .

Thus, from (2.7), changing ¢ into v, and using (2.10) we get

_ (96 @)n wi, _ (q&q)n ny (- }
a “){ @elbes s 100" ™ el g, @)
(& D)n n (9€,9)n N
_a(l—d){ @elbe q), (d/bc) ¢ — @elbe ), (d/gbc) ¢+(a )} =0.

After some simplification this yields
al-d)(1-e)p—(a—e)a-d)p, (a’) — (1 -a)(gabc —de)p, = 0.
From the symmetries of the 3¢, we have

b1-d)1-e)p - (b-e)b-d)p.(b”) — (1 - b)gabc - de)p, = 0.

Using (2.11), (2.12), and (2.1), we obtain the following contiguous relations:

ab(a—b)(1-c)¢ +bla-e)(a-d){p(a) - o}
—alb-b-d{p(b7) -9} =0,

qa*(1-b)(1-c)p +qla—e)(a-d){¢(a”) - ¢}
- (- a)(qabc - de){p(a*) - ¢} =0,

qb*(L-b)(1-c)p +q(b - e)(b-d){p(b™) - ¢}
- (1 - b)(qabc - de)|{p(b) - ¢} = 0.

Now, replacing b by b/q in (2.6) and b by bq in (2.13) we get

(b-aq){p(b7) - ¢} + b1 -a)p - b1 -a)p(a*,b") =0,
(a - gb)(ed — qabe){¢(b*) — ¢} + bgla - e)(a - d)p(a,b")
+ {(a —gb)(ed — qabc) — a(qb — e)(gb — d)}q) =0.
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(2.8)

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)
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Hence, combining (2.16) and (2.17) yields the three term contiguous relation

(a—-e)a-d)1-b)(b-qa)p(a,b")
—(1-a)(b—e)(b—d)(a-qb)p(a*,b")
+{d(1 - a)[ale - b) + qb*] + [2]ab(e - c)(a - b) — [2]b(ed + qba)
+ gba*(12] - a—d) + q(b - a) (qbac + e(b + a))
+b*(qa - ¢) + ga*(ac - d) + ed(qa + b*) }¢ = 0. (2.18)
3 The reduction formula

In this section, we state and prove the reduction formula for the g-integral I, ; stated in
the introduction. We start with the following result.

Proposition 3.1 The g-integral 1, , can be represented in terms of basic hypergeometric

series 3¢, that is,

Lig=Su3b2(q"q """ g Pq7P, a7 P;q,9),

where

2 (28+5-n) Ly(B+8+ 1)yl +y +1) (q_y;q)n(q_a_ﬁJQ)n
Folao+y +B+8-n+2) (747 @)a(q" "7 ;@)

Sy = q
Proof Calculating D;’,1 [x” (¢°*1x; g)s] by using a g1 -type Leibiniz rule (see [6], p.27) gives
L | n n—k £\ ( -~k .\ ok
In,q = o X (qx; 4),3 Z k (Dq—l )(q x)Dq—lg(x) dqx:
k=0 P
where
f@)=+" and g =(q""xq),.

Note that

{Dij(.)y } (q—kx) _ (_q)n_k(q_y; q)"—k —k2+nk—ykxy—n+k’

1-gq*
D (P4 _ (ﬂ+5+1)kq_%k(k_1) p+1 =5
(@ a)y=a" e (@), (4 )

This implies

|| "G Dk s N ke
I,, = 4 Tk g, 2
! ;o:[kl e

1
% q(f3+8+1)k—(k—n+y)k/ xot+y—n+k(qx; q),B (qﬂJrlx; q)g_k dqx. (31)
0
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Denoting the g-integral in the left-hand-side of (3.1) by J,,, we obtain

1
]n:/ xa+y_n+k(qx;q)ﬂ+8—kdqx
0

=Bjla+y-n+k+1L,B+5-k+1)

B Fjla+y-n+k+1)Iy(B+6-k+1)
- Toe+y+B+8—n+2) '

Using [6], Eq. (1.8) and Eq. (1.35), we get

Fq(a +Y+ I)Fq(ﬁ +8+ 1) (1 _ q)nqkz—nk+%n(n+1)q—(ﬂ+8)k—(n—k)(a+y)

]n = (32)
Tyla+y+B+86-n+2) VMg % (q 5 @k
Using [6], Eq. (I.11), we get
@Dk @D @Dk (33)
5Dk \ G759 \ g5 G )k
(@*7;9) @*q)n (g"7;59)
Substituting (3.2) into (3.1), using (3.3), yields
ja Iﬂq(a +y+ I)Fq(/g +8+1) n(l—y—a)+%n(n+1) (q_VWI)n
M Tty +B+8-n+2) (@%7;q)n
| n ke @ )i )k
x (-1)* g 2K : (3.4)
Z [k] . 1 (@75 (g5 )k
k—o q 1
Now using [6], Eq. (1.42) and Eq. (1.47), we get
ALY BT T )
Lo=K,> ¢
e ; (@ P°,q,4"7; q)k
=Kusbo(qa"d7" 7, q7%a77,47;4,9),
where
K, - FyB+8+ DTyl +y +1) n(1-y-a)+ Ln(n+1) G 9)n ‘
Fgla+y+B+5-n+2) (@759
Using the transformation (2.9) yields the required result and completes the proof. g

Corollary 3.2 If y = 0 then I, vanishes for all values of n where n —  — 8 and B are

nonnegative integers.

Proof Since
3¢ (ﬂ, big™, baq™?; b1, by q, ﬂ_lq_(m”mZ)) =0, (3.5)

where m;, m, are arbitrary nonnegative integers (see [6]), the proof follows directly from
Proposition 3.1 and (3.5). O
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Watson remarked I, vanishes for odd values of # in two special cases, (i)« =y and 8 =§
and (ii) « = 8 and y = .

Now, we can derive the reduction formula for I, .

Theorem 3.3 The reduction formula satisfies a three term recurrence relations of I, .
More precisely, the following holds:

If
W, =3p2 (g a7 g P77, 5 4,9),
then
LWy —QuWya + M,W, =0, (3.6)
where

Li=(q"-4")(a"-4")(1-4"")(¢"" -4,

Qu = (L=a) (@ =) (@ - ) (a - ),

M, = ¢ (1 )[q qras 93+n) + PO ] rq (93+n)(q —q )
—R21g%" (@ +4") + " (21— g7 - 47) + 47 (P - 47)
+q(@®" —a") (@ + " (@™ 1 q7) + a2 (@ 5)

+21g%(q" -q7") (@ -4"""),
and 0 =-a - B,0,=-8-B,03=—a-B-56—y -1
Proof This result follows by applying Proposition 3.1 and using equation (2.18) with
b =g Poeymnl c=q", d=q?? and e=qg*PF. a

Recall that the little g-Jacobi polynomials, see [16], are defined by

Pu(x;a,b;9) = 2¢1(q7", abq""; ag; 4, qx), (3.7)

and the formula

n
Pyxic,diq) =) arnPi(x:a,b;q)
k=0

holds with

— Ck3¢2( n dqn+k+l,6lqk+l;ch 1, bq2k+2;qu)y

Cee (- l)k (q ,ozq,cdq"*l Di (3.8)

(g, cq, abg"*; q)r
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Remark 3.4 In (3.7), if we take a = ¢ #, b=q %, c=q % and d = g%}, we get
Ao = ﬁlmq. Thus, the little g-Jacobi polynomials and the g-integrals I, ; are related in the
following way:

1 n
Pulxic,diq) = ~Ing + > ainPilxa, by q).
" k=1
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