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Abstract
In this paper, we apply asymptotic behavior on Mittag-Leffler functions Eα (z) and
Eα,α (z) for z > 0 to discuss exp-type Ulam-Hyers stability of cDα
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1 Introduction
Since SM Ulam raised the famous question on the stability of functional equations, more
and more researchers generalize, improve, and extend Ulam’s type stability problems of
differential equations. For more contributions on such area, one can refer to [–] and the
references therein.

Recently, the authors [] discussed Ulam’s type stability of fractional differential equa-
tions

cDα
t x(t) = λx(t) + f

(
t, x(t)

)
, α ∈ (, ), t ∈ J ,λ < , ()

on finite time interval J , where cDα
t is the Caputo fractional derivative of order α ∈

(, ) with the lower limit zero (see Definition .). The main tools and techniques are
based on the estimation on Mittag-Leffler functions Eα(z) :=

∑∞
k=

zk

�(kα+) and Eα,α(z) :=
∑∞

k=
zk

�(αk+α) for z ≤  (see Lemma  in []) and a singular Gronwall type integral inequal-
ity (see Theorem  in []).

The classical concept of Ulam-Hyers stability (see []) has applicable significance since
it means that if we are dealing with Ulam-Hyers stable system then one does not seek the
exact solution. All what is required is to find a function which satisfies a suitable approxi-
mation inequality. In other words, Ulam-Hyers stability can guarantee that there exists a
close exact solution. This approach is quite useful in many applications such as numerical
analysis and optimization, where seeking the exact solution is impossible.

In this paper, we are interested in discussing exp-type Ulam-Hyers stability (see Defi-
nition .), a special Ulam-Hyers-Rassias stability, of equation () for the case λ > , on a
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finite time interval J = [, ] and an unbounded interval J = (,∞), i.e.,

cDα
t x(t) = λx(t) + f

(
t, x(t)

)
, α ∈ (, ), t ∈ J ,λ > . ()

Let ε > , f : J ×R →R be a continuous function. Consider equation () and the follow-
ing inequality:

∣∣cDα
t y(t) – λy(t) – f

(
t, y(t)

)∣∣ ≤ ε, α ∈ (, ), t ∈ J ,λ > . ()

Definition . Let C(J ,R) be the set of all continuous functions from J into R. Equation
() is exp-type Ulam-Hyers stable if there exists c >  such that for each ε >  and for each
solution y ∈ C(J ,R) of inequality () there exists a solution x ∈ C(J ,R) of equation () with

∣∣y(t) – x(t)
∣∣ ≤ cεeλ


α t , α ∈ (, ), t ∈ J ,λ > .

Concerning the issues in [], the authors widely use certain estimation: Eα(z) ≤ ,
Eα,α(z) ≤ 

�(α) for z ≤ , which are reported in []. However, concerning our current is-
sues, we need more explicit asymptotic behavior on Mittag-Leffler functions Eα(z) and
Eα,α(z) for z > . Following Theorem . in [], for z > , Eα,α(z) can be formulated by

Eα,α(z) =

α

z
–α
α ez


α +

∫ ∞


Kα,α(r, z) dr,

where

Kα,α(r, z) =


πα
r

–α
α e–r


α r sin(π ( – α))

r – rz cos(πα) + z .

It is remarkable that Cong et al. [] apply the above formula to obtain explicit asymptotic
behavior on Mittag-Leffler functions Eα(z) and Eα,α(z) for z >  (see Lemma .). These
explicit asymptotic properties are helpful to solve our problems.

In Section , we introduce notations, definitions, and preliminary facts. In Section , we
mainly prove exp-type Ulam-Hyers stability results for equation () on a compact interval
[, ]. In Section , we mainly prove exp-type Ulam-Hyers stability result for equation ()
on an unbounded interval (,∞). Finally, examples are given to illustrate our theoretical
results.

2 Preliminaries
Let C(J ,R) be the Banach space of all continuous functions from J into R with the λ


α -

norm ‖y‖
λ


α

= supt∈J e–λ

α t|y(t)|.

Definition . (see []) The Caputo derivative of order γ for a function f : [,∞) → R

can be written as

cDγ
t f (t) = LDγ

t

(

f (t) –
n–∑

k=

tk

k!
f (k)()

)

, t > , n –  < γ < n,
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where LDγ
t f denotes the Riemann-Liouville derivative of order γ with the lower limit zero

for a function f , which is given by

LDγ
t f (t) =


�(n – γ )

dn

dtn

∫ t



f (s)
(t – s)γ +–n ds, t > , n –  < γ < n.

