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Abstract

Recently, some identities of degenerate Euler polynomials arising from p-adic
fermionic integrals on Z,, were introduced in Kim and Kim (Integral Transforms Spec.
Funct. 26(4):295-302, 2015). In this paper, we study degenerate g-Euler polynomials
which are derived from p-adic g-integrals on Z,.
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1 Introduction

Let p be a fixed odd prime number. Throughout this paper, Z,, Q, and C, will denote
the ring of p-adic integers, the field of p-adic rational numbers and the completion of
algebraic closure of Q,,, respectively. Let v, be the normalized exponential valuation in C,
with |p|, =pr® = }7‘

1
Let g be an indeterminate in C, such that [1 —¢|, < p 7-T. The g-extension of x is defined
as [x], = %. Note that lim,_,,[x], = x. For f € C(Z,) = {f |.f is a C,-valued continuous
function on Z,}, the fermionic p-adic g-integral on Z,, is defined by Kim to be

PN-1

Lal) = |, S0 dig®) = Jim [p%]q 2 S0 (see 12D, (1)
where [x]_, = 1—;’
By (1.1), we easily get
alq(h) + Lo(f) = [21,£0) (%) =f(x +1), (12)
and
q"Lq(f) + (1) L (f) = [2], nf:(—l)"-l-lqbf(l) (neN), (13)
=0

where f,(x) = f(x + n) (see [1-16]).
The ordinary fermionic p-adic integral on Z, is defined as

PN-1
lim L(f) = L1(f) = /Z S diate) = Jim szOf(x)(—nx (see [2]). (14)
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The degenerate Euler polynomials of order r (€ N) are defined by the generating function
to be

(#) (L+at)s =Y EV(x| WL (see [5, 6, 10)), (15)
L+a)x +1 pry n!

1
where A,t € Z, such that [At], <p 7T.

From (1.5), we have

o0 tn
lim £ (x| 4)—
A—0 n!

n=0

= lim<71
AONA+ )7 +1

2 r "

Y E 05 (1.6)

n!’
n=0 :

)r(1+u)i-“

where E{(x) are the higher-order Euler polynomials.
Thus, by (1.6), we get

lim ENx|A)=EVx) (n=0). 1.7)

When x = 0, Ey(,r)(k) = 5,(,’)(0 | 1) are called the higher-order degenerate Euler numbers,
while lim; _, £7(%) = EY are called the higher-order Euler numbers.
In [10], it was shown that

E9x| 1) = / / (o1 + 60 + 4 5y 42| Adpis () - dpia (), (L8)
Zyp Zp

where (x), =x(x—1)--- (x —n+1) and n € Z.
In this paper, we study g-extensions of the degenerate Euler polynomials and give some
formulae and identities of those polynomials which are derived from the fermionic p-adic

g-integrals on Z,,.

2 Some identities of g-analogues of higher-order degenerate Euler
polynomials

1
In this section, we assume that A, t € Z, with |At|, < p 7T. From (1.2), we have

/ B / (1 + At)(x1+<<-+xr+x)/k d,bL_q(X1) . dﬂ—q(xr)
Zp Zp

2] r
_ (m) 14205, (2.1)
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Now, we define a g-analogue of degenerate Euler polynomials of order r as follows:

2 n
(q(H[M])M )(1+,\t)x—2 12 2:2)

Thus, by (2.2), we easily get

[e¢]
Z xM

n=0
. (2], ’ x
=1 — | (L+Af)*
A%(q(l + AR 41 d+29)
— [2]‘1 rext
qget +1

o0 t”
=D EnW—, (2.3)
’ n!
n=0

where E%(x) are called the higher-order g-Euler polynomials (see [15-17]). Thus, by (2.3),

we get
) _ g0
}Lmo 5nfq(x [ 1) = En’,q(x) (n>0).

For A € C, with A #1, the Frobenius-Euler polynomials of order r are defined by the

generating function to be

1-
el —

By replacing A by —g7!, we get

i) et = ;H;”(x | )\)i—n! (see [3,18]). (2.4)

(:ﬁ:‘;_» ZH 7 | - . 2.5)

Now, we define the degenerate Frobenius-Euler polynomials of order r as follows:

1-u " x > t"
—— ) @+ A5)* = K WU A)—. 2.6
((1+u)i_u)( P = D I 1) 20

From (2.6), we note that

i t" 1-u "
Zn O, 1 | A) |_1im(71) 1+ A0)%
pariandy n =0\l 4+ AD)r —u
1
-(=

u\" > t"
u) et = ZH,,(x | u);. (2.7)
n=0 :
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Thus, by (2.7), we get

}Lr%h;’)(x, ulr)=H,(x|u) (n>0).
By (2.2) and (2.6), we get

EN@ 1) =h(x-q" 1) (n=0).

