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Abstract
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1 Introduction
In this paper, we study the existence of positive solutions for the following boundary value
problem with impulsive effects:

X () +at)x(t) =f (&, %), tF#tte],
Ax(ty) = L(x(t)), k=1,2,...,p, (1.1)
x(0) = x(T),

where /= [0,T], 0=ty <ti <ty <--- <ty <1=tpn, Ax(t) = x(t5) — x(;), x(tf), and x(£;)
represent the right limit and left limits of u(t) at £, respectively.

Impulsive differential equations serve as basic models to study the dynamics of processes
that are subject to sudden changes in their states and its theory has developed fast during
the past few years. There has been increasing interest in the investigation for boundary
value problems of nonlinear impulsive differential equations and much literature has been
published about the existence of solutions for impulsive differential equations, see [1-3]
and the references therein. There are some common techniques to approach those prob-
lems: the fixed point theorems [4—8], the method of upper and lower solutions [9-12],
the topological degree theory [13, 14], the variational method [15-17] and so on. Recently,
using the fixed point theorem, Zhang et al. [8] obtained the existence of a positive solu-
tion of (1.1), where they required that the function a is of definite sign. In this paper, we
continue to discuss (1.1). By using the fixed point theorem in a cone different from the one
in [8] and degree theory, we obtain some new conditions which guarantee the existence
of single and multiple positive solutions for (1.1). Our results are different from the results
in [8] and are new even if [; = 0.
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2 Main results
Let J* = J\{t1,t2, ..., £}, PC(J) = {u: ] — Rlu € CU*), u(t}), u(t;) exist and u(t;y) = u(t;), i =
1,2,...,p}. PC(J) is a Banach space with the norm | u|| = sup{|u(¢)| : £ € J}.

Lemma 2.1 [8] The function x € PC(]) is a solution of (1.1) if and only if x is a solution of
the following impulsive integral equation:

T p
x(t) = /0 G(t,s)f(s,x(s)) ds + Z G(t, ti) Ik (x(tk)),

k=1
where
fsa(r)dr .
feTzaW’ %fo E t<s E T,
G(t,s)=1{ ¢S y
olt u(r)drefo a(r)dr .
f, lfo <s< t < T.
EJO a(s) s_1
Set

T T

A" = {aeC(],R):/ a(r)dr>0}, A" = {aeC(],R):/ a(r)dr<0},
0 0

M =max{G(t,s): t,s €]}, m=min{G(t,s):t,s €]J}.

The Green’s function G is of definite sign ifa € A* U A~. Moreover, M >m >0 ifa € A*;
m<M<OQifae A™.
Define the operator A and cone K on PC(J) by

T p
(Ax)(t) = /0 G(t,)f (5,x(5) ds + Y Glt, t) i (x(tx)),

k=1

K ={x e PC(J):x(t) > §|xIl},
where§ =% ifac A% 5=2Lifac A~

Lemma 2.2 [18] Let X be a Banach space and K be a cone in X. Suppose 2, and Q0 are
open subsets of X such that 0 € Q; C Q) C Q, and suppose that

O :KN(2H\2) = K

is a completely continuous operator such that:
(i) inf||Pu| >0, u#uduforue KNoQ and u>1,and u # udu foru € K N 92
and 0 <u <1,or
(ii) inf||Qul| >0, u # pudu forue KNaQy and > 1, and u # ndu foru e KN oy
and 0 < <1.
Then ® has a fixed point in K N (Q25\$21).

Set

p
o(s)=T sup f(i;u) + sup{Zln(l + Ik(vk)) TV € [83,5]},

(t,u)e] x [8s,s] 1 Vi
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p
Y(s)=T inf AU + inf{Zln(l + Iivi)
k=1 k

(t,u)e] x[8s,s] u V,

) TV € [85,3]},

g0=lim e, go= lim @), Vo= ImY(),  Yno= lim v(s).

s—>0t §—>+00 s—+00

The following theorems are the main results of this paper.

Theorem 2.1 Assume that a € A* and there exist two positive constants r < R such that
fe C( x [6r,R], [0, +oo)), Iy € C([Sr, R}, [0, +oo)) 1<k=<p). (2.1)

Then (1.1) has at least one solution x with r < ||x|| < R if one of the following conditions is
satisfied:

(Hy) o(r) < fOT a(s)ds and ¥ (R) > fOT a(s) ds;
(Hy) ¢(R) < foT a(s)ds and ¥ (r) > fOT a(s) ds.

