He Advances in Difference Equations (2016) 2016:31 ® Advances in Difference Equations
DOI 10.1186/513662-015-0729-7 a SpringerOpen Journal

RESEARCH Open Access

CrossMark

Existence and multiplicity of positive
solutions for singular fractional differential
equations with integral boundary value
conditions

Ying He

“Correspondence:
heying65338406@163.com Abstract
School of Mathematical Science . . . s L. .
and Technology, Northeast In this paper, we discuss the existence and multiplicity of positive solutions for

Petroleum University, Daging, singular fractional differential equations with integral boundary value conditions
163318, PR. China

D*ut) +f(t,u()=0, 0<t<1,
u//(O) ///(O) O
v =u)=nfu

where 3 < < 4,0<n <2, D% is the Caputo fractional derivative and f may be
singular at u = 0. Our results are based on the Leray-Schauder nonlinear alternative
and a fixed-point theorem in cones.

MSC: 34B15

Keywords: singular fractional differential equation; integral boundary conditions;
positive solution; Green function; Leray-Schauder nonlinear alternative

1 Introduction
In this paper, we discuss the following nonlinear fractional differential equations with in-

tegral boundary conditions:

Du(t) + f(t,u(t)) =0, 0<t<l,
u”(0) =u"(0) =0, (1.1)
' (0) = u(1) = n [y uls)ds,

where 3 <a <4,0<n<2, “D? is the Caputo fractional derivative, and f may be singular
atu=0.

Differential equations with fractional derivative have been proved to be strong tools in
the modeling of many physical phenomena. In consequence the subject of fractional dif-
ferential equations is gaining much importance and attention [1-3]. Some recent investi-
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gations have shown that many physical systems can be represented more accurately using
fractional derivative formulations. For details, see [4—10].
Cabada and Wang [11] investigated the existence of positive solutions for fractional dif-

ferential equations with integral boundary value conditions

Du(t) +f(t,u(t) =0, O0<t<l,
w©0)=u"(0)=0,  u(l)=xrf, uls)ds,

by the Guo-Krasnoselskii fixed point theorem, where 2 < « < 3,0 < A < 2, “D* is the Caputo
fractional derivative, and f is continuous on [0,1] x [0, 00).
Zhang et al. [12] considered the fractional boundary value problem with a p-Laplacian

operator as below:

~Df (9, (Dx))(8) = Af (£, 2(1)), 0<t<]1,
x0)=0,  Dx(0)=0,  x(1)= [, x(s)dA(s),

where Df and Df are the standard Riemann-Liouville derivatives with1 <o <2,0 < 8 <1,
@p(s) = |sIP~%s, p > 1, and f may be singular at # = 0,1 and x = 0. A is a function of the
bounded variation and fol x(s) dA(s) denotes the Riemann-Stieltjes integral of x with re-
spect to A. By using the method of upper and lower solutions and the Schauder fixed
point theorem, the existence of positive solutions was established.

Zhou et al. [13] investigated the multiplicity of positive solutions of the nonlinear frac-

tional differential equation boundary value problem

DLu(t) =ftu), 0<t<l,
u(0) =u/'(1) =0,

by means of the Leray-Schauder nonlinear alternative, a fixed-point theorem on cones,
and a mixed monotone method, where 1 < g <2, Dg+ is the standard Riemann-Liouville
derivative. The function f is a given function satisfying some assumptions.

But up to now, there are few papers that have considered the multiplicity of positive
solutions with two integral boundary conditions and a nonlinear term f possessing a sin-
gularity at u = 0. Motivated by the results mentioned above, the aim of this paper is to
establish the multiplicity of positive solutions for singular fractional differential equations
with two integral boundary value conditions (1.1).

In this paper, in analogy with boundary value problems for differential equations of inte-
ger order, we first of all derive the corresponding Green’s function known as the fractional
Green’s function. Here we give some properties that relate the expressions of G(¢,s) and
G(1,s). It is well known that cones play an important role in applying the Green’s function
in research areas. Consequently problem (1.1) is reduced to an equivalent Fredholm inte-
gral equation. Finally, by using the Leray-Schauder nonlinear alternative and a fixed-point

theorem in cones, the existence and multiplicity of positive solutions are obtained.
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2 Background materials and Green’s function

For the reader’s convenience, we present some necessary definitions from fractional cal-
culus, both theory and lemmas. These definitions can be found in the recent literature
such as [14].

