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Abstract

In this paper, we establish reverse Holder's inequality on time scales via diamond
integral, which is defined as an ‘approximate’ symmetric integral on time scales.
Moreover, we give some generalizations of diamond integral Holder’s inequality
which is due to Brito da Cruz et al. Several other related inequalities are also presented.
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1 Introduction
The famous inequality due to Holder can be stated as follows (see [1, 2]).

Theorem 1.1 (see [1, 2]) Let f(x) >0, g(x) >0, p>1, 1/p +1/q = 1. If f(x) and g(x) are
continuous real-valued functions on [a, b], then we have the following assertion:

b b 1/p b 1/q
/ f(x)g(x)dxs( / f"(x)dx> ( / g%x)dx) . 1)

Holder’s inequality is of great interest in the qualitative theory of differential equations
as well as other branches of mathematics.
In [3], the authors obtained the delta integral Holder inequality on time scales as fol-

lows.

Theorem 1.2 Let f,g,h € Ciy([a,b],R) and 1/p + 1/q = 1 with p > 1. Then we have the
following assertion:

b
[ 1 lrg| 2

b ; b :
5( / |h(x)|[f(x)|”Ax> ( / |h(x)||g(x)|qAx) ) 1.2)

Nabla and diamond-« integral Holder’s inequality on time scales was established in [4],
which can be demonstrated as follows.
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Theorem 1.3 Let f,g,h € Cy([a, D], R) and 1/p + 1/q = 1 with p > 1. Then we have the fol-

lowing assertion:

b b P% b %
[ |h(x>uf<x>g(x)\w5( / yh(x)yy(x)y’w) ( [ yh(x)ug(x)qu) . )

Theorem 1.4 Let f,g,h : [a,b] — R be <y -integrable functions, and 1/p + 1/q = 1 with
p > 1. Then we have the following assertion:

b
/ |h(x)| [f(x)g(x)|<>ax

b é b %
5( / |h<x>|v<x>|p<>ax) ( / |h<x>||g<x>|q<>ax) . (14)

Recently Anwar et al. [5] applied the theory of isotonic linear functionals to derive the
following Holder inequality.

Theorem 1.5 Forp >1,defineq=p/(p—1). Let E C R"” be as in Theorem 3.7 in [5]. Assume
that |w||f|?, |w||g|?, Iwfg| are A-integrable on E. If p > 1, then

1/p 1/q
[ merogoac < ( | |w(t)|[f(t)|pAt> ( | |w(t)||g(t)|th) . (15)
E E E

More recently Brito da Cruz et al. [6] introduced diamond integral Holder’s inequality
on time scale as follows.

Theorem 1.6 Letf,g:T — R be &-integrable on [a, blr, p > 1 with 1/p +1/q = 1. Then we

have the following assertion:

b b lp b 1/q
/ [f(x)g(x)|<>x5( / [f(x)|p<>x> ( / |g(x)|q<>x> . (1.6)

The purpose of this paper is to establish a reverse version and some generalizations of
inequality (1.6). Some other related results are also considered. This paper is organized as
follows. In Section 2, we introduce basic definitions and some preliminary results which
are necessary in the sequel. Namely, we briefly introduce the nabla and the delta calculus
[7, 8]. We also present the notions of diamond-« integral and diamond integral which
is defined as an ‘approximate’ symmetric integral on time scales, respectively [6, 9-11]; in
Section 3, we give the main results; in Section 4, we establish some further generalizations
and refinements of diamond integral Holder’s inequality; in Section 5, a subdividing of

Holder’s inequality is obtained.

2 Preliminaries

A time scale T is an arbitrary nonempty closed subset of real numbers and has the topol-
ogy that it inherits from the real numbers with the standard topology. Let T be a time
scale. We consider two jump operators. The forward jump operator o : T — T denoted by
o(t):=inf{s € T:s >t} with inf@ =sup T (i.e., 0 (M) = M if T has a maximum M); and the
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backward jump operator p : T — T denoted by o (£) := sup{s € T : s < ¢} with sup¥ = inf T
(i.e., p(m) = m if T has a minimum m). Let

¢ - T\supT if supT is finite and left-scattered,
T otherwise,

T. - T\infT if infT is finite and right-scattered,
“\T, otherwise.

We set T¥ := T, NT*.

Definition 2.1 ([7]) Let T be a time-scale and f : T — R. f is delta differentiable at ¢ € T*
if there is a number f(¢) with the property that for all £ > 0, there exists a neighborhood
U of ¢ such that

If (0(®) -f(s) -2 @) (o (6) = s5)| < &|o(t) - 5]

for all s € . f2(t) is called the delta derivative of f at ¢. If f is delta differentiable for all
t € T%, then f is said to be delta differentiable.

Definition 2.2 ([7]) Let T be a time-scale and f : T — R. f is called nabla differentiable at

t € T, if there is a number fV (¢) with the property that for all £ > 0, there exists a neigh-
borhood V of ¢ such that

If (0(®) =f(s) =Y (&) (o(t) = s)| < &|p(t) - 5]

for all s € V. fV(¢) is called the nabla derivative of f at ¢. If f is nabla differentiable for all
t € Ty, then f is nabla differentiable.

