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1 Introduction

Differential equations with distributed deviating arguments are often used for model-
ing various problems arising in the engineering and natural sciences. Therefore, analy-
sis of qualitative properties of solutions to such equations is crucial for applications; see
Wang [1]. On the basis of these background details, we investigate the oscillation and
asymptotic behavior of a third-order neutral differential equation with distributed deviat-

ing arguments

b "\ a/’ d
[r(t)([x(t)+ / p(t,ax(r(t,s))ds} ) ] + / a6, ) (x(0 (4,6))) dé = 0,

t > to, (1.1)

where « > 1 is the ratio of odd positive integers. Throughout, we suppose that the follow-
ing assumptions hold.

(Ay) 7(t) € CH([ty, 00), (0,00)), r'(£) > 0, ftzo Ve (s) ds = oo;

(As) p(t,€) € Cl[to,00) % [4,b],[0,00)), 0 < [* p(t,€)dE < P<1;

(Az) t(t,&) € C([to,00) x [a,b],R) is a nondecreasing function for & satisfying 7(£,§) <t
and liminf,_, o, 7(¢,&) = oo for & € [a, b];

(Aq) q(t,§) € C([to,00) x [¢,d], [0,00));

(As) o(t &) € C([ty,00) x [c,d],R) is a nondecreasing function for £ satisfying o (¢t,£) <t
and liminf,_, o o (£,&) = oo for & € [c, d];
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(Ag) f(x) € C(R, R) and there exists a positive constant K such that f(x)/x* > K forallx # 0.

Define a new function z(t) by

b
26) = x(0) + / p(t €)x(2(5,£)) d.

By a solution of (1.1) we mean a nontrivial function x(¢) € C([Ty,00),R), Ty > to, which
has the properties z(t) € C?([T, 00),R) and r(t)(z"(t))* € C}([Ty, o0), R) for T, > ty. Our
attention is restricted to those solutions of (1.1) which satisfy sup{|x(¢)| : £ > T’} > 0 for any
T > T,. A solution x(¢) of (1.1) is said to be oscillatory on [T, co) if it is neither eventually
positive nor eventually negative. Otherwise it is called nonoscillatory. Equation (1.1) is
called oscillatory if all its solutions are oscillatory.

Recently, there has been much research activity concerning the oscillation and asymp-
totic properties of various classes of differential equations; see, e.g., [1-21] and the refer-
ences cited therein. So far, there are few results dealing with the asymptotic behavior of
third-order neutral differential equations with distributed deviating arguments, we refer
the reader to [17, 19]. The third-order neutral differential equation

[r(t)([x(t) +p(t)x(t(t))]//)a]/ + q(t)f(x(a(t))) =0

and its special cases have been studied by Baculikovd and Dzurina [5, 6], Candan [7], Grace
etal. [9], Jiang and Li [10], and Li et al. [14]. Using Riccati transformation, Zhang et al. [19]
considered a class of third-order neutral differential equations

b "/ d
[r<t>(x<t>+ [ peerntre) ds) ] o [ awer o) <o, 12)

and they obtained several Philos-type (see [15]) criteria for (1.2), whereas Senel and Utku
[17] studied (1.1).

In the study of oscillation of differential equations, there are two techniques which are
used to reduce the higher-order equations to the first-order Riccati equations (or inequal-
ities). One of them is the Riccati transformation technique which has been recently ex-
tended to dynamic equations on time scales; see, e.g., Senel and Utku [17]. The other one
is termed the generalized Riccati transformation technique; we refer the reader to Li [11],
Li et al. [12], Li and Saker [13], and the related references cited therein. In particular, Li
[11] used the generalized Riccati substitution and established several oscillation criteria
for a second-order ordinary differential equation

(r(t)x/(t))/ +q(t)x(t) = 0.

Furthermore, he proved that the equation

(%x’(t))l + tlsx(t) =0

is oscillatory and showed that the results established by the Riccati transformation tech-
nique cannot be applied.
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In the special case when o = 1, (1.1) reduces to (1.2). Now the following question arises.
Could we obtain new Philos-type oscillation criteria for (1.1) by using a generalized Riccati
transformation which differs from that of [19]? Motivated by Li [11], Li et al. [12], and Li
and Saker [13], our purpose in this paper is to give a positive answer to this question. In
Section 2, four lemmas are given to prove the main results. In Section 3, we establish two
Philos-type theorems for (1.1). In Section 4, two examples and some conclusions are pre-
sented to illustrate the main results. As customary, all functional inequalities considered

in this paper are supposed to hold for all ¢ large enough.