Definition 2.1 [14] Forafunctionf : [0, 00] — R, the Caputo derivative of fractional order
« is defined as

Co _ 1 ! f(n)(s) _
D*f(t) = =) /0 P ds, n=[a]+1,

where [«] denotes the integer part of the real number «.

Definition 2.2 [14] The Riemann-Liouville fractional integral of order « for a function f
is defined as

o _L ! ol
If(t)-r(a)/o(t $)“ " f(s)ds, «a>0,

provided that such an integral exists.

Lemma 2.1 [14] Let « > 0, then the fractional differential equation
D*u(t) =0

has a solution
w(t)=Co+ Cit+ Cot® + -+ + Cyqt™ ™,

where C;€R,i=0,1,2,...,n-1,n=[a] +1.

Lemma 2.2 [14] Let «a > 0, then
IDu(t) = u(t) - Co — Cit = Cot® — - = Cpyt"™,

where C;€R,i=0,1,2,...,n—-1,n=[a] +1.

In the following we present the Green’s function of a fractional differential equation with

integral boundary conditions.

Lemma 2.3 Giveny € C(0,1)NL(0,1), 3 <« <4, and 0 < n < 2, the unique solution of

Dut) +y(t)=0, 0<t<l,
w'(0) =u"(0) =0, (2.1)
u'(0) = u() = n [ uls)ds,

1
u(t) = / Glt,s)y(s)ds
0
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where

{a@-n) +2nt(a -1+ s)}1 -9 —a(2—n)(t -9,
Gt.9) 1 0<s=<t<l, (2.2)
,8) = ————————— .
@2=mT(@) |{a(2-n)+2nt(@ -1 +5)}1 -9,

0<t<s<l
Proof By means of the Lemma 2.2, we can reduce (2.1) to the equivalent integral equation

u(t) = —I°y(t) + Co + Cit + Cot? + C3t?
1

t
=——— [ t-95)""y(s)ds + Co + Cit + Cot? + C3t>.
C(a) Jo

From u”(0) = #””(0) = 0, we have C, = C3 = 0. Then

u(t) = —m / (t-—s5)*" 1y(s) ds + Cy + Cit,
, (2.3)
u'(t) = —1‘:(—;; /0 (t—s)*2y(s)ds + Cy,
and by the condition #'(0) = u(1) =7 fol u(s) ds, we have
1
u(0)=C; = 17/ u(s) ds,
) °1 1 (2.4)
u(l) = —m /(; 1 -5)*y(s)ds+ Cy + Cy = r;/o u(s) ds.
Then,
1 ! a-1
m /(; (1—9)*"y(s)ds.
From the previous equality, we deduce that
¢ 1
u(t) = —ﬁ /0 (t—s)*Ly(s) ds + ﬁ /0 (1—s)*"Yy(s)ds + Cit. (2.5)

Integrating the equation from 0 to 1, we have

1
f (t)dt_—— /(t $)* (s dsdt+ // (1 —s)*Yy(s)dsdt
0
1
+C1/ tdt
0

1 [ta-s) 1! el 1
__mfo - y(s)ds+m/0(1—s) y(s)ds+§C1.

So equation (2.4) implies that

1 1 1
Ci= n/o u(s)ds = — ! /(; 1 -9)y(s)ds + —— | (1—5)*""y(s)ds + %Cm.

n
ol («) () Jo
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Hence, we have

— 2’7 ! o 277 ! a—1
Cl__m/o 1-5) y(s)ds+m/0 (1=9)"""y(s)ds.

