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Abstract

This paper deals with the existence of mild solutions for a class of Caputo fractional
impulsive evolution equation with nonlocal condition and noncompact semigroup.
By using a monotone iterative technique in the presence of coupled lower and upper
L-quasi-solutions and using Sadovskii's fixed point theorem, some existence theorems
are obtained. The discussion is based on operator semigroup theory.
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1 Introduction

Fractional differential equation is a new and important branch of differential equation
theory. It is a valuable tools in the modeling of many phenomena in various fields of engi-
neering, physics, economics, etc. Actually, it has been an important area of investigation
in recent years; see [1-5]. Particularly, the existence of solutions to fractional evolution
equations has been studied by many authors, see [6—16]. In [6, 7], El-Borai introduced a
concept of mild solutions to fractional evolution equations in terms of probability density
functions. Recently, it was developed by Zhou and Wang et al. in [8-16]. They introduced
two characteristic solution operators and gave a suitable concept on the mild solution by
applying Laplace transform and probability density functions. But all these papers did not
consider the impulse effects. To study fractional evolution equation with impulsive condi-
tions, many authors made the preparatory works. Particularly, Wang et al. [17] presented
the concept of the mild solution of impulsive fractional evolution equations in a Banach
space X,

Du(t) + Au(t) =f(t,u(t)), te]:=[0,al,t+#,
u(t)) =u) +ye k=1,2,...,m, 1)
u(0) = uo +g(u),

where D7 denotes the Caputo fractional derivative of order g € (0,1), —A: D(A) C X — X
generates a compact Cy-semigroup in X, f, g are given functions, yx, uo are the elements
of X, a > 0isafixed constant, 0 =ty <t <ty < -+ < by < b1 = 4, u(t}) and u(t;) represent
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the right and left limits of u(¢) at t = &, respectively. By using fixed point theorems of
compact operator, they derived many existence and uniqueness results concerning the
mild solutions for system (1).

On the other hand, as far as we know that there are few papers studied the fractional
evolution equations with noncompact semigroup. Recently, Wang et al. [18] discussed
the local existence of mild solutions for nonlocal problem of fractional evolution equa-
tions under the situation that —A generates a noncompact analytic semigroup. Chen et al.
[19] investigated the existence of saturated mild solutions for the initial value problem of
fractional evolution equations under the situation that —A generates an equicontinuous
Co-semigroup.

In this paper, in the case of a noncompact semigroup, we consider the following nonlocal

problems of impulsive fractional evolution equations in an ordered Banach space E

Du(t) + Au(t) =f(t, u(t), u(t)), tel,t#t,
Autley = u(t]) — u(ty) = I(u(ty), u(t)), k=1,2,...,m, (2)
u(0) = up + g(u, u),

where D7 denotes the Caputo fractional derivative of order g € (0,1), —A: D(A) CE — E
generates a Cp-semigroup S(¢) (¢ > 0) in E, f and g are given functions will be specified
later, ug € E,0 =ty <ty <tp <+ <ty <tpa=a, [ :EX E— E (k=1,2,...,m) are the
impulsive functions. Utilizing a monotone iterative technique in the presence of coupled
lower and upper L-quasi-solutions and using Sadovskii’s fixed point theorem, we obtain
some existence results concerning the coupled mild L-quasi-solutions and mild solutions
for system (2).

In present work, we only assume that —A generates a positive Cy-semigroup in Theo-
rem 1 and Theorem 3, which is noncompact and nonanalytic. In Theorem 2, —A generates
a positive and equicontinuous Cy-semigroup, but the other conditions on f, g, and I; are
much weaker than existing results.

The rest of this paper is organized as follows. In Section 2, some preliminaries are given
on the fractional calculus and the measure of noncompactness. The definition of coupled
lower and upper L-quasi-solutions of the system (2) is also given in this section. In Sec-
tion 3, we study the existence of coupled mild L-quasi-solutions and mild solutions for the
system (2). Particularly, a uniqueness result is also obtained in this section. An example is
given in Section 4 to illustrate the effectiveness of our results.

2 Preliminaries

Let X be a Banach space with norm || - ||, A : D(A) C X — X be a closed linear operator
and —A generate a Cp-semigroup S(t) (¢ > 0) in X. It is well known that there exist M > 0
and § € R such that

Is®| <Me*, t=o. (3)
From (3), it is clear that there exists a constant C > 0 such that ||S(¢)|| < C forany ¢ € [0, a4].