In what follows, assume that a,b € T witha < b, [a,blr={t € T:a <t <b}.
Definition 2.3 ([7]) A function F: T — R is said to be a delta antiderivative of f : T — R

if FA(¢) = f(¢) holds true for all £ € T“. We may define the delta integral of f from a to b
(or on [a, b]T) by

b
/ F(t)At = E(b) - F(a).

Definition 2.4 ([7]) A function G: T — R is said to be a nabla antiderivative of g: T — R
if GY(£) = g(¢) holds true for all £ € T,. We may define the nabla integral of g from a to b
(or on [a, b]T) by

b
/ gVe = G(b) - G(a).

For the properties of the delta and nabla integrals, please refer to [7, 8].
For a function f : T — R, we define f°(¢) =f (o (¢£)) and f*(£) = f(p(2)).
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Definition 2.5 ([10]) Assume that ¢,s € T, s = 0(£) — s and .5 = p(¢£) — s. A function
f: T — Ris called diamond-« differentiable at ¢ € T* if there is a number /() with the
property that for all € > 0, there exists a neighborhood U of ¢ such that, for all s € U,

’a[f(7 (t) —f(S)] Nes + (1 - a)[fp(t) _f(S)]Mt,s _an (t),ut,snt,s| = 8|//Lt,s77t,s|-
If f <« (¢) exists for all £ € T, then f is called diamond-« differentiable.

Theorem 2.1 ([10]) Let 0 <« < 1.Iff is both nabla and delta differentiable at t € T%, then
f is diamond-« differentiable at t and

£ 0) =af () + A - a)f ¥ (o). (2.1)

Remark 2.1 ([10]) If « =1 in (2.1), then we obtain the delta derivative; if « = 0 in (2.1),
then we obtain the nabla derivative.

Remark 2.2 The diamond-« derivative was defined by equality (2.1) in [9].

Definition 2.6 ([10]) Assumethata,be€T,a<b,h:T — Rand « € [0,1]. We may define
the diamond-« integral (or <,-integral) of /1 from a to b (or on [a, b]t) by

b b b
/ h(t)oat:a/ h(t)At+(1—a)/ h(t)Vt,

where / is both delta and nabla integrable on [a, b]t.

For related results concerning the diamond-« integral, please refer to [9-16] and the
references therein.
In [17], the authors defined the real function y by

L o(t)-s
YO = i v 2t = 25— p(®)

The above function is very important in the definition of diamond integral (Definition 2.7).
We see that y is well defined, 0 < y(¢) <1forall £ € T, and

if t is dense,

N =

if t is not dense.

y() = { o(t)-t

o (t)-p(t)

Definition 2.7 (see [6]) Assume that f: T — R and a,b € T, a < b. We may define the
diamond integral (or <>-integral) of f from a to b (or on [a, b]T) by

b b b
f f)ot = f y(@Of @) At + f (1-y@)f Ve,

where yf is delta integrable and (1 — y)f is nabla integrable on [a, b]1. The function f is
said to be diamond integrable (or <>-integrable) provided f is <>-integrable on [a, b]r for
alla,beT.
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The <>-integral has the following properties which are introduced in [6].

Theorem 2.2 (see [6]) Assumethatf,g:T — R are O-integrable on [a, blt. Let ¢ € [a, bt
and ) € R. Then the following assertions hold true.

L [ f()0t=0;

2 [Prwot = [Sf@ot+ [P feor

3. [Pf ()0t = - [LF ()t

4. )\f is >-integrable on [a, bt and f: MOt = )\f:f(t)Ot;

5. f +g is &-integrable on [a, bl and f: (f+2)@)ot = f:f(t)<>t + fﬂbg(t)<>t;

6. fg is <>-integrable on [a, b]r;

7. forp>0, |f|P is <>-integrable on [a, blr;

8. iff(t) < g)for all t € [a,blr, then [’ f(£)ot < [ g(8)ot;

9. |f| is <>-integrable on [a, blt and |fabf(t)<>t| < f: ()|t

For more properties of the {-integral, please refer to [6].