From (2.1) and (2.2), we have

Z /Z /Z (x” ;x’”) dp ) i q(xr)kzn
Zs“ (xu)

n=0

Now, we define

(x|)»),,:x(x—)»)~~~(x—(n—1))») (n>0),

(x| A)o =1.

By (2.9) and (2.10), we get
/ o | @rm x| Dndpg(n) - dpg(x) = ENx[L) (= 0).
Zp Zp

Therefore, by (2.6) and (2.11), we obtain the following theorem.

Theorem 2.1 For n > 0, we have
e = [ o [ Geen el Dadigon) - dieyn)
Zp Zp

= hff) (x, -q7'| A) (n>0),

where h\) (%, u | A) are called the degenerate Frobenius-Euler polynomials of order r.

It is not difficult to show that

(1 + - +x + x| Ay

=@t x X)X A Xt X —A) (X X +x— (m—1)A)

gt At
)\' n

n !
Y S ,{w)

1=0
n

= ZA”‘ISl(n, Dxy + -+ +2),
1=0

where S (#, /) is the Stirling number of the first kind.
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(2.8)

(2.9)

(2.10)

(2.11)

(2.12)
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We observe that

2 r
/ / e<x1+"'+xr*x>fdu_q(xl)...dp,_q(x,):< [t]q )e"t. (2.13)
Zp Zp qe +1

Thus, by (2.13), we get

[o¢] t"
Z/ o et x) dpeg () - dpegle) —
n=0 Y Zp Zp n:

_ [2]q Vext _ iE(r) (x)ﬁ (2.14)
get +1 AN ’

n=0

By comparing the coefficients on both sides of (2.14), we get

EY) (%)= fz o | a0 A () dpg (). (2.15)

P ZP

From Theorem 2.1, (2.12) and (2.15), we note that
WP 10) = [ [ e i) di o)
Zp Zp

=S tsint) [ o [ s dusgo) dusg(o)
1=0 Zp

Zp

=Y S (m DE]) ()
1=0
n
=Y s DH (x| ~7). (2.16)
1=0
Therefore, by (2.16), we obtain the following theorem.

Theorem 2.2 For n > 0, we have

K (x,—q 7" | A) = ZA”—lsl(n, DH," (x1-a7").
=0

In particular,

EN @A) =Y XS (m, DE]) ().
=0

By replacing ¢ by (e** —1)/A in (2.2), we get

(2 )
qet +1

_ - g(r) A 11 A1)
_2(; g | )Ep(e -1)
n=
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Zs“ (xIA)—ZSz(m,n)—tm

n=0
=3 (Z E (o | A" Sy(m, n)) "; (217)
m=0 ’

where S, (m, n) is the Stirling number of the second kind.
Thus, by (2.17), we obtain the following theorem.

Theorem 2.3 For m > 0, we have
m
HD (x| -q Zh’ (% =g | A)A" Sy (m, m).
n=0
In particular,

EQ) (%) =Y & (x| A" Sy(m, n).

n=0

When r =1, &,4(x | A) = 52}1(&6 | A) are called the degenerate g-Euler polynomials. In
particular, x = 0, £, 4(%) = £,4(0 | A) are called the degenerate g-Euler numbers. /,,(x, u |
A) = hg,l)(x,u | 1) are called the degenerate Frobenius-Euler polynomials. When x = 0,
hy(u | A) = h,(0,u | 1) are called the degenerate Frobenius-Euler numbers.

From (1.2), we have

L+ 5 dug(n)
ZP

- (#)(1 + A0
ql+A0)> +1

1+q7t ) x
(—1 Na+ans
((1+)\t)%+q—1

o0 tn
= Zhn(x, —q' A); (2.18)
n=0

Thus, by (2.18), we get
hy, (x, - A)

(X1 + x| A), d“—q(xl)
Zp

X1 +Xx
- [ ( ! ) dia_ o)
m\ A ),

=D " Sim DA |+ x) dpg (1)
1=0 Zp

ZSlnl “Hy(x | -q7") (2.19)
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and
hn (—6171 | )‘)

(1 | A)n dﬂ—q(xl)
Zp

=\" /%p (%)ndﬂq(xl)

=Y Sim DA H(~q7"). (2.20)

=0

For d € N, by (1.3), we get

¢ [ Gt d W dpy(x) + (<1 /Z (o1 | M dptg 1)

Zp

d-1
= (20 Y (D W (2.21)
=0

Let d =1 (mod2). Then we have
d-1

214 > (Vg U1 1) = q*hald, g7 | 2) + ha(-q7* | 2). (2.22)

1=0
For d € N with d = 0 (mod 2), we get
d-1
214 D (DG U 0)n=q"hu(d =g 1 1) = (=g | 1) (2.23)
1=0
Therefore, by (2.22) and (2.23), we obtain the following theorem.