Proof Here, we only prove the case in which (H;) is satisfied. Let Qr = {x € K : ||%|| < R},
Q, = {x € K : ||x|| < r}. At first, we show that A : Qg \ ©2, — K. For any x € Qr\ Q,, 8r <
x(t) <R, te].From 0 < m < G(t,s) < M and (2.1), we obtain, for x € Qg \ @,

T 14
0 < (Ax)(t) < M|: /0 f(s,%(5)) ds + Zlk(x(tk)):|

k=1
§MTmax{f(t,u) cte],ér<u §R}

+pMmax{Ik(u) Sr<u<R1<k §p} < 400,

T V4
(Ax)(¢) > m|: /0 f(s,x(5)) ds + Z[k(x(tk)):| > §||Ax|.

k=1

Hence, A : Q¢ \ Q, — K. In addition, one easily checks that A is completely continuous.
Next, we show that:
(@ x A puAxforxe KNoQ,and0< u <1,
(b) inf||Ax|| >0, x # wAu forx € KN 9z and u > 1.
If (a) is not true, there exist x € K N 02, and 0 < u < 1 with x = uAx. Hence,

x'(t) + a(t)x(t) = uf(t,x(t), tHty,te],
x(tf) = x(te) + ple(x(te)), k=1,2,...,p, (2.2)
x(0) = x(T).

Since x(t) > 8r > 0, we rewrite (2.2) as

(nx(®)) +a() = L2, top,te),

Alnx(ty) = In(1 + %k(gk”), k=12,....p, (2.3)
x(0) = x(T).
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Integrating the first equality in (2.3) from 0 to 7, we obtain

T T Ra) ( mk(x(tk»)
fo a(t)dt-u/o 0 dt+;ln 1+7x(tk)

Tr) A (L RGe)
<] T d”?“(“ )

< o(r),

which is a contradiction.
Suppose that infyexnoq, |A%]l = 0. There exists the sequence x, € K N 9% such that
|Ax,|| — 0 as n — oo. Noting f(¢,x,(¢)) > 0, Ix(x,(tx)) > 0 and

T 14
0<m / Fls20) ds+ 3 I(n(t) | = 1Al — 0,
0 k=1

we obtain f(s, x,(s)) = 0, It(x,(tx)) — 0 as n — 0o. Hence,

Tfeane) 3 ( Ik(xn(tk))>% ~
./o xn( Zl @) 0 asn— oo,

which implies that ¥ (R) = 0, a contradiction.
Suppose that there exist u € K N 3dQ2g and pn > 1 with u = pAu. Then
(nu(@)) +a(e) = L@, t7 6t e,
Alnu(ty) =In(1 + “I’;((L;]Sk))), k=1,2,...,p, (2.4)
u(0) = u(T).

Integrating the first equality in (2.4) from O to 7, we obtain

T T ) & ( mk(u(tk))>
/o“(t)dt‘“/o Q) d”;“‘ -

ftu(t)) Z ( Ik(u(tk)))
/ () ;m )

> ¥(R),

which is a contradiction.
By Lemma 2.2, there exists x € S_ZR\Q, with Ax = x, which is the positive solution of (1.1).
The proof is complete. d

Corollary 2.1 Assume that a € A* and f € C(J x [0,+00],[0,+00)), Iy € C([0, +00),
[0,+00)) (1 < k < p). Then (1.1) has at least one positive solution if one of the following
conditions is satisﬁed
) @ < fo s)ds and Vo > fo (s) ds,
(2 ) Poo <fo s)ds and Vg >f0 (s)
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Theorem 2.2 Assume that a € A" and there exist N + 1 positive constants p1 <py < -+ <
PN < PN+1 Such that

f € C(] X [(Spl,pN+l], [0: +OO)), Ik € C([Spl,pN+l], [0: +OO)) (1 =< k EP)'
Further suppose that one of the following conditions is satisfied:

1) @) < fOTa(s) ds, k=1,2,...,[(N +2)/2], ¥ (pai) > [, als)ds,
k=1,2,....,[(N +1)/2], or

(2) ¥ (pak-1) fo s)ds, k=1,2,...,[(N +2)/2], p(pa) < fo s)ds,
k=1,2,...,[(N +1)/2],
where [d] denotes the integer part of d. Then (1.1) has at least N positive solutions x; € X,
k=1,2,...,N with p < x|l < prs1-

Proof Assume that (1) holds. The case in which (2) holds is similar. Since ¢, ¥ are contin-
uous functions, for any 1 <j < N, there exist 7, R; such that p; < 7; < R; < pj,; and

T T
<P(Vj)<[ a(s) ds, 1//(R;)>/ a(s)ds, jisodd,
0 0
T T
</’(Rj)</ a(s) ds, 1//(r,~)>/ a(s)ds, jiseven.
0 0

By Theorem 2.1, (1.1) has at least one positive solution x; with r; < |lx;]| < R;. This ends the
proof. O

Theorem 2.3 Assume that a € A~ and there exist two positive constants r < R such that
f€C(J x [6r,R],(~00,0]), I € C([87,R], (-00,0]) (1 <k <p). (2.5)

Further suppose that (Hy) or (Hy) is satisfied, where Inoe = —o0 if « < 0. Then (1.1) has at
least one solution x with r < ||x|| < R.