We need asymptotic behavior of Mittag-Leffler functions Eα(z) and Eα,α(z) for z > .

Lemma . (see Lemma (i), (ii) and Lemma (ii); Lemma (ii) via their proofs in [])
Let α ∈ (, ) and λ >  be arbitrary.

(i) For all t > , |Eα(λtα) – 
α

eλ

α t| ≤ m(α,λ)

tα , where

m(α,λ) = max

{ ∫ ∞
 e–r


α dr

sin(πα)παλ
,
∫ ∞

 r 
α e–r


α dr

sin(πα)παλ

}
. ()

(ii) For all t > ,

∣∣
∣∣t

α–
Eα,α

(
λtα

)
–


α

λ
–α
α eλ


α t

∣∣
∣∣ ≤ m(α,λ)

tα+ .

(iii) For all t ∈ [, ],

∫ t



∣∣(t – s)α–
Eα,α

(
λ(t – s)α

)
– λ

–α
α Eα

(
λtα

)
e–λ


α s∣∣ds ≤ Eα,α(λ)

α
+
Eα(λ)

λ
.

(iv) For all t ∈ (,∞),

∫ t



∣∣(t – s)α–
Eα,α

(
λ(t – s)α

)
– λ

–α
α Eα

(
λtα

)
e–λ


α s∣∣ds

≤ m(α,λ)
(


α

+

λ

)
+ Eα,α+(λ) +


α

λ
–α
α eλ


α +

m(α,λ)
λ

:= M(α,λ).

Remark . A function y ∈ C(J ,R) is a solution of inequality () if and only if there ex-
ists a function g ∈ C(J ,R) (which is not dependent on y) such that (i) |g(t)| ≤ ε, t ∈ J ,
(ii) cDα

t y(t) = λy(t) + f (t, y(t)) + g(t), t ∈ J .

Lemma . Let y ∈ C([,∞),R) be a solution of inequality (). Then y is a solution of the
following integral inequality:

∣∣
∣∣y(t) – Eα

(
λtα

)
y() –

∫ t


(t – s)α–

Eα,α
(
λ(t – s)α

)
f
(
s, y(s)

)
ds

∣∣
∣∣

≤
∫ t



m(α,λ)ε
(t – s)α+ ds +

eλ

α tε

αλ
, t ∈ [,∞).

Proof Indeed, by Remark ., we have

cDα
t y(t) = λy(t) + f

(
t, y(t)

)
+ g(t), t ∈ [,∞).
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From pp.-, (..)-(..) in [] we have

y(t) = Eα

(
λtα

)
y() +

∫ t


(t – s)α–

Eα,α
(
λ(t – s)α

)
f
(
s, y(s)

)
ds

+
∫ t


(t – s)α–

Eα,α
(
λ(t – s)α

)
g(s) ds, t ∈ [,∞).

For t = , y() – Eα()y() =  < ε, where we use the fact Eα() = .
For all ∞ > t > , we have

∣∣
∣∣y(t) – Eα

(
λtα

)
y() –

∫ t


(t – s)α–

Eα,α
(
λ(t – s)α

)
f
(
s, y(s)

)
ds

∣∣
∣∣

=
∣
∣∣
∣

∫ t


(t – s)α–

Eα,α
(
λ(t – s)α

)
g(s) ds

∣
∣∣
∣

≤
∫ t



∣
∣∣∣(t – s)α–

Eα,α
(
λ(t – s)α

)
–


α

λ
–α
α eλ


α (t–s)

∣
∣∣∣
∣∣g(s)

∣∣ds

+
∫ t



∣∣
∣∣


α

λ
–α
α eλ


α (t–s)

∣∣
∣∣
∣
∣g(s)

∣
∣ds

≤ ε

∫ t



m(α,λ)
(t – s)α+ ds + ε

∫ t




α

λ
–α
α eλ


α (t–s) ds

=
∫ t



m(α,λ)ε
(t – s)α+ ds +

eλ

α tε

αλ
–

ε

αλ

≤
∫ t



m(α,λ)ε
(t – s)α+ ds +

eλ

α tε

αλ
,

where we use Lemma .(ii). The decried result is obtained. �

Remark . Note that for some arbitrary fixed t >  and t > δ > ,

∫ t




(t – s)α+ ds = lim

δ→

∫ t–δ




(t – s)α+ ds = lim

δ→


α

(
δ–α – t–α


)

= ∞.