Theorem 2.4 Letd e Nandn > 0.
(i) Ford=1 (mod?2), we have

d-1
@@, —~q7" 1 2) + (=g | 1) = 121, > (D' (| M-
=0

(if) Ford =0 (mod2), we have

d-1

@ ha(dy=q7" 1 2) = (=7 1 1) = 12, Y (-1 | W),

=0

Corollary 2.5 Letd € Nand n > 0.
(i) Ford=1 (mod2), we have

d-1

“Eng(d | 1) + Eng(r) = 213 Y (-1)'q"(| 1)

1=0
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(ii) Ford =0 (mod2), we have
d-1
qun,q(d | )‘) - En,q(k) = [2]q Z(_l)l_lql(l | )‘«)n
1=0
From (1.1), we note that

f(x) du_ q

Zp 1=0 Zyp

where d € N with d =1 (mod 2).
By (2.24), we get

f (et | W)y 1)
Zp

d-1
q > (—q /(a+dx1|/\)ndu a(x1)

q a=0

2ly a
=[2];d ;(- 9 fz( +x1‘d> dp_ ()

L ”q"(d)zz)

where d € N with d =1 (mod2) and n > 0.
Therefore, by (2.25), we obtain the following theorem.

Theorem 2.6 Forn > 0,d € N withd =1 (mod2), we have

RS, L. (ah
Era) =" ;(—q) en,qd(g | 3).

Moreover,

[2], & a+x
_gn q a
Englx|2)=d 2], ;:0 (=9)*E, ( ’ d)

Sfla+dx)dp_g(x),
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(2.24)

(2.25)

Now, we consider the degenerate g-Euler polynomials of the second kind as follows:

Eualo 1= [ (o +2)12), diyfor) (12 0)

Zp

From (2.26), we note that
o o
Zgn,q(x | )‘-)_‘
s n!

s ECEE:

= ZA”/ ( * )duq(xl)t”
n

n=0 Zp

(2.26)
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Page 9 of 11
=1 +1)7 | @ +r)™ dp_qy(x1)
ZP
(2], a
=1 (14 x)3%, 227
(1+)Lt)1/*+q( ) 2.27)

Whenx =0, ffy,,q()») = (‘f,,,q(O | 1) are called the degenerate g-Euler numbers of the second
kind.
By (2.26), we get

Englx | 1)

= A" /ZP (—xII x)n dp_q(x)

- (-1)! .
=\" Si1(n, 1) —— du_
;:0 1(n, 1) o /Zp(xl +x) dpL_g(x)

= Sim DA (1) Eyg ). (2.28)
=0

Thus, from (2.28), we have
(~1)"Epgx] 1)

=Y (1" $1(m, DA E g ()
=0

= |11, )|V Ep (). (2.29)
=0

We observe that

o0 t"
E Eanl(l —x)—
’ n!

n=0

1+ q_l e(l—x)t _ 1+ qd

Cqlet+1 Cget+ 1°
[2]‘1 —xt e n t
=il " DD Eng®)—. (2.30)

n=

From (2.30), we have

E,p1(1-%) = (<1)"E,z(x) (n>0). (2.31)

M1

By replacing ¢ by <= in (2.27), we get
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_ 2l
qlet +1

00 "
= E Enq—l(l —-x)—.
’ n!
n=0

On the other hand, we have

o0

1
Z mq(xlk——m(e”—l)m
m=0 m:
ad 1 & A
= a1 07 D Salmm) —
m=0 n=m

o0

n=0

From (2.32) and (2.33), we note that

(1)"Epgri () = Y Egx | 1)Sa(m, m)a"™.

m=0

Therefore, by (2.29) and (2.34), we obtain the following theorem.

Theorem 2.7 For n > 0, we have
(-1)"Enqg@ ] 1) = Y|S0, )| Eyg ()
1=0

and

(-1)"Epgi () = Y Salm DA "4 | ).
=0

It is easy to show that

S0 e

From (2.35), we have

(=1)"Epq(X)
n!

(="
=—

/ (o1 | A dptg )
Zp

_a 1
o (s
L)) st

Zp

Z(Z Emg(x | 2)Sa(m, m)n"~ ”I) %

Page 10 of 11

(2.32)

(2.33)

(2.34)

(2.35)
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e (n-1\ 1
1 (l_l>ﬁfzp(—xl|x>zdu_q(xl)

I=1
" (n-1 R
= (l— 1>A T Eqg(A) (2.36)
I=1
and
(=1)" 4 — (n-1 n— 1
a0 = IZ (1 j 1) A lﬁg,,q(,\), (2.37)
-1
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