Definition 1 A Cy-semigroup S(¢) (t > 0) in X is said to be positive, if the inequality
S(t)x > 0 holds for x > 0 and ¢ > 0.
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It is clear that for any M > 0, —(A + MI) also generates a Cy-semigroup S;(¢) = e M:5(¢)
(t=0)in X. S1(¢) (¢t = 0) is a positive Cy-semigroup if S(¢) (¢t > 0) is positive. For more
details about the positive Cyp-semigroup, please see [20].

Let us recall the following known definitions in fractional calculus. For more details, see
[3, 5, 8—10] and the references therein.

Definition 2 The fractional integral of order o > 0 with the lower limits zero for a func-
tion f is defined by

o _L ! _ o1
If(t)—r(a)/o(t s)° " f(s)ds, t>0,

where I' is the gamma function.
The Caputo fractional derivative of order n — 1 < ¢ < n with the lower limits zero for a
function f € C"[0, 00) can be written as

1

PTO= 165

t
f (t- s)”_"_lf(”)(s) ds, t>0,neN.
0

Remark 1
(1) The Caputo derivative of a constant is equal to zero.
(2) Iff is an abstract function with values in X, then the integrals which appear in
Definition 2 are taken in Bochner’s sense.

Lemmal [9] A measurable function h:[0,a) — X is Bochner integrable if || h|| is Lebesgue
integrable.

For x € X, we define two families {U/(£)};>0 and {V(£)}:>0 of the operators by

U(t)x = /OO nq(Q)S(tqQ)xdG,
0

V(t)x = q/ an(Q)S(th)de, 0<g<1,
0

where
1 41 _1
ﬂq(9) =0 ﬂq(9 q),
q
1 & r 1
040 == S 1yt DD Gy ¢ 0,00,
T n!

14 is a probability density function defined on (0, o), which has the properties 7,(6) > 0
forall 6 € (0, 00) and fooo 1n4(0) d6 = 1. Clearly, if the semigroup S(¢) (£ > 0) is positive, then
the operators U(t) and V (£) are also positive for all £ > 0.

Lemma 2 The operators U(t) and V (t) have the following properties.
(i) Forany fixed t > 0 and any x € X, one has

qC _ C
|u@x| < Clixl, Vx| < Tlg+1) llxll = Q) llxll.
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(ii) The operators U(t) and V (t) are strongly continuous for all t > 0.
(iti) IfS(¢) (¢ > 0) is an equicontinuous semigroup, U(t) and V (t) are equicontinuous in
X fort>0.

Proof From [8, 9], it is easy to prove (i) and (ii). Hence, we only prove (iii). Forany 0 < f; <
t, < a, we have

|tz -] = [ (@) (650) - (o) ao
and
” V(t) - V(tl)” = 4/0 9;7,,(9)”5(5276) - 5(10) ” de.

According to the equicontinuity of S(¢) for ¢ > 0, we see that ||U(t;) — U(t)] and ||V (%) —
V(t1)|| tend to zero as t, — t; — 0, which means that the operators U(f) and V(t) are
equicontinuous in X for ¢ > 0. d

We denote by C(J, X) the Banach space of all continuous X-value functions on interval
J with the norm ||| c = maxe; ||u(¢)||. Let ax(-) and acy,x)(-) denote the Kuratowski mea-
sure of noncompactness of the bounded set in X and C(J, X), respectively. Let B C X be
a bounded set. It is well known that 0 < ax(B) < 00. «(B) = 0 if and only if the set B is
precompact. For more details of the definition and properties of measure of noncompact-
ness, see [21]. For any B C C(J,X) and ¢ € ], set B(t) = {u(¢) : u € B} C X.If Bis bounded in
C(J,X), B(¢) is bounded in X, and ax(B(t)) < acy,x)(B). A mapping Q: B — B is said to be
condensing, if ac(,x)(Q(B)) < aec(,x)(B). For the measure of noncompactness, the following
lemmas will be used in this paper.

Lemma 3 [22] Let B C C(J,X) be bounded and equicontinuous. Then ax(B(t)) is continu-

ousonJ and
oy, (B) = maxay (B(1)) = ax(B())),

where B(J) = {u(t) :u € B,t €J}.

Lemma 4 [23] Let B = {u,} C C(J,X) be countable. If there exists ¥ € L*(J) such that
lu (O <Y () ae. te], n=12,..., then ax(B(t)) is Lebesgue integrable on | and

ax<{/]un(t)dt:n EN}) 52‘[05;((3(1‘)) dt.