So it is not possible to obtain some explicit estimation in this case.

Next, we divide our time interval [,∞) into two subintervals [, ] and (,∞).

Remark . Let y ∈ C([, ],R) be a solution of inequality (). Then y is a solution of the
following integral inequality:

∣
∣∣
∣y(t) – Eα

(
λtα

)
y() –

∫ t


(t – s)α–

Eα,α
(
λ(t – s)α

)
f
(
s, y(s)

)
ds

∣
∣∣
∣

≤
∫ t



∣
∣(t – s)α–

Eα,α
(
λ(t – s)α

)
– λ

–α
α Eα

(
λtα

)
e–λ


α s∣∣

∣
∣g(s)

∣
∣ds

+
∫ t



∣∣λ
–α
α Eα

(
λtα

)
e–λ


α s∣∣∣∣g(s)

∣∣ds

≤ ε

(
Eα,α(λ)

α
+
Eα(λ)

λ

)
+ ε

∫ t


λ

–α
α Eα

(
λtα

)
e–λ


α s ds
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≤ ε

(
Eα,α(λ)

α
+
Eα(λ)

λ

)
+ ε

Eα(λ)
λ

(
 – e–λ


α t)

≤ ε

(
Eα,α(λ)

α
+

Eα(λ)
λ

)
, t ∈ [, ], ()

where we use Remark ., Lemma .(iii) and the fact that Eα is an increasing function.

Remark . Let y ∈ C((,∞),R) be a solution of inequality (). Then y is a solution of the
following integral inequality:

∣∣
∣∣y(t) – Eα

(
λtα

)
y() –

∫ t


(t – s)α–

Eα,α
(
λ(t – s)α

)
f
(
s, y(s)

)
ds

∣∣
∣∣

≤
∫ t



∣∣(t – s)α–
Eα,α

(
λ(t – s)α

)
– λ

–α
α Eα

(
λtα

)
e–λ


α s∣∣∣∣g(s)

∣∣ds

+
∫ t



∣
∣λ

–α
α Eα

(
λtα

)
e–λ


α s∣∣

∣
∣g(s)

∣
∣ds

≤ εM(α,λ) + ε

∫ t


λ

–α
α Eα

(
λtα

)
e–λ


α s ds

≤ εM(α,λ) + ε

(


λα
eλ


α t +

m(α,λ)
λtα

)
, t ∈ (,∞), ()

where we use Remark ., Lemma .(iv) and apply Lemma .(i) to derive the following
fact:

∫ t


λ

–α
α Eα

(
λtα

)
e–λ


α s ds = λ–

Eα

(
λtα

)(
 – e–λ


α t)

≤ λ–
(


α

eλ

α t +

m(α,λ)
tα

)
(
 – e–λ


α t)

≤ 
λα

eλ

α t +

m(α,λ)
λtα

.

3 Exp-type Ulam-Hyers stability results on J = [0, 1]
Next, we introduce the following assumptions:

(H) f : J ×R→ R is jointly continuous.
(H) There exists L >  such that

∣∣f (t, x) – f (t, y)
∣∣ ≤ L|x – y| for each t ∈ J and all x, y ∈R.

(H) ω′ :=  – L(Eα,α (λ)
α

+ Eα (λ)
λ

) – Lλ
–α
α Eα(λ) > .

Theorem . Assume that (H), (H), and (H) are satisfied. Then equation () is exp-type
Ulam-Hyers stable on J = [, ].

Proof Let y ∈ C(J ,R) be a solution of inequality (). Denote by x the unique solution of
the Cauchy problem

{
cDα

t x(t) = λx(t) + f (t, x(t)), t ∈ J ,
x() = y(),
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that is,

x(t) = Eα

(
λtα

)
y() +

∫ t


(t – s)α–

Eα,α
(
λ(t – s)α

)
f
(
s, x(s)

)
ds.