2 Some lemmas
Lemma 2.1 Suppose that conditions (A1)-(Ag) are satisfied and let x(t) be a positive solu-
tion of (1.1). Then z(t) has only one of the following two properties:

(D z(¢)>0,Z()>0,2z"(t) >0, 2"(¢) < 0;

(I) z(¢)>0,7(t)<0,2'(t)>0,2"() <0,

fort > t), where t; > ty is sufficiently large.

Proof Assume that x(¢) is a positive solution of (1.1). Then there exists a #; > £, such that,
fort> ¢,

x(t) >0, x(r(t,f;’)) >0, £&¢€la,b], and x(o(t,g)) >0, £&¢€lcd)].

From (1.1) and the definition of z(¢), we have z(¢) > 0 and

d
[0 ©)] =- f a(6,8) (x(0(6.£))) de <0,

Thus r(t)(z”(¢))* is nonincreasing and of one sign. Therefore, 2 () is also of one sign and
so we have two possibilities: z’(t) < 0 or z"(¢) > 0 for ¢ > t; > ;. We assert that 2’ (¢) > 0

for t > t,. Otherwise, there exists a constant M > 0 such that, for ¢ > #,,

Z'(t) < Mz <0.

re (t)
Integrating this inequality from £, to ¢, we obtain

1
ds.

Z(t) <2 (t) - M« / t

6 ra(s)

Letting t — oo and using (A;), we get lim;_, o, 2'(£) = —00. Thus Z/(¢) < 0 eventually. But
conditions z”(¢t) < 0 and z'(¢) < 0 imply that z(¢) < 0, which contradicts our assumption

z(£) > 0. Hence, z’(t) > O for ¢ > £,. Furthermore, we have, for ¢ > t,,

[r(t)(z”(t))a]/ =7 (' ()" + ar(t)(z"(t))a_lz’”(t) <0.

This yields z”(¢£) < 0 for ¢ > ¢, due to condition (A;). Therefore, z(¢) has only one of the
two properties (I) and (II). This completes the proof. d



Tian et al. Advances in Difference Equations (2015) 2015:267 Page 4 of 14

Lemma 2.2 Let x(t) be a positive solution of (1.1) and assume that corresponding z(t) has
the property (1I). If

/tooo/jo[ﬁ /Moo/jll(s»g)dé%ds]édudv:oo, 2.1)

then lim;_, o, x(t) = 0.

Proof Let x(t) be a positive solution of (1.1). Since z(¢) has the property (II), there exists a
finite constant / > 0 such that lim;_, », z(£) = [ > 0. We prove that / = 0. Assume now that
[> 0. Then we have [ + ¢ > z(t) > [ for all ¢ > 0. Choose 0 < ¢ < /(1 — P)/P. It is easy to verify
that

b
#0) = 2(0) / (6, E)x(x(6,€)) di

b b
> 1= [ ple8)e(r(60) de = 1-2((0) [ ple6)ds

>[-P(l+e)=N(+¢)>Nzt), (2.2)
where N = (I - P(l + ¢))/({ + €) > 0. Using (A¢) and (2.2), we conclude that
) d
[ 0)°] =-KN [ qle8)2(06,6) de.
Noting that z(¢) has the property (II) and using (As), we have
) d
[r®)(Z"®)"] < -KN“z* (o (£,d)) / q(t, &) dé = —q(t)z* (o1 (1)), (2.3)

where ¢;(¢) = KN fcd q(t, &) d§ and o1(t) = o (¢, d). Integrating inequality (2.3) from £ to oo,
we obtain

HOEO) = [ a0 (e0) ds

By virtue of z(01(2)) > [,

W
Z”(t)Zl[@ft ql(s)ds] . (2.4)

Integrating inequality (2.4) from ¢ to oo, we have

_z/(t)zl/ [%/ ql(s)ds]adu.