Lemma 5 [24] Let B C C(J,X) be bounded. Then there exists a countable subset By of B
such that Olc(],x)(B) < 205C(],X)(BO)-

Lemma 6 [25] (Sadovskii’s fixed point theorem) Let X be a Banach space and Q2 be a
nonempty bounded convex closed set in X. If Q : Q@ — Q is a condensing mapping, then Q
has a fixed point in Q.
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Let E be an ordered Banach space with the norm || - || and the partial order <, whose posi-
tivecone K = {x € E:x > 0} isnormal. Let PC(J,E) = {u : ] — E : u(t) is continuous at ¢ # t;
and left continuous at ¢ = f; and u(£}) exists, k = 1,2,...,m}. Evidently, PC(J, E) is a Ba-
nach space with the norm ||u||pc = sup,; [lu(¢)||. PC(J,E) is also an ordered Banach space
with partial order < reduced by the positive cone Kpc = {u € PC(J,E) : u(t) > 0,£ €J}.
We use E; to denote the Banach space D(A) with the graph norm || - [y = | - || + [|A - ||
Let J' = J\{t1, t2, ..., ). An abstract function u € PC(J,E) N C'(J', E) N C(J', E;) is called a

solution of the system (2) if u(¢) satisfies all the equalities in (2).

Definition 3 Let L > 0 be a constant. If the functions vy, wy € PC(J,E) N C'(J',E) N
C(J', Ey) satisfy

Dvo(t) + Avo(t) < f(t,vo(2), wo(2)) + L(vo(£) —wo(2)), te],
AV0|t=1tk flk(VO(tk)’WO(tk))’ k= 1,2,...,m, (4)

vo(0) < uo + g(vo, wo),

Diwg(t) + Awo (2) = f (&, wo(£),vo(2)) + L(wo(2) = vo(2)), teT,
AWO |t:tk = Ik(WO (tk)x VO(tk))r k= 1,2,...,m, (5)

WO(O) > Up +g(WOrV0):

we call vy, wy coupled lower and upper L-quasi-solutions of the system (2). If we only
choose = in (4) and (5), we call vo, wp coupled L-quasi-solutions of the system (2). Fur-
thermore, if we choose = in (4) and (5) and let 7 := vy = wy, then we call iz a solution of the
system (2).

In this paper we adopt the following definition of mild solutions of the system (2), which
comes from [17].

Definition 4 By a mild solution of the system (2), we mean that a function u € PC(J, E)
satisfies the following integral equation

U@)uo +g(u, u)] + fot(t —8)I V(¢ - )f (s, u(s), uls)ds, tel0,t4],
U(B)[uo + glu, w)] + U(t — )1 (u(tr), u(tr))

() = + [t =)V (E - 9)f (s, uls),uls) ds, telt bl ©)

vey

U)o + g, u)] + 277, Ut — t)Li(u(t), u(t;))
+f (t=8)1YV(t = 8)f (s, u(s), u(s)) ds, tE€ [t al.

In the proof of the main results, we also need the following generalized Gronwall-

Bellman inequality, which can be found in [26].
Lemma 7 Suppose b >0, 8 >0, and a(t) is a nonnegative function locally integrable on

0 <t< T (someT < 00), and suppose u(t) is nonnegative and locally integrable on 0 <t <
T with

u(t) <alt) + b/t(t — ) u(s)ds
0

Page 5 of 15
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on this interval, then

u(t) <alt)+ /t |:Z %(t - s)"ﬂ_la(s):| ds, 0<t<T.
0

n=1

Remark 2 In Lemma 7, if a(£) = 0 for all 0 <t < T, we easily see that u(¢) = 0.

3 Main results

In this section, we always assume that E is an ordered Banach space, whose positive cone
K is normal with normal constant N, A : D(A) C E — E is a closed linear operator. Let us
list the following hypotheses:

(H1) f € C( x E x E,E) and there exist M > 0 and L > 0 such that
St x0,0) = f (&0, 91) = —M(x2 — 1) + L(y2 — 1),

forany t € J, vo(t) <x1 <x2 < wo(t) and vo(t) < y2 <31 < wo(t);
(Hy) Ix € C(E x E,E) satisfies

Ik(xlryl) SIk(x%yZ)r k= L2,...,m,

forany ¢t € ], vo(t) <1 < x5 <wo(t) and vo(£) < y2 <y < wo(t);
(Hs) g:[vo,wo] x [vo, wo] — E is continuous and satisfies

glx, 1) < g(x2,92),

for any vo <x1 <x» < wp and v <y, < y1 < Wo;

(H4) there exists a constant L; > 0 such that
aE({f(t’xmyn) +f(t:ymxn)}) = LlaE({xn} + {yn})»

for ¢ € J, increasing monotonic sequence {x,} C [vo(t), wo(t)] and decreasing se-
quence {y,} C [vo(£), wo(?)];
(Hs) {g(x/,y4)} is precompact for any monotone sequence {x,}, {y»} C [vo, wo].