Therefore, the unique solution of (2.1) is

¢ 1
u(t) = —ﬁ/ (t—S)aily(S) ds + L/ 1 _S)a—ly(s) ds
a—1
W/ (1-s)* y(s)ds+W/ (1= 5)%Yy(s) ds
= _ﬁ ; (t—s)"""y(s)ds
1 1
+ oo, e 2t 199 o ds
v
T a2-n)(@)

X /t{[a(Z —-n)+2nt(e -1+ s)](l —s) (@ -n)(t- s)""l}y(s) ds
0

! 1 a-1
T, [ e Ll ds

1
/ G(t,s)y(s) ds.
0

Lemma 2.4 The function G(t,s) defined by (2.2) has the following properties:
(1) G(1,s) =0, fors e [0,1] if and only if n = 0;
(2) G(1,5)>0, forse(0,1) and n € (0,2);
(3) tG(Q,s) < G(¢,s5) <MoG(L,s), for 3<a <4,s € (0,1) and n € (0,2) where
a(n+2) |
Mo = 51y
(4) G(t,s) >0, fort,se(0,1) and n € (0,2).

Proof Observing the expression of G(1,s), it is clear that (1) and (2) hold.
Here

2n(or =1 4 s)(1 — )t

G = e T @

In the following we will only prove (3), as (4) can be deduced directly from (3).
When 0 < £ <s<1, we have

G(t,s) a2-n)+2ntla-1+s)

ht,s) = G(L,s) 2n(a —1+s)

Now, it is immediate to verify the following inequalities:

2nt(a —1 + ) <h(ts) < a2 -n) + 2nta <a(2—n)+2na _ a(2+n)

- 2n(a—1+s) — 2n(e-1) —  2n(a-1) 2n(a —=1)°

Page 5 of 14
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When 0 <s <t <1, we have

_Gt,s)  [a2-n)+2nt(a—1+9)]1-5)*" —a(2-n)(t—s)""

h(t,s) = Gy 2n(a — 1 +5)(1 - 5)*!

)

and since s > ts, we deduce that

[@(2=n)+2ntla =1 +8)](1—s)*T—a(2-n)t* 1 -s)*"!

h(t,s) > 2n(a =1 +s)(1—s)*!

a2-n)+2ntla —1+5s) —a(2 —n)t*!
2n(a —1+3s)

- al-n)+2ntla-1+s)—a(2-1n)
- 2n(a —1+s)

On the other hand, we have

a(2—n)+2nt(a—1+5s) - a(2+n) )
2n(a —1+5) = 2 -1)°

h(t,s) <

then the inequalities (3) are fulfilled. O

Theorem 2.1 (Leray-Schauder alternative) Let E be a Banach space, X a closed, convex
subset of E, U an open subset of X, and p € U. Suppose that A : U — X is a continuous,
compact map, then either

(i) A has a fixed point in U, or

(i) thereisau € dU and A € (0,1) with u = AMAU + (1 - A)p.

Theorem 2.2 Let X be a Banach space, and let P C X be a cone. Assume 2, Q2 are open
and bounded subsets of X with 0 € Q; € QL CQ,andlet T:PN (2w \ Q) — P bea
completely continuous operator such that either

(i) 1 Tu|l = llull, u € PN o2, and || Tul| < ||u||, u € PN 3Ry; or

(i) N Tull < |lull, u € PNOQy, and || Tull > ||ull, u € PN 32,
Then the operator T has at least one fixed point in PN (Q \ ©1).

3 Main results
In this section, we consider the existence and multiplicity of positive solutions of nonlinear

fractional different equation

Du(t) + f(t,u(t)) =0, 0<t<l,
u'(0) =u"(0) = 0, (31)
' (0) = u(l) = n [ uls)ds,

where 3 <o <4,0<n<2, “D¥ is the Caputo fractional derivative, and f may be singular

atu =0.
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Theorem 3.1 Suppose that the following hypotheses hold:

(Hi1) f:10,1] x (0,00) — [0, 00) is continuous and
0 <f(t,u) =g(u) + h(u), for(t,u) e [0,1] x (0,00),

with g(u) > 0 is nonincreasing and h(u)/g(u) is nondecreasing in u € (0, 00);
(Hp) there exists a constant Ky > 0 such that g(ab) < Kog(a)g(b) for all a,b > 0;

(Hs) folg(s) ds < o0;
(Hyg) there exists a positive number r such that

h(r) r 1 '
{1 + (@ }MoKog<MO) /0 G(1,s)g(s)ds < r;

(Hs) there exists a positive number R > r with

2 1 h(Es)
(1—a)g(R)/0 G(l,s){1+g(]\%os)}dszR

Then problem (3.1) has a solution u withr < ||u|| <R.