Integrating the latter inequality from ¢; to co, we obtain

Z(tl)Zl/:O/VOO[ﬁ /Mooql(s)ds]édudv,
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which contradicts (2.1). Hence [ = 0 and lim;_, o, z(¢) = 0. Then it follows from 0 < x(¢) <

z(t) that lim;_, o, x(¢) = 0. The proof is complete. O

Lemma 2.3 ([5], Lemma 3) Assume that u(t) > 0, u/'(£) > 0, and u”’(t) < 0 for t > ty. If
o (t) € C([ty,00),[0,00)), o(t) < t, and lim;_, o, o (t) = 00, then, for every B € (0,1), there
exists a Tg > to such that, for t > Tg,

u(a(t)) > ﬁ@u(t).

Lemma 2.4 Assume that u(t) > 0, u'(t) > 0, u”(¢) > 0, and u"'(t) < 0 for t > ty. Then, for
every y €(0,1), there exists a T, > to such that, fort > T,

u(t) > %ytu’(t).

Proof The proof is similar to that of Baculikovd and Dzurina ([5], Lemma 4), and hence it
is omitted. 0

3 Main results
Let

D:{(t,s)eRZ:tZszto} and Do:{(t,s)eRZ:t>szto}.

The function H(¢,s) € C(D,R) is said to belong to the class X (denoted by H € X) if it
satisfies
(i) H(t,t)=0,t>ty, H(t,s) >0, (t,5) € Dy;
(ii) aH(t,s)/ds < 0, there exist p(t) € C'([ty, 00), (0,00)), b(t) € C ([ty, 20), [0, 0)), and
h(t,s) € C(Dy, R) satisfying

oH(t,s) ~
s

ZACNNE (s)] +h(t,s).
o(s)

H(t, s)|:

Theorem 3.1 Assume that conditions (A;)-(Ag) and (2.1) are satisfied. If there exists a
function H € X such that, for some 8 € (0,1) and y € (0,1),

. 1 ! 1 p(s)r(s)|h(,s)|*
II:I_l)iljp Het /to [H(t, )Y (s) — @D Het,5) ]ds = 00, (3.1)

where o,(t) = o (t,¢) and

2 o d
¥(0) = K(1 —P)"p(t)eﬁy "Zt(t)) / q(t,£)dt

+ pOrOB™E () - p(8) (r(Ob(2)) (3.2)
then every solution x(t) of (1.1) is either oscillatory or satisfies lim;_, o x(£) = 0.

Proof Assume that (1.1) has a nonoscillatory solution x(z). Without loss of generality, we
may assume that x(¢) is an eventually positive solution of (1.1). By Lemma 2.1, we observe
that z(¢) satisfies either (I) or (II) for £ > ¢;. We consider each of two cases separately.
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Suppose first that z(¢) has the property (I). Then we obtain
b
0) = 20— [ ple.£)a(r(0) de
b b
2~ [ p60e(r(e.£) de = 20 -2(c(6.0) [ ple,6)ds
b
> (1- [ peerde et = - 33)
Using (As), (A¢), and (3.3), we have
o/ d
[OE@)T <K [ a0 (o(6.6) de
d
<K= [ a2 (o(0) de

d
< -K(1-P)z" (o (t,0)) f q(t,€) dg = —qa2(£)2% (02(2)), (3.4)

where ¢,(¢) = K(1 - P)* fcd q(t, &) dé and 05(t) = o (¢, ¢). Define a generalized Riccati trans-
formation w(t) by

r(©)(2"(6)*
(@ (6)~

o(t) = p(t)|: + r(t)b(t)j|, t>h. (3.5)

Then we have w(t) > 0 and

w'(t) = p’(t)[r(?z(f;()?)a + r(t)b(t)] + p(t)[r(?z(i;(;j)a + r(t)b(t)]
_P® ) r()(2" ()" ]
= 2 e+ pO(rwpn) + p(t)[ e ]
! /! ay’ 7 a+l
- ’;((tt))w(t) + () (r(e)b(®)) + p(t)% w ‘f’"”(z/((;)) @36)

By virtue of (3.5), we conclude that

20 1 (o @
= _— b . .
20 ré(t)<p(t) "0 m) 67

Combining (3.4), (3.6), and (3.7), we have

oy PO : 2*(02(2))
0= 7 o(t) + p()(rOb(t)) - p(t)qa(2) Q)"
1+%
_ et (@ - r(t)b(t)> : 8
ra(t) \ p(t)

Using Lemma 2.4, for every y € (0,1), there exists a T),, > t; such that, for t > T,