By using Lemma .(iii) and (), we have

∣
∣y(t) – x(t)

∣
∣

≤
∣
∣∣∣y(t) – Eα

(
λtα

)
y() –

∫ t


(t – s)α–

Eα,α
(
λ(t – s)α

)
f
(
s, x(s)

)
ds

∣
∣∣∣

≤
∣∣
∣∣y(t) – Eα

(
λtα

)
y() –

∫ t


(t – s)α–

Eα,α
(
λ(t – s)α

)
f
(
s, y(s)

)
ds

∣∣
∣∣

+
∣
∣∣
∣

∫ t


(t – s)α–

Eα,α
(
λ(t – s)α

)
f
(
s, y(s)

)
ds

–
∫ t


(t – s)α–

Eα,α
(
λ(t – s)α

)
f
(
s, x(s)

)
ds

∣∣
∣∣

≤ ε

(
Eα,α(λ)

α
+

Eα(λ)
λ

)

+ L
∫ t



∣
∣(t – s)α–

Eα,α
(
λ(t – s)α

)
– λ

–α
α Eα

(
λtα

)
e–λ


α s∣∣

∣
∣y(s) – x(s)

∣
∣ds

+ L
∫ t



∣∣λ
–α
α Eα

(
λtα

)
e–λ


α s∣∣∣∣y(s) – x(s)

∣∣ds

≤ ε

(
Eα,α(λ)

α
+

Eα(λ)
λ

)
+ L

(
Eα,α(λ)

α
+
Eα(λ)

λ

)
eλ


α t‖x – y‖

λ

α

+ Ltλ
–α
α Eα

(
λtα

)‖x – y‖
λ


α

≤ ε

(
Eα,α(λ)

α
+

Eα(λ)
λ

)
+ Leλ


α t

(
Eα,α(λ)

α
+
Eα(λ)

λ

)
‖x – y‖

λ

α

+ Lλ
–α
α Eα(λ)‖x – y‖

λ

α

,

which yields that

‖x – y‖
λ


α

≤ ε

(
Eα,α(λ)

α
+

Eα(λ)
λ

)
+ L

(
Eα,α(λ)

α
+
Eα(λ)

λ

)
‖x – y‖

λ

α

+ Lλ
–α
α Eα(λ)‖x – y‖

λ

α

.

Thus,

ω′‖x – y‖
λ


α

≤ ε

(
Eα,α(λ)

α
+

Eα(λ)
λ

)
.

This yields that

∣∣y(t) – x(t)
∣∣ ≤ ε

ω′

(
Eα,α(λ)

α
+

Eα(λ)
λ

)
eλ


α t , t ∈ J .

The proof is completed. �
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Remark . Under the assumptions of Theorem ., consider

{
cDα

t x(t) = λx(t) + f (t, x(t)), t ∈ J ,λ > ,
x() = x.

()

Define P : C(J ,R) → C(J ,R) as follows:

(Px)(t) = Eα

(
λtα

)
x +

∫ t


(t – s)α–

Eα,α
(
λ(t – s)α

)
f
(
s, x(s)

)
ds.

Then take t ∈ J and x, y ∈ C(J ,R), one can obtain

‖Px – Py‖
λ


α

≤ (
 – ω′)‖x – y‖

λ

α

< ‖x – y‖
λ


α

.

In view of the contraction mapping principle, that P has a unique fixed point. Thus, prob-
lem () has a unique solution.

4 Exp-type Ulam-Hyers stability result on J = (1, ∞)
Denote L([,∞),R+) by all integrable functions from [,∞) into R

+. Denote C∞([,∞),
R

+) by all continuous functions from [,∞) into R
+ with ‖y‖∞ = supt∈[,∞) |y(t)|.

Next, we introduce the following assumptions:

(H′
) There exists L(·) ∈ L([,∞),R+) ∩ C∞([,∞),R+) such that

∣∣f (t, x) – f (t, y)
∣∣ ≤ L(t)|x – y| for each t ∈ J and all x, y ∈R.

(H′
) Set ‖L‖∞ = supt∈[,∞) |L(t)| and

k = sup
t∈[,∞)

∫ t


L(s) ds =

∫ ∞


L(s) ds < ∞

such that ω′′ =  – ‖L‖∞M(α,λ) – kλ
–α
α


α

> .

Theorem . Assume that (H), (H′
), and (H′

) are satisfied. Then equation () is exp-type
Ulam-Hyers stable on J = (,∞).