Proof Let E = C[0,1] be endowed with the maximum norm, |||l = maxo<;<1 |#(¢)|, define
the cone K C E by

t
K= {u eE‘u(t) > —||lul|, fort € [0,1]},
Moy
and let
Qi ={ueElul <r}, Q, = {u € E;||lull <R}.

Next let T: K N (2 \ Q1) — E be defined by
1
Tu(t) = / G(t,s)f (s,u(s))ds, 0<t=<L (3.2)
0

First we show T is well defined. To see this, notice that if u € KN (2, \ ) thenr < |u| <R

and u(t) > 1\%0””” > Mlor> 0,0 <t <1, from (H;) we have

St u) = g(u®)) + h(ult))

Hu®)
zgwmﬂl+gmm}

()
=¢ My g(R)

r h(R)
5K°g(”g<ﬁo>{“@}'
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These inequalities with (H3) guarantee that 7': K N (R, \ 1) — E is well defined. If u €
KN (2 \ Q1), then we have

1
I Tual < / MoG(L s)f (s, u(s)) ds
0
! t
Tu(t) > t/o G(l,s)f(s,u(s)) ds > Mo | Tua |,

ie,TueKsoT:KN(Q\ Q) — K.

Next we show T': KN (22 \ ;) — K is continuous and compact. Let ,,, u € KN (2 \ Q1)
with ||u,, — u|| = 0 as n — o0o. Of course r < ||u,|| <R, ¥ < ||u]| < R, u,(t) > ” >0 and
u(t) > AtT’O >0,for0<t<1.So

on(8) = [f (5, 1a(8)) = f (s, u(s))| > 0, s€(0,1),

and

Pn(s) < 2Kog(s)g <Aj10){1 + %}

for s € (0,1). Now this together with the Lebesgue dominated convergence theorem guar-

antees that

1
|| Tee,, — Tus|| < sup / G(t,s)pu(s)ds — 0 asn— oo.
te[0,1] JO

Therefore, T : K N (Q, \ 1) — K is continuous.
Next, we show that T is uniformly bounded. For # € K N (2, \ ;) we have

h(u(s))
g(u(s)) } s

1 1
| T = sup/ G(t,s)f(s,u(s))dsf/0 MOG(I,s)g(u(s)){1+

tel0,1]1 J 0

1 r h(R)
E‘/(; MOG(l’S)I(Og(]%)g( ){1+ W}dS

r h(R) !
= M01(0g<M0 ) {1 + @ } ‘/0 G(1,s)g(s) ds.

Hence, T : K N (Q, \ ;) — K is bounded.

Finally, we show that T is equicontinuous.

Forall e >0, each u € KN (R \ 1), £, €[0,1], t < ¢, since G(¢,s) is uniformly contin-
uous on t,s € [0,1] x [0,1], there exists 1 > 0, such that when ¢’ — £ <  we have

€
Iofo s) dsg(5- {1+ }’

’(Tu)(t) —(Tu) (t’)‘ < /0 }G(t, s)— G(t/,s) Lf(s, u(s)) ds

1 | P\ [, H®
5/0 |G(t,5)_G(t,s)|1<og(s)g(]\70){“ @}d&

By means of the Arzela-Ascoli theorem, T': K N (2, \ ©;) — K is compactly continuous.

|G(t/,s) - G(t,s)|
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Now we prove that
” TM” < ||M||, Yue KNa. (3.3)

To see this, let u € K N 9824, then ||u|| = 7 and u(t) > AfI—VO >0 for £ € (0,1), and we have

1
(Tu)(t) :/o G(t,s)f(s,u(s)) ds

! h(u(s))
< /0 G(t,9)g(u(s)) {1 + Z } ds

h 1
<zv101<0g(]vr10){1+g—r)}/0 G(L,s)g(s) ds

< r=|ul.