2(02(2)) = ~y 02 ()7 (02(1)). (3.9)

N =
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From Lemma 2.3, for every g € (0, 1), there exists a Ty > T, such that, for t > T,

1 Boa(t)

> .
Z(t) ~ 12/ (02(2))

(3.10)
Define

A*=—= and B*=r()b(t).
Using the inequality (see [13])

(A*)H% _( *_B*)1+é < (B*)é[<1+ l)A*—lB*], A*B*Z0,0[= % >1:

o o o
we have
() 1+1 a1 141 1\ (r(£)b(2)) &
(408 -row0) = LU CLONS (1+5) "0 w0, G

Using inequalities (3.8)-(3.11), for t > T > T, we have

o7 (t)
t

o' () < p(O)(r()b(t)) - p(t)qz(t)Gﬂy ) - p(O)r()b" = (1)

w1+% (t)

+ [p O, @1t (t)}w(t) - :
p(®) (p(B)r(®)=

=~y () + A(©)o(t) - BO)w™ 7 (0), (3.12)
where () is defined as in (3.2), A(£) = (0’ (t)/p(2)) + (o + 1)bY%(£), and B(¢) = ot/ (p(£)r(£)).

Multiplying inequality (3.12) by H(¢,s) and integrating the resulting inequality from T to

t, we have

/tH(t, )Y (s)ds < /tH(t, s)(—a)’(s) +A(s)w(s) — B(S)a)hé (s)) ds
T T

= H(t, T)w(T) + /;(E)Ha(? 9 +H(t, s)A(s))a)(s) ds

- /tH(t,s)B(s)a)l";(s) ds
T
= H(t, T)w(T) - /th(t,s)w(s) ds — /tH(t,s)B(s)w“é(s) ds
T T
<H@Et T)o(T) + /t[fh(t, s)|a)(s) — H(t, s)B(s)a)“é(s)] ds. (3.13)
T

Letting C = |k(t,s)|, D = H(¢,s)B(s), and using the inequality (see [13])

o o+1
Cw - Dot < ¢ ¢

T~ D 07
- (Ot + 1)o¢+1 D >
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we obtain

p(s)r(s)|h(t, s)|*+!
He(t,s)

t ' 1
/T H(t,s)y(s)ds < H(t, T)o(T) + /T (a + 1)1

Hence

Lt 1 p(s)r(s)|h(t s)*!
HET) /; [H(t,s)l//(S) T er D Hets) } ds < o(T) (3.14)

for all sufficiently large ¢, which contradicts (3.1).

Assume now that z(¢) has the property (II). By Lemma 2.2, we have lim;_, o, x(t) = 0. The
proof is complete. O

It may happen that assumption (3.1) in Theorem 3.1 fails to hold. Consequently, Theo-
rem 3.1 cannot be applied. The following theorem provides a new oscillation criterion for
(L.1).

Theorem 3.2 Let conditions (A1)-(Ag) and (2.1) be satisfied. Assume that there exists a
function H € X such that

H(,
0< inf{liminf (&s) } <0 (3.15)

s>ig | t—oo H(t, tg)

and

5 £ p(s)r(s)|h(t,s)|* "
imsup

ds < 00 3.16
t—00 H(t, tO) to Ha(t’s) ( )

hold. If there exists a function ¢(t) € C([ty, 00), R) such that, for all T > t,,

lim sup / o o] ds— oo (3.17)

t—00 to
and

. 1 g 1 p@s)r(s)|h(t, )"
hgigp H—(t, ) /; I:H(t,s)lp(s) - @ e Hets) ] ds > o(T), (3.18)

where Y (t) is defined by (3.2) and ¢.(t) = max{g(t), 0}, then the conclusion of Theorem 3.1
remains intact.