Theorem 1 Let —A generate a positive Cy-semigroup S(t) (t > 0). Assume that the sys-
tem (2) has coupled lower and upper L-quasi-solutions vy and wo with vo < wy. If the
assumptions (Hy)-(Hs) hold, the system (2) has minimal and maximal coupled mild
L-quasi-solutions between vy and wy, which can be obtained by a monotone iterative pro-
cedure starting from vy and wy.

Proof Let ug € E be fixed. Define an operator Q: [vy, wo] X [vo, wo] — PC(J, E) by

Uy (&) [uo + g(u,v)] + f(f (t =T Vit = 9)[f (s, uls), v(s))

+ (M + L)u(s) — Lv(s)]ds, te]0,t],

x Uy ()[uo + g(u, v)] + U (t — 1)1y (u(tr), v(t)) + fot(t — )1
Qu, v)(2) = | Vit = 9)[f (s, uls), v(s)) + (M + L)u(s) — Lv(s)] ds, t € [t,t], 7)
Ui ()[uo + g(u, v)] + 377 UL (E — )L (u(ty), v(Ey)) + fot(t —s)it

x Vi(t = 9)[f (s, u(s), v(s)) + (M + L)u(s) — Lv(s)] ds, t € [t al,
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where

oo

Ul(t) = /0 nq(O)Sl (tqe) d9, Vl(t) = q/o 817,,(6)51 (th) d@,

Si(t)=e™S(t) (t=>0).

It is clear that U;(f) and Vi(f) are positive operators if S(¢) (£ > 0) is a positive Cp-
semigroup.

For any ¢ € J, vo(£) < x1(8) < x2() < wo(£) and vo(2) < y2(¢) < y1(t) < wo(t), from the
assumptions (Hj)-(Hs) and the positive property of the operators U;(¢) and Vi(t) for ¢ >
0, it follows that Q(x1,y1)(£) < Q(x3,y2)(f) for all ¢ € J, which means that Q is a mixed
monotone operator.

Let i(t) £ D7vy(t) + Avo(t) + Mo (t). Then i € PC(J, E) and h(t) < f(t,vo(t), wo(t)) + (M +
L)vy(t) — Lwo(t). Hence for any ¢ € [0, #], from (4) and (7), we have

vo(t) = Uy(t)vo(0) + /t(t — )TVt - s)h(s) ds
0

< U (t)[uo +g(vo, wo)| + | (&= )T Vit = 9)[f (s, vo(s), wo(s))
0
+ (M + L)vo(s) — Lwy (s)] ds

= Q(vo, wo)(2).

For any ¢ € (#, t;], from (4) and (7), we have

vo(t) = Us(t)vo(0) + L (t — 1) Avoli—gy + /t(t - )T Vi (e - s)h(s) ds
0
< Uy(6)[ 1o + g(vo, wo) | + UL (t — 01) ]y (vo(t1), wo (11))
+ / (t—s)'Vi(t - s)[f(s, vo(s), wo(s)) + (M + L)vo(s) — Lwo(s)] ds
0

= Q(vo, wo)(2).

Similarly, we can obtain vo(t) < Q(vo,wo)(¢) for any t € (¢, tknl, k = 2,3,...,m. That
is, vo < Q(vp, wp). A similar argument can prove that Q(wy,vy) < wy. So, Q : [V, wp] X
[vo, wo] — [vo, wo] is a mixed monotone operator. By the continuity of f, we easily prove
that Q : [vg, wo] x [vo, wo] = [vo, wo] is continuous.

Now, we define two sequences {v,} and {w,} in [vo, wo] by the iterative scheme

Vn = QWn-1, Wn-1),  Wu=QWp-1,Vp1), n=12,.... (8)
Then from the mixed monotonicity of Q, it follows that

Vo<V =< SV < Swy <o <wp < wo. )
Next, we prove that the sequences {v,(t)} and {w,(t)} are uniformly convergent on J.