Therefore, || Tul| < ||u||, i.e. (3.3) holds.
Finally, we prove that

I Tull > lull, VueKNa,. (3.4)

To see this, let u € K N 9825, then ||u|| = R and u(¢) > ]’TI; >0 fort € (0,1),

Tu(l— 5) = f;G(l— %,s)f(s,u(s))ds
2\ ! h(u(s))
= (1‘5)/0 Gt s)g ()){ o ())}
2 1 h(355)
> (1—&)g(1€)/0 G(1,s { o) }

> R=ull.

This implies that (3.4) holds.
It follows from Theorem 2.2, (3.3), and (3.4) that T has a fixed point % € K N (Q5 \ ).
Clearly this fixed point is a positive solution of (3.1) satisfying r < ||%|| < R. O

Theorem 3.2 Suppose the conditions (H;)-(Hy) hold. In addition, assume that

(He) for each L > 0, there exists a function ¢r € C[0,1], ¢ > 0, for ¢t € (0,1), such that
ft,u) > (L), for (t,u) € (0,1) x (0,L]. Then (3.1) has a solution u with 0 < |lu|| <r.

Proof The existence is proved using Theorem 2.1, together with a truncation technique.

The idea is that we first show (3.1) has a positive solution u satisfying u(¢) > 0 for ¢ € (0,1).

Similarly to the proof of Theorem 3.1, we show

1
u(t) = / G(t,s)f(s, u(s)) ds (3.5)
0

has a positive solution.
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Since (H4) holds, we can choose #g € {1,2,...} such that

h(r) r 1 )
{1 + % }MOKOg<ZWO) /0 G(1,s)g(s)ds + ,,,_0 <r

Let Ny € {ng,no +1,...}. Consider the family of integral equations

! 1
(Au)(t) = /0 G(¢,s)fy (s, u(s)) ds + P (3.6)
where n € Ny and

> L
fultou) = f(t,u) 1fuZ;l

Similarly to the proof of Theorem 3.1, we can easily verify that A,, is well defined and maps
E to K. Moreover, A, is continuous and completely continuous. By the Leray-Schauder
alternative principle, we need to consider

u=Muu+ (1—)»)l
n
ie.
1
u(t) = )Lfo G(t, S)f(s, u(s)) ds + %, (3.7)

where A € (0,1). We claim that any fixed point u of (3.7) for any A € (0,1) must satisfy
lle]| # r. Otherwise, assume that u is a fixed point of (3.7) for some A € (0,1) such that
llt]| = r. Then u(t) > % for ¢ € [0,1]. Note that

1 1
”u(t) H < - + AMO/O G(1,s) ,,(s, u(s)) ds.
Hence, for all ¢ € [0,1], we have
1 1
|u(@)] = . M/o G(1, $)fy (s, u(s)) ds

1 t 1
vl -2

t t
> —u@®)| = —r.
> )] = 717

v

Thus we have the condition (Hy), for all £ € [0,1],

u(t) = )»/1 G(¢,s)f, (s, u(s)) ds + %
0

1
= A/(; G(t, s)f(s,u(s)) ds + %
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1
< /0 MOG(I,S)f(s,u(s)) ds + %

1
< f MOG(I,s)g(u(s)){1+h(u(s))}d !
0

guls) | "
h(r) 1 r 1
< :1+ %}/0 MOG(l,s)Kog(]WO)g(s)ds+ -

1
< {1 + %}Mﬂ(@(}\%)/{) G(1,s)g(s)ds + nio'

Therefore,

h 1
=t = {1 2 ok (1) [ Gtogras -

This a contradiction to the choice of 7y and the claim is proved.
Now the Leray-Schauder alternative (Theorem 2.1) guarantees A, has a fixed point, de-
noted by u,, u,(t) > % in B, = {u € E: ||u|| <r}, and it satisfies

1
uy(t) = / G(&,8)fo (s, un(s)) ds + %
0
! 1
= / G(t, 9)f (s, tn(s)) ds + —.
0 n

Next we claim that u, (¢) have a uniform positive lower bound, i.e., there exists a constant
8 >0, independent of n € Ny, such that

min u,(t) > &t, (3.8)
te(0,1]

for all n € Ny. Since (Hg) holds, there exists a continuous function ¢,(¢) > 0 such that
f(t,u(t) > @) for all (t,u) € (0,1) x (0, r]. Since u,(£) < r, we have