Proof Assuming that z(¢£) has the property (I) and proceeding as in the proof of Theo-
rem 3.1, we have (3.13) and (3.14) for all ¢ > T. Hence, by virtue of (3.14),

. 1 ! 1L p(s)r(s)|h(ss)|*"
lim sup m /T I:H(t,s)l//(s) - @D Het,s) :| ds < w(T) (3.19)

t—00

for all £ > T. Thus, by (3.18) and (3.19), we have

o(T) < o(T) (3.20)
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and

llfr_l)ilolp HE, T)/ H(t,s)y(s)ds > o(T). (3.21)

From (3.20), we obtain

o0 1 1 a+l o0 a+l
/ p () (s)w @ (s)ds > / “u(s)ra (S)[</J+(S)] « ds (3.22)
T T
and hence, by (3.17),
© 1 1 a+l
/ p e (s)r a(s)w @ (s)ds = oo. (3.23)
T
To complete the proof, we show that (3.23) does not hold. Let
ut) = —> / tH(t $)p % ($)r % () (s) ds
= — y o (3 a) o
HeT) Jr Y
and
1 t
)= — h(t, d.
W0 = s [ e 9o
for all ¢ > T. It follows from (3.13) and (3.21) that
litrg(i)gf[u(t) - v(t)] <w(T)- hfr_l)ilip H(t ) / H(t,s)y(s)ds
<o(T) - (T) < 0. (3.24)
Now by (3.15), there exists a positive constant &; satisfying
|, . . H(ts)
Sl;ltg {htrgégf H o) } > & >0. (3.25)

Let &, be an any positive constant. It follows from (3.23) that, for all £ > T3,
t
[ ortortoooa= 2,
T [e23}

where T; > T is sufficiently large. Therefore, for all £ > T7,

o t 1,1 a+l
ult) = me H(m)d(fT PO (o (c)d§>

o L( 0H(ts) S0 1w
= H@T) /T(‘ s )(/Tp ey E ()0 (C)dg“)ds

. _ & t( 3H(t;5)>d _&HGT)  &HETY)
_ S = > .
T &H(T) as §H@,T) — &H(@ k)
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By (3.25), there existsa T, > T; such that H(t, T1)/H(t, tp) > & forallt > T,. Thus u(t) > &,
for all £ > T5. Since &, is an arbitrary constant,

tlim u(t) = co. (3.26)
Consider now a sequence {£;}75 in (T, 00) with lim;_, » ¢; = oo such that
lim[ (t;) - v(, )] = llmmf[ (t) - V(t)] < 00.

i—00 t—o00

By virtue of (3.24), there exist a natural number N, and a constant L > 0 such that, for all
i>N 0

u(t;) —v(t) < L. (3.27)
It follows from (3.26) that
lim u(t;) = oco. (3.28)
i—00
Combining (3.27) and (3.28), we conclude that
ll_l)rgo V() = 00 (3.29)

and, for i large enough,

vit) 1
—. 3.30
ut) 2 (3:30)
From (3.29) and (3.30), we obtain
Vot+1(ti)
= 3.31
i—oco u®(t;) (3.31)
On the other hand, by Holder’s inequality, we have
o L a+l %rl
V() < {H(ti, ) /T H(t;,8)p~ (s)r @ () @ (s) ds}
1
f" P(S)V(S)Ih (t;,8)** @
ds .
a*H (t,, T) *(t;, )
Therefore, for all i large enough,
o+l (¢ 1 t . a+l
V(L) - / p($)r(s)|h(t:,s)| s (3:32)
Ma(ti) aang(tir t()) H* (ti)s)

From (3.31) and (3.32), we deduce that

i p(s)r(s)|h(t;,s)*™

ds= »
’_’OO H(L‘nto)/ H* (tns) Soe
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SO

1 /”p@VBNMRQP”

1i ds = oo,
S H to) . H(t,5) §=

which contradicts (3.16). Therefore, (3.23) cannot hold. By virtue of (3.22), we get

® 1,1 il
[ ot 6] as<e,
T
which contradicts (3.17).
Suppose that z(t) has the property (II). By Lemma 2.2, we obtain lim,_, o x(¢) = 0. This

completes the proof. d

4 Examples and conclusions
Example 4.1 For ¢t > 1, consider a third-order differential equation

4 [t+& N3 32908 4 (t+&
(o [ (5)a] )] 200 en

where gy > 0isaconstant. Leta =3,a=1/2,b=1,¢=0,d =1, r(t) = £2, p(t, &) = 4&/(3¢2),
T(t,E) = (t+ £)/3, q(t, &) = 32q0&/t°, and o (t,£) = (¢ + £)/2. Then

1 1
/ (t,&)dE = /1 —dé——2<5 and o0y(¢) =0 (£,0) = =
2
It is not difficult to verify that