The proof of Theorem 2.3 is similar to that of Theorem 2.1 and we omit it.

Theorem 2.4 Assume that a € A* and the following conditions are satisfied:

(D1) There exist constants 0 < « < B such that f(t,u), It(u) are nondecreasing in u € [, B]
and

T p o T p ,3
/0 Ft,a)dt + ;Ik(a) > /0 F(t, B)dt + kgljzk(ﬁ) <5

(Dy) There exists y > B such that
feC( x[0,y],[0,+00)), I € C([0, 71,0, +00)),

T
/ sup f(¢, u)dt+Z sup Ii(u) <
0

<Y
0<u<y 0<u<y M
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t, !
limM:O, lim M:0.
x—0t X x—>0t U

Then (1.1) has at least two positive solutions in Ey ={xePC(): x|l <y}

Proof Set

haN

— f(t’ |M|), |M| <V 7 _ Ik(|u|): |M| <V
f&y)  lul>vy, I(y),  lul>y,

T P
(Thu)(t) = A/ G(t,s)?(s, u(s)) ds+ Z G(t, tk)Tk (u(tk)), A €[0,1],u € PC()),
0

k=1
O, =1-T;, V={xePC(),a <x<p},

where I denotes the identity map. It is easy to check that T; : [0,1] x PC(J) — PC(]) is
compact. We show:

Q) Ti(V)c V.

(2) ®@;(u) =0 implies that |lu|| < y.

(3) There exists ¢ € (0,a) such that ®; (#) = 0 admits only the trivial solution in U,.

The proof of (1). From (D;), we obtain, for Vu € V,

f(t,a) <f(t,u) <f(t,B),

Li(@) < Te(u) < In(B).

Thus, forall u € V,

T - p - T )4
Ty (u) = / Gt s)f (s, u(s)) ds + Y Gt te)I(w) < M / fls,B)ds+ Y Ik(B) | <B,
0 k=1 0 k=1

T p
T1(u) > m|:/0 fls,a)ds + Zlk(a):| >a.
k=1

That is, Ty(V) C V.
The proof of (2). If ¢, () = 0, then

T _ p _
lul = | T:.(u)] =/0 G(t,5)f (s, u(s)) ds + ZG(t, )L (u(tx))

k=1
T »
<M sup f(s,u)ds+MZ sup Ii(u) <y.
0 O=<ux<y k1 O=sus=y

The proof of (3). From (D3), there exists 0 < ¢ < & such that

f(tu) < ﬁ I(u) < ﬁ, 0<uc<c
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If u € U, with u = Tyu, we have

lu| = |Ty(w)| < sup [

te[0,T]

T - p .
/ Gt 5)f (s, u(s)) ds + Y _ G(¢, tk)Ik(u(tk)):|

0 k=1

T p
SSW[A amﬁﬁ;m+MZ?ummﬁs§wm

te[0,T]

which implies that # = 0.

LetU! = U, /U, and the degree of ®; at 0 relative to open set D be d(®;, D, 0). Since V'
is a closed, convex set in PC(J) and 71(d V) C V, by Schauder’s fixed point theorem, there
exists u; € V such that T(u;) = u; and

d(®1,V,0)=1

For A € [0,1], u € U, @, (u) #0, by the homotopy property of the degree, we obtain

d(CD,\, UCV,O) = constant, A €[0,1],

d(®y, UY,0) =d(Po,U,0) =d(I,U!,0) =0.
By the additivity property of the degree, one obtains
d(®, UY,0) =d(P1,V,0) +d(Py, U /V,0).
Hence,
d(®1,U)/V,0) =d(y,UY,0) —d(®,V,0)=0-1=-1,

which implies that 77 has at least a fixed point u; € uryv. Clearly, ¢ < ||uz|| < y. In addi-

tion,

T - 14 -
t) = [ 65T (sa(9) s + Y- Glt T at) 2 0,
0

k=1

T P
) = / Glt,5)f (5,102(5)) ds + 3 Gl £k (12(60)
0

k=1

T »
>m (/ S (s ua(s)) ds + Zlk(uz(tk))> > 0.
0 k=1
If there is t* € J such that uy(¢*) = 0, by the above inequality, we obtain f(s, u2(s)) = 0,
Ii(uy(tx)) = 0, which implies that u,(¢) = 0, a contradiction. Hence, (1.1) has at least two
positive solutions in U, . The proof is complete. O