For convenience, let B={v,:n e N} +{w,:ne N}, Bi={v,:neN},By={w,:n¢€
N}, Byg = {v,-1:n € N}, and Byg = {w,,_1 : 1 € N}. Then B = B; + By, B; = Q(B1o,B20), and
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By = Q(Byg, Byo). From By = By U {vg} and By = By U {wy}, it follows that ag(Bio(t)) =
ap(Bi(t)) and ap(Byo(t)) = ap(By(t)) for t € J. Let Jo = [0, 4], Jk = (ti, txa], k= 1,2,...,m,
and let ¢(2) := ag(B(2)) for ¢ € J. Going from Jy to J,, interval by interval, we show that
p(t)=0forte].

For ¢ € Jy, from assumptions (Hy), (Hs), and (7), we have

@(t) = ag(B(t)) = ag(Bi(t) + B2(8)) = a£(Q(Bio, B2o)(£) + Q(Bao, Bo)(£))

< ap({th(®)[2u0 + gVn1s Wn1) + EWn-1, V1) ]})

' “5({/ (£ = 9 V(L = )] (£ (5 Vs (9) Wara () + (5 W1(5), Vs ()
0

+ M(v,,_l(s) + w,,_l(s))] ds})
<C (as({g(vH, wa1)}) + ae({gWi_1,vas1) }))
F(q) / (= 9 etz (1 (5 Yot (9 s (9) +£ (5 Wa(5), vaa () )
+Mag({v,, 1(8) + wya(s })]

%;)Ll) /0 (t - )7 o (Bio () + Bao(s)) ds

2CM+Ly) [f
7F(q) /(;(t )T p(s) ds.

Hence by Lemma 7, ag(B(2)) = ¢(t) = 0 for t € Jo, which means that {v,(t)} + {w,(¢)} is
precompact in E for ¢ € Jy. In particular, ag(Byo(f1)) = 0 and ag(Bao (1)) = 0. That is, By (t1)
and By(t) are precompact in E. Thus, I;(Bio(t1), Bao(t1)), and I;(Byo(t1), Bio(t1)) are pre-
compact in E, and ag (L (Bio(t1), Bao(t1))) = 0, ae(l1(Bao(f1), Bio(f1))) = 0.

For ¢ € J1, from above argument, we have

o(£) = ag(B(2)) = ap(Bi(t) + Ba(2)) = ap(Q(Bio, Bao)(£) + Q(Bao, Bio)(£))

< ap({th(®)[2u0 + gVu-1, Wn1) + EWn-1,vn-1)]})

' “’5({/0 (£ = VA= (f (5 Vn-1(5) Waa () +£ (5,1 (9), 1 (9))

+ M(vn_l(s) + W1 (S))] ds} )

+ Cop({L (Va1 (1), waer (0)) + i (Wit (8), vaa (01)) })

< 2C(M+L1) /t(t—s)q1¢(5) ds

Again by Lemma 7, ag(B(t)) = ¢(¢) = 0 for t € J;, which means that {v,(t)} + {w,(¢)} is
precompact in E for ¢ € J;. Particularly, we obtain that ag(Big(£2)) = 0, @g(B2o(t2)) = 0 and
ag(la(Bio(t2), Bao(12))) = 0, ap(I2(Bao(t2), Bio(t))) =

Continuing such a process interval by interval up to /,,, we can prove that ar(B(¢)) =
¢(¢£) =0 on every Jx, k=0,1,2,...,m. Hence for any ¢ € J, {v,(¢t)} + {w,(£)} is precompact
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in E. So, {v,(¢t)} and {w,(t)} are convergent, respectively. Let
u(t) = lim v,(t), u(t) = lim w,(t), te]. (10)
n—00 n—oo
Letting n — 00 in (8), by the continuity of the operator Q, we obtain
u®)=Qwu)®),  ul)=Quu)t), te]. (11)

Evidently, {v,(£)}, {w.(t)} C PC(J,E), so u(t), u(t) are bounded integrable on J and u,u €
PC(J,E). Combining this with the monotonicity (9), we obtain v () < u(t) < u(£) < wy(t)
for t € J. By the mixed monotonicity of Q, it is easy to see that x and % are the minimal
and maximal coupled fixed points of Q on [vy, wp]. and therefore, they are the minimal
and maximal coupled mild L-quasi-solutions of the system (2) between vy and wy. O

Let the following condition be satisfied:

(H4)' There exists a constant L; > 0 such that

ae({ftxnyn)}) < Li(ae((%a)) + e ({ya}))s

for any t € J and monotone sequences {x,}, {y.} C [vo(t), wo(2)].