Proof To achieve our aim, we apply Lemma .(i), (vi), and () to obtain

∣
∣y(t) – x(t)

∣
∣

≤ εM(α,λ) + ε

(


λα
eλ


α t +

m(α,λ)
λtα

)

+ ‖L‖∞
∫ t



∣∣(t – s)α–
Eα,α

(
λ(t – s)α

)
– λ

–α
α Eα

(
λtα

)
e–λ


α s∣∣∣∣y(s) – x(s)

∣∣ds

+
∫ t


L(s)

∣
∣λ

–α
α Eα

(
λtα

)
e–λ


α s∣∣

∣
∣y(s) – x(s)

∣
∣ds

≤ εM(α,λ) + ε

(


λα
eλ


α t +

m(α,λ)
λtα

)
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+ ‖L‖∞eλ

α tM(α,λ)‖x – y‖

λ

α

+
∫ ∞


L(s) dsλ

–α
α

(

α

eλ

α t +

m(α,λ)
tα

)
‖x – y‖

λ

α

≤ εM(α,λ) + ε

(


λα
eλ


α t +

m(α,λ)
λtα

)

+ ‖L‖∞eλ

α tM(α,λ)‖x – y‖

λ

α

+ kλ
–α
α

(

α

eλ

α t +

m(α,λ)
tα

)
‖x – y‖

λ

α

,

which yields that

‖x – y‖
λ


α

≤ ε


λα
+

(
‖L‖∞M(α,λ) + kλ

–α
α


α

)
‖x – y‖

λ

α

.

This implies that

ω′′‖x – y‖
λ


α

≤ ε

αλ
.

Finally,

∣∣y(t) – x(t)
∣∣ ≤ 

αλω′′ εeλ

α t , t ∈ J .

Thus, the proof is finished. �

Remark . Under the assumptions of Theorem ., problem () also has a unique solu-
tion. The uniqueness result can be shown in a similar way as in Remark .. So we omit
the details here.

5 Examples
Now we give some examples to illustrate our theoretical results.

Example . Let α = 
 and λ = 

 . We consider the fractional order differential equation

cD


t x(t) =




x(t) +

l

sin x(t), t ∈ [, ], l > , ()

and the inequality

∣
∣∣
∣
cD



t y(t) –




y(t) –

l

sin y(t)
∣
∣∣
∣ ≤ ε, t ∈ [, ]. ()

Let y ∈ C([, ],R) be a solution of inequality (). Then there exists a function g(t) =
εet– ∈ C([, ],R) such that |g(t)| ≤ ε, t ∈ [, ], and cD



t y(t) = 

 y(t) + 
l sin y(t) + g(t), t ∈

[, ].
Define f (t, x(t)) = 

l sin x(t) for t ∈ [, ] and set L = 
l . Then (H) and (H) hold. Moreover,

we choose l = [(E 
 , 


( 

 ) + E 


( 
 )) + 

E 


( 
 )], then

ω′ :=  –

l

[(
E 

 , 


(



)
+ E 



(



))
+



E 



(



)]
=




> ,

which implies that (H) holds.
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By Theorem ., we have

∣
∣y(t) – x(t)

∣
∣ ≤ 

(
E 

 , 


(



)
+ E 



(



))
εe


 t , t ∈ [, ].

Thus, equation () is exp-type Ulam-Hyers stable on [, ] with c = (E 
 , 


( 

 ) + E 


( 
 )).

Example . Let α = 
 , λ = . We consider the fractional order differential equation

cD


t x(t) = x(t) +


let

|x(t)|
 + |x(t)| , t ∈ (,∞), l > , ()

and the inequality

∣∣
∣∣
cD



t y(t) – y(t) –


let

|y(t)|
 + |y(t)|

∣∣
∣∣ ≤ εet , t ∈ (,∞). ()

Let y be a solution of (). Then there exists a function g(t) = εe–t ∈ C((,∞),R) such that
|g(t)| ≤ ε, t ∈ [, ], and cD



t y(t) = y(t) + 

let
|y(t)|

+|y(t)| + g(t), t ∈ (,∞).
Define f (t, x(t)) = 

let
|x(t)|

+|x(t)| for t ∈ (,∞) and set L(t) = 
let , t ∈ (,∞). Then (H) and (H′

)
hold. Moreover, ‖L‖∞ = 

l and k =
∫ ∞

 L(s) ds = 
l < ∞. Now, choose l = (M( 

 , ) + ),

where M( 
 , ) = √

π
+ E 

 , 


() + e. Then ω′′ =  – M( 
 ,)
l – 

l = 
 , which implies that (H′

)
holds.

By Theorem ., we have

∣
∣y(t) – x(t)

∣
∣ ≤ εet , t ∈ (,∞).

Thus, equation () is exp-type Ulam-Hyers stable on (,∞) with c = .
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