Example 2.1 Consider the differential equation with singularity

x'(t) + kx(t) = XAL@ +h(t), tHt,te],
Ax(ty) = cex(ty), k=1,2,...,p, (2.6)

x(0) = x(T),

where «, a, A are positive constants, ¢ > 0 and s € C(J, R).
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Set &1, = min{/(¢) : t € J} and &* = max{h(¢) : t € J}. We claim that (2.6) has at least one

positive solution provided that the following conditions hold:

p
yi=Y In(+c)<kT, ifh, >0, (2.7)
k=1
1 V4
Yy =t (h* - eMTh*)e"T<_—h*) ' <Kk — 1 Zln(l +c), ifh,<O. (2.8)
a T k=1

In fact, f(¢,u) = au™ + h(t), ¥y = +00. Moreover, ¢o, = ¥ if 1, > 0. If 1, < 0, choose b =
Jal(=hy), 0 <f(t,u) <au™ + h* < yyufor (t,u) € ] x [8b,b] and ¢(b) = o T + y1 <k T. By
Theorem 2.1, (2.6) has one positive solution.

Remark 2.1 The conditions (2.7) and (2.8) are different from those of Corollary 4.7 in [8].

Example 2.2 Consider the differential equation

x/(£) + 3x(2) = 3(t) exp(-0.1x(2), ¢ €[0,51) U (3,1],

_10x42(t1)
Ax(t) = W(é); (2.9)
x(0) = x(1).

Let f(t) = 3701, [(t) = 10£2/(1 + £2), & = 0.1, B = 30, y = 10%. It is easy to check that the

conditions (D;)-(D3) hold. Hence, (2.9) has at least two positive solutions.

3 Application
In this section, we consider the differential equation

H(O) == 3F +f@0), tFutel,
Ax(ty) = cxx(tr), k=1,2,...,p, (3.1)
x(0) = (D),

where A > 0.
Set y = exp(x**1(£)/(A + 1)) and F(u) = u*f(u), then

Y (0) +a®)y(t) = yOF (0 + 1) Iny(@) 1), tHti,te],
Ayt = y(t) O — k), k=1,2,...,p, (32)
¥(0) = y(T).

If (3.2) has a solution y(£) > 1, t € /, then x(¢) = (A + 1) lny(t))k%1 is the positive solution of
(3.1). By Theorem 2.1, we have the following result.

Theorem 3.1 Assume thata € A, f € C((0,+00), [0, +00)), ¢k > 0. If there exist constants
871 <7 < R such that

)4

. T
T sup F(((A+1)1nu)m)+rZ[(1+ck)“l—1]</ a(t) dt,
0

Sr<u<r k=1
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1 p T
—x 1 Y
T(;Rmf F(((A +1)In u) ln8 R ,?_1 1 +cx) > ./o a(t) dt

or

SR<u<R

p T
T sup F(((x+1)In u)%*l) + lnRZ[(l + o) —1] < / a(t) dt,
k=1 0
Sr<u<r

p T
T inf F(((A+1)Inu) % +(Ins7'r Z [+ -1]> / a(t) dt,
k=1 0

then (3.1) has at least one positive solution.

Example 3.1 Consider the differential equation

®(0)=-35 x(t)), t#tute],
Ax(ty) = ux(ty), k=12,...,p, (3.3)
x(0) =x(T),

where A > 0,a € A", f € C((0, +00), [0, +00)), 1 is a positive real parameter.

Corollary 3.1 There exists W* > 0 such that (3.3) has at least a positive solution for any
we (0, u").

Proof Choosing r = §71 +1. Since u’f () is continuous in (0, +00) and Inu > 0 for u € [8r, 7],

we obtain

0< sup {((A+1)lnu)1+*f((()~+1)1nu)%)} =C

Sr<u<r

for some C > 0. On the other hand, since [(1 + u)**' —=1]/u — 1 + A as . — 0, there is
o > 0 such that

Q+p)-1<20+M)p, O<p<o.
Set u* = min{o, fOT a(s)ds/[CT + 2p(x + 1) Inr]}, for pu < u*, we have

1

T sup F(((r+1)Inu)*T) lan 1+M)x+1 ]

Sr<u<r k=1

T
w*[CT +2p(x +1)Inr] < / a(t) dt.
0

Taking

[ a(e)dt 5}
p )

R=
max{expp(1 AT
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one easily checks that

. p
T inf F(((A +1)In u)m) + (lnS_IR) Z[(l + )t - 1] > /Ta(t) dt.
0

SR<u<R
k=1

By Theorem 3.1, (3.3) has one positive solution. O

Remark 3.1 Corollary 3.1 admits the case that the function a changes sign. As far as we

know, no paper discussed (3.3) when a changes sign.
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