For any ¢ € J, increasing sequence {x,,} C [vo(¢), wo(¢)] and decreasing sequence {y,} C
Vo (2), wo(2)], by (H4)', we see that

ar({f % yn) + (&, 3 %0)}) < ae({f (& 2,30)}) + e ([ &y xn)})
< 2L (e ({n}) + e (fyn}))
< 2Ly (ap({%a} + {yn}) + ae({yn} + {x4}))
= 4Ly ({xa} + (ya})-

Let L; = 4L;. Then the assumption (H,)’ implies (H,). Therefore, by Theorem 1, we obtain
the following existence result.

Corollary 1 Let —A generate a positive Cy-semigroup S(t) (t > 0). Assume that the system
(2) has coupled lower and upper L-quasi-solutions vy and wy with vy < wy. If the condi-
tions (Hy)-(Hs), (Ha)', and (Hs) hold, the system (2) has minimal and maximal coupled
mild L-quasi-solutions between vy and wy, which can be obtained by a monotone iterative
procedure starting from vy and wy.

Now, we discuss the existence of mild solution for the system (2) between the minimal
and maximal coupled mild L-quasi-solutions u and u. We assume that:

(Hg) there exists a constant Ly > 0 such that

ae({f&xnyn)}) < La(ae({xa}) + e ({(ya})),

for any ¢ € J and countable subsets {x,}, {y.} C [vo(t), wo(2)];
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(Hy) there exist My >0, k=1,2,...,m with Y ), My < % such that

e ({Te (%0 (80 7)) }) < Mifoe({2a(0)}) + ae({ya)})], k=12,...,m,

for any countable subsets {x,}, {y.} C [vo, wo];

(Hg) {g(x,y4)} is precompact for any countable subsets {x,}, {y,} C [vo, wo].

Then we obtain the following existence result.

Theorem 2 Let —A generate a positive and equicontinuous Co-semigroup S(t) (t > 0) in E.
Assume that the system (2) has coupled lower and upper L-quasi-solutions vy and wy with
vo < wy. If the conditions (H;)-(Hsz) and (Hg)-(Hg) hold, the system (2) has minimal and
maximal coupled mild L-quasi-solutions u and u between vy and wy, and has at least one
mild solution between u and u.

Proof 1t is clear that (He) implies (H4)" and (Hg) implies (Hs). Hence, by Corollary 1, the
system (2) has minimal and maximal coupled mild L-quasi-solutions u and % between v,
and wy. Next, we prove the existence of mild solutions of the system (2) between u and u.
Let Tu = Q(u, u). Then T : [vy, wg] — [vo, wo] is continuous. If # € PC(J, E) is a fixed point
of the operator T, then u = Tu = Q(u, u). By Definitions 3 and 4 and the definition of the
operator Q, u is the mild solution of the system (2). For any D C [vo, wy], we see that T(D) C
[vo, wo] is bounded and equicontinuous. So, by Lemma 5, there exists a countable set Dy =
{x,,} C D such that acy,r(T(D)) < 2acqr(T(Do)). For t € Jy = [0,4], by the definition of
T, we have

ag(T(Do)(t)) = ag(QDo, Do)(t))
< ap({th(®)[uo + gxn,%n)]})
+ Qg ({/t(t -7Vt -s) [f(s, x,,(s),xn(s)) + Mx, (s)] ds})
0

= Caf({g(xmxn)})

qufl) / (t = )T ap ({f (5,%n(5), %4 (8)) + Mx(s)}) ds
2qC(M +2L,)
S AR
2C(M + 2Ly)al
“ gy

For t € Ji = (tx, tis1], k =1,2,..., m, by the definition of T, we have
ap(T(Do) (1)) = ag(Q(Do,Do)(2))

< a({Uh()[uo + glxn x4)]}) +ax ({ > U (¢ - ) (6 (81), 2 (£1)) })

i=1

+oE ({/t(t —8)1 Vit - 8)[f (5,n(5), n(5)) + Maxu(s) ] ds})
0
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k
2gC(M +2L,) (*
<2C Ml‘ D t; _ t— D
< l=21 ag(Do(t)) + T+l Jo (t =) ag(Dol(s)) ds
“ 2C(M + 2Ly)al
< ZCZMk + 7)0@(},5)@)
( pamy I(g+1)
Hence for any ¢ € J, we have
2C(M +2Ly)a?
ae(T(Do)(t)) <2CZM1< %)“CU,D(D)'

Since T(Dy) is bounded and equicontinuous, by Lemma 3, we have
acy (T(D)) = 2ac.e)(T(Do)) = 2max g (T(Do)(t))

4C(M + 2L
<4CZM/<+ I(‘( :1) 2) q)aC(},E)(D)-

(i) f4CY> 0 M+ %aq <1, then the T : [vy, wo] — [vo, wo] is a condensing

mapping. By Lemma 6, T has at least one fixed point # in [vo, wo].