1
U (£) =/ G(t,s)f(s,u,,(s))ds+%
0
1
G(t,5)¢:(s)d.
2/0 (t,8)p,(s) ds

1
> t/ G(,s)p,(s)ds := 5t.
0

In order to pass the fixed point u, of the truncation equations (3.6) to that of the original
equation (3.5) we need the following fact:

{u,} is equicontinuous on [0,1] for all n € Nj. (3.9)

In fact, for all € > 0, each u, € B, t,t' € [0,1], t < t/, since G(¢,s) is uniformly continuous
on (t,s) € [0,1] x [0,1], there exists T > 0, such that when ¢’ — ¢ < T we have

€
Kog(8){1+ 23} [ g(s) ds’

|G(t/,s) - G(t,s)| <
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then
1
’u,,(t) - u, (t’)’ < /0 ’G(t’,s) —Gl(t,s) [f(s, u,,(s)) ds
1
< Kog(8) /0 |G(¢,s) - G(t,s)|g(s){1 + %}ds <e

The facts ||u,|| < r and (3.9) show that {u,},cn, is a bounded and equicontinuous fam-
ily on [0,1]. Now the Arzela-Ascoli theorem guarantees that {u,},en, has a subsequence
{4 Y npeNg» converging uniformly on [0,1] to a function u € E. From the facts ||u,|| < r and
(3.8), u satisfies 8¢ < u(t) < r for all £ € [0,1]. Moreover, u,, satisfies the integral equation

1
Uy = /(; G(t,s)f(s, Uy, (s)) ds + i

i

Letting k — 0o, we arrive at

1
U= / G(t,s)f(s, u(s)) ds.
0
Therefore, u is a positive solution of (3.1) and satisfies 0 < ||u]| < r. O

Theorem 3.3 Suppose that (Hy)-(Hg) are satisfied. Then problem (3.1) has two positive
solutions u, u with 0 < ||u| <r < ||| <R.

Proof From the proof of Theorem 3.1, we see that (3.1) has a positive solution zZ(?) with
r < ||%|| <R, and by Theorem 3.2, we see that (3.1) has another positive solution u(¢) with
0 < ||u|| < r. Thus (3.1) has at least two positive solutions. a

Example 3.1 Consider the boundary value problem

Du(t) + u™(t) + wub(#) =0, O0<t<l,
u”(0) =u"(0) =0, (3.10)
u'(0) = u() = n [, uls)ds,

where3<a<4,0<n<2,0<a<1,b>0andw >0 is a given parameter. Then:
(i) if b <1, then (3.10) has at least one nonnegative solution for each w > 0;
(ii) if > 1, then (3.10) has at least one nonnegative solution for each 0 < w < w;, where
i is some positive constant;
(iii) if b >1, then (3.10) has at least two nonnegative solutions for each 0 < w < w;.

Proof We apply Theorem 3.3. Note that (He) holds with ¢, (£) = L™. Let
gu)=u™, h(u) = wu?, Ky =1.

Then (H;) and (H,) are satisfied. Since 0 < a < 1, condition (H3) is also satisfied. Now for
(Hy) to be satisfied we need

Ar1+a -1

w< ra+h
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for some r > 0, where

1 -1
A= [M(l)”’ / G(,s)s™ ds] .
0

Therefore (3.10) has at least one nonnegative solution for

Arl+a -1

0<w<w:=sup o

r>0

Note that w; = o0 if b< 1, and if b > 1 set

Ar1+a -1

ra+b

I(r) =

The function I(r) possesses a maximum at

_( a+b a 1 ﬁ‘
"E\e-na) “\4)

then w; = I(rg) > 0. We have the desired results (i) and (ii).
If b > 1, condition (Hs) becomes

R1+a_B
w >

- W, (3¢11)

for some R > 0, where

—_2 !
B= 9-- G(1,s)ds,
o 0
-2 1
C= a—bf G(@,s)s**t ds.
O{M8+ 0

Since b > 1, the right-hand side goes to 0 as R — +00. Thus, for any given 0 < w < @y, it is
always possible to find an R >> r such that (3.11) is satisfied. Thus, (3.10) has an additional
nonnegative solution #. This implies that (iii) holds. O
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