1
*1 32
/—2d5=oo and / / [2// qogdes} dudv = co.
1 3 u

Therefore, the conditions (A;)-(Ag) and (2.1) are satisfied. Furthermore, we choose K =1,
P=1/2, p(t) =t, b(t) = 0, and H(t,s) = (t — s)*. Then k(t,s) = (t —5)3(5 — ts71),

~ By (5)? '32q06 . qo(By)?
w@>-(1—5> ( 2t ).4 T

and
‘ 1 p@)r(s)lhE )
imuw 7525 [, [H09v0- o gy |
T 1 610(/3)/) 4l L 3 1\ 4
_h?lilip(t—l)‘L/ |: 26 (t—s5)"- s~ 256° (5-&7" ]ds
: 1 (By)?
:11:risoljp (t—1)4/ |:q025g ( —4t3 + 6135 — 4t32+33)

1 5 75 125 , 625,
[ L T AR SR o Gy s ds = 0o,
256 64 128 64 256"
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if o > 1/(By)? for some B € (0,1) and y € (0,1). Hence, by Theorem 3.1, every solution
x(t) of (4.1) is either oscillatory or converges to zero as ¢ — oo in the case where go >
1,000,000/(531,441) ~ 1.9 (by letting 8 = y = 9/10). Observe that the results reported in
[19] cannot be applied to (4.1) since « = 3.

Example 4.2 For ¢t > 1, consider a third-order differential equation

L g " 116
[x(t)+/1 g—t‘ix<”§)dg] +/0 g°§x(t;‘§>dg 0, (4.2)

where go >0 isa constant. Let e =1, a=1/2,b=1,¢c=0,d =1, r(t) = 1, p(t, &) = 4£/(3£2),
T(t,&) = (t+£)/3, q(t,&) =16q0&/t3, and o (t, &) = (t + £)/2. Then

f (t,€)dE = /lgtzdé’if% and  0y(t) = o (£,0) = —

2

It is easy to verify that

[ mt [ [osdans

Therefore, the conditions (A;)-(Ag) and (2.1) are satisfied. Furthermore, we choose K =1,
P=1/2, p(t) = t, b(t) = 1/t, and H(t,s) = (¢t — 5)%. Then h(t,s) = (t — s)(5 — 3ts71),

2\ 16 1\? 1\ /1 1
vor= (1 g ) (5) [ dee(5) (7) = Gor )

and

limsu
P H( 1) J.

:li?lilip( _1)2/ |:< 610,3)/+2>(t—s)2__15(5 3ts‘1) ]ds

, 1 /1 L 1 L
:11msupm/1 |:<§qoﬂy+2)(t s 1—2t+s)—1(255—30t+9t s 1)]ds

t—00

( o + 1)+l He(t,s)

=00,

ifgo >1/(2By) for some B € (0,1) and y € (0,1). Therefore, by Theorem 3.1, every solution
x(t) of (4.2) is either oscillatory or converges to zero as ¢t — oo in the case where g >
50/81 ~ 0.62 (by letting B = y = 9/10).

Remark 4.1 With an appropriate choice of the function H, one can derive from Theorems
3.1 and 3.2 anumber of oscillation criteria for (1.1). For example, consider a Kamenev-type
function H(¢,s) by H(t,s) = (t —s)""1, (¢,s) € D, where n > 2 is an integer. The remainder of
the details are left to the reader.

Remark 4.2 Theorems 3.1 and 3.2 reported in this paper reduce to ([19], Theorems 3.1
and 3.2), respectively, when letting o =1 and b(¢) = 0.
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Remark 4.3 Note that Theorems 3.1 and 3.2 ensure that every solution x(¢) to (1.1) is
either oscillatory or satisfies lim,_, » #(£) = 0 and, unfortunately, these results cannot dis-
tinguish solutions with different behaviors. Since the sign of the derivative z/(¢) is not fixed,
it is not easy to establish sufficient conditions which guarantee that all solutions to (1.1)
are just oscillatory and do not satisfy lim;_, o, x(£) = 0. Neither is it possible to use the tech-
nique exploited in this paper for proving that all solutions of (1.1) satisfy lim;_. x(¢) = 0.
Hence, these two interesting problems are left for future research.

Remark 4.4 It would be interesting to find a different method to investigate (1.1) when
0 < @ < 1. It would also be of interest to find another method to study (1.1) in the case

where ftzo rY(s) ds < oo.
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