(i) If4CY L My + ‘*C%iﬁ)maq > 1, then divided J = [0, 4] into n equal parts. Let

Ny:0=ty<ty<---<t,=aand? (i=1,2,...,n—1) be not the impulsive points
such that
m
4C(M + 2L
4CY My + MHA I < (12)
pamy F(g+1)

By (i) and (12), the system (2) has a mild solution #; in [0,¢]]. Again by (i) and (12), if
(2) with u(t]) = u1(¢;) as initial value, then it has a mild solution u,(t) in [#,£,], which
satisfies u5(¢]) = u;1(¢;). Thus, the mild solution of (2) continuously extends from [0, #{] to
[£;,2;]. Continuing such a process interval by interval from [0,#] to [t]_;,a], we obtain
the mild solution u € PC(J, E) of the system (2), which satisfies u(£) = u;(¢) for ¢ € [¢/_, t]],
i=12,...,n

Finally, since u = Tu = Q(u, u), vo < u < wy, by the mixed monotonicity of Q, we have

v1 = Qvo, wo) < Qu, u) < Q(wy, vo) = wi.

Similarly, v, < u < w,. In general, v, < u < w,. Letting n — 00, we get u < u < u. There-
fore, the system (2) has at least one mild solution between i and u. O

Remark 3 Analytic semigroup and differentiable semigroup are equicontinuous semi-
group [27]. In applications of partial differential equations, such as parabolic and strongly
damped wave equations, the corresponding solution semigroup is an analytic semigroup.
So Theorem 2 has extensive applicability.

Now, we discuss the uniqueness of mild solution for the system (2) in [vo, wo]. If we

further assume that the following conditions hold:
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(Hg) there exist M3 > 0 and L3 > 0 such that

St %2, 92) = f (21, 91) < M3z(x2 —x1) — L3(y2 — 1),

forany ¢ € J, vo(t) <1 <o < wo(£) and vo(£) < y2 <31 < wo(t);

(Hio0) g:[vo,wo] X [vo,wo] — E is continuous and satisfies

glx, ) < g(x2,92),

for any vo < a1 <x; <wp and vy <y, < y; < wy; particularly, for any x;,x, € [vo, wo]

with x; < x,, one has

g2, %1) — g(x1,%2) = 0,
then we obtain the following existence and uniqueness theorem.

Theorem 3 Let —A generate a positive Co-semigroup S(t) (t > 0) in E. Assume that the
system (2) has coupled lower and upper L-quasi-solutions vy and wo with vo < wy. If the
conditions (Hy), (Hy), (Hs), (Ho), and (Hyg) hold, the system (2) has a unique mild solution
between vy and wy, which can be obtained by a monotone iterative procedure starting from

Vo Or Wy.
Proof 1Tt is clear that (Hjo) implies (Hs). we first prove that (H;) and (Hy) imply (Hy4). For

any ¢ €/, let {x,} C [vo(t), wo(£)] be an increasing sequence and {y,} C [vo(t), wo(£)] be a
decreasing sequence. For m,n € N with m > n and ¢ € J, by (H;) and (Hy), we have

0 Sf(trxmrym) _f(t’ xmyn) + M(x — %) _L(ym _yn)
< (M + Ms3)xm — x4) = (L + L3) Y — Yn)-

Combining this with the normality of cone K, we have

”f(t,xm;ym) —f (&%, yn) ”
= N” (M + M3) (% — %n) = (L + L3)(m _yn)” + M|%p = x|l + LIy = yull

< [N + M) + M] 6 = %]l + [N(L + L3) + L] 1n = Yl
From this inequality and the definition of the measure of noncompactness, it follows that

a({f&%myn)}) < [NM + Ms) + Ma({x4}) + [N(L +Ls) + L] ({ya})

L
= S (@) + () = Laar(5,) + i),

where %‘* =N(M + M3) + M + N(L + L) + L. Similarly, we can prove that there exists a
constant Ls > 0 such that

aE({f(t’ynrxn)}) S LS“E({xn} + {yn})
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Thus, for any ¢ € J, increasing monotone sequence {x,} C [vo(t), wo(t)] and decreasing

monotone sequence {y,} C [vo(£), wo(2)], we have

ae({f & xnyn) + (& ym %) }) < ae({f(&%my0)}) + e ({f &y x0)})
< (La + Ls)ag ({4} + {yn})-

It implies that the condition (Hs4) holds with L; = Ly + Ls. Therefore, by Theorem 1, the
system (2) has minimal and maximal coupled mild L-quasi-solutions u and % between vq
and wy. By the proof of Theorem 1, we know that (10) and (11) are valid. Going from Jj to
J interval by interval, we show that u(£) = u(¢) on every Ji.

For t € Jo, we have
0 =< u(t) — u(t) = Qu, u)(¢) - Qu, u)(t)

= Uy(0)[uo + g, )
+ /0 t(t = )T Vi (e = 9)[f (s, (s), uls)) + (M + L)u(s) — Lu(s)] ds
- Uy (t)[uo + g(w, )]
- /0 t(t = )T Vit = $)[f (s, u(s), T(s)) + (M + L)u(s) — Lu(s)] ds

= Uy(0)g(@, ) — g(u, )]
+ /Ot(t = )TVt = $)[f (s, u(s), uls)) — f (s, u(s), tls))
+ (M + 2L ((s) — u(s)) ] ds

<Mz +Lz+M+2L) /t(t —8) 7 Vit —s) (ﬁ(s) - g(s)) ds.
0

From this and the normality of cone K, it follows that

CM;3+Lz+M+2L
I'(q)

N t
) - u)] < ) | (=9 9 - ) .
0
By Lemma 7, we obtain u(t) = u(t) on Jy. Particularly, u(t;) = u(t), so, L(u(t), u(ty)) =

L (u(t), u(t)).
For ¢ € J;, we can prove that

||ﬁ(t) A ” - NC(M;z + L3 +M +2L)

/Ot(t — )Tt ||ﬁ(s) — u(s) || ds

(g
NCM;z +Ls+M+2L) [* e
I'(q) /n (£ =8)7"7(s) ~ uls) | ds.

Again by Lemma 7, we obtain that u(¢) = u(¢) on /1, and Ly (u(ta), u(ta)) = L(u(ts), u(ty)).
Continuing such a process interval by interval up to J,,, we see that u(t) = u(t) over the
whole J. Hence, i := 4 = u is the unique mild solution of the system (2) on [vy, wo], which

can be obtained by the monotone iterative procedure starting from v, or wy. O
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4 An example
Consider the impulsive fractional differential equation with nonlocal conditions of the
form

Dfu(t,y) + Lrult,y)
:f(t:y: ”(t’y): u(t’y))’ qe (0,1), (t’y) €[0,1] x [0, 7], ¢t Z t,
Auly = Lt y), ultey)), y€[0,7],k=12,...,m, 13)
u(t,0) =u(t,7)=0, te€l0,1],
u(0,y) = uo(y) + g(u(t,y), u(t,y)), (&) €[0,1] x (0,7).

Let E = L2([0,]). Define Au = %u for u € D(A), where

9%«

0
DA =1xeE: 2 2% cEx(0) = x(x) = 0}.
dy 9y
Then —A generates a positive Cy-semigroup S(¢) (¢t > 0) in E, which is equicontinuous and
C=1.
Let 0 <w e PC(J, E) satisfy the following conditions:

(P1) 0 < Ix(0,w(t,y)) and It (W(t, ¥),0) < Awli—y, k=1,2,...,m,y € [0,7];

(Py) 0< u()()/) +g(0’ W(try)) and uo()/) +g(W(try)’ 0) < W(Ory)r (try) €[0,1] x (0,m);

(P3) Lw(t,y) < f(t,3,0,w(t,y)) and f(t,y,w(t,),0) < Dfw(t,y) + (A - LDw(t,y), (t,9) €
[0,1] x [0,7], t # tk.

Then 0 and w are coupled lower and upper L-quasi-solutions of the systems (13).

Therefore, if the functions f, g, and Iy (k = 1,2,...,m) satisfy the conditions (H;)-(Hs)
on the interval [0, w], the system (13) has minimal and maximal coupled mild L-quasi-
solutions between 0 and w.

Ifthe functions f, g, and Iy (k = 1,2,...,m) satisfy the conditions (H;)-(Hs) and (He)-(Hs)
on the interval [0, w], the system (13) has at least mild L-quasi-solutions on [0, w].

If the functions f, g, and Iy (k = 1,2,...,m) satisfy the conditions (H;), (Hs), (Hs), (Ho),
and (Hjo) on the interval [0, w], the system (13) has a unique mild solution on [0, w].
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