3 Main results
In the section, we establish and prove our main results.

Theorem 3.1 (Diamond integral Holder’s inequality) Let f,g,/: T — R be -integrable
on [a,blr, p > 1 with q = p/(p — 1). Then we have the following assertion:

1/q

b b 1p b
/ |h(x)|lf(x)g(x)|<>x5< f |h(x)|lf(x)|”<>x) < / |h(x)||g(x)|"<>x) . (3

Proof This proof is the same as the proof of Theorem 4 in [6]. Therefore, we omit it here.
O

Remark 3.1 For 4(x) =1 in Theorem 3.1, inequality (3.1) reduces to inequality (1.6).
Theorem 3.2 (Diamond integral reverse Holder’s inequality) Let f,g,h: T — R be

O-integrable on [a,blt, 0 < p <1 with q = p/(p — 1). If g7 is {>-integrable on [a, blr, then
we have the following assertion:

1/q

b b 1/p b
/ |h(x)|V(x)g(x)|0xz< / |h(x)|[f(x){p<>x) ( / |h(x)}{g(x){q<>x> ) (3.2)

Proof Without loss of generality, we assume that

b 1/p b 1/q
( [ \h(x)|lf(x)|"<>x> ( [ |h(x)||g(x)|"<>x) 40

and let

b
£ = [h)| [/ [ ()| [f(o) P o

and

b
y () = [h)||g@)|"/ / Ih(0)||g(o) |
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Since both functions & (x) and y (x) are <>-integrable on [a, b]T, applying the following re-

verse Young inequality (see [18])

11 1 1
xPye > —x+—-y, x%y>00<p<lLl/p+l/g=1
r q

with equality holds if and only if x = y, we have

/ b () [P |f (x)| |h(x)[V9|g(x)|
a ([P IONF@POTIP ([ 1h()]|g(x)|a0T)Ve

b b
_ f EVP )y Ve (x) O > f (@+@)<>x
a a P q
b b
=;/ ( WICTICT, )0“1/ < g )<>x=1.
ple \Piiroror) ade \Pnlig@or

This leads to the desired inequality. O

Remark 3.2 For /i(x) = 1in Theorem 3.2, inequality (3.2) is a reverse version of inequality
(1.6).

Combining Theorem 3.1 and Theorem 3.2, we can establish the following generaliza-

tion.
Corollary 3.1 Let h,f; : T — R, pj € R, j = 1,2,...,m, Z;Zl 1/p; = 1. If h and f; are

{-integrable on [a, blt, then the following assertions hold true.
(1) Forp;>1, we have

[ 1)

(2) ForO<p1<1,pj<0,j=2,. ..,m,];p/ are {>-integrable on [a, b]t, we have

[ 5@
j=1

“ N
ox=TT([ beallswion) . (3
o1 N

[[5®
]—1

/ i) |

Theorem 3.3 (Diamond integral Minkowski’s inequality) Let f,g,h: T — R, and p>1. If
f> g and h are $-integrable on [a, blt, then we have the following assertion:

m b ‘ 1/pj
ox> ( [ |h(x)|[}7(x)|p’<>x) . (3.4)
je1 e

b 1/p
( / @) [ ) +g(x>|”<>x)
b 1/p b 1/p
§< f |h(x)}V(x)|pox> +< / |h(x)|{g(x)}”<>x) . (3.5)

Proof This proof is the same as the proof in Theorem 5 in [6]. So we omit it here. d

Remark 3.3 For s(x) =1 in Theorem 3.3, inequality (3.5) reduces to Theorem 5 in [6].
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Theorem 3.4 (Diamond integral reverse Minkowski’s inequality) Letf,g,h: T — R, and
0 <p<1.Iff, g and h are <{>-integrable on [a, b]t, then we have the following assertion:

b 1/p
( / 1) [£ () + g() |P<>x)
b 1/p b 1/p
z( / |h(x)|Lf(x)|p<>x> +< / |h<x>||g<x)|"<>x) . (3:6)

Ip

Proof For0<p<1,let % =p, % =1-p,ar=ml, by = n}( - applying the following Holder

inequality [1]:

n n 1/s n 1/t 1 1
Zakbkf (Zai) (Zb,ﬁ) , s>l —+==1,
k=1 k=1 k=1 st

we have

n

n p n 1-p
> mim < (Z m) (Z) : (37)
k=1 k=1

k=1

Let
b b
M= [ wlwron  N= [ n)lgePos

b 1p b 1p
W - ( [ |h(x)\y<x>\*’<>x) . ( [ yh(x)ug(x)\%x) _ MY 4 N,
Applying inequality (3.7), we have
W =M"P + N'P
b b
= MVP1 / |n(0)|[f ()P0 + NP f |h(x)||g(x)|"Ox
b
_ / 1) ([F @) [P MY+ | gl PNV L)oo
b 1
< / @) [f(3) + g) [ (MYP + NVP)' ™
b b
:/ || [f (%) + g@)|" WP = Wl‘p/ |h()|[f (%) + g(x) [ O,

from the above result, we immediately arrive at Minkowski’s inequality and the theorem

is completely proved. O
From Theorem 3.3 and Theorem 3.4, the following generalization is obtained.

Corollary 3.2 Letf,h: T — R, j=1,2,...,m. If f; and h are >-integrable on [a, b]t, then
the following assertions hold true.
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(1) For p >1, we have

( [ |h<x>|

(2) For0<p<1,wehave

fi(x)

<>x> i( / |h(x)|[f(x)|”<>x) . (3.8)

m '3 1p m b 1/p
( f ()] D> fit) <>x> 22( / |h(x)|[ﬁ(x)|p<>x) : (3.9)
j=1 j=1 N4

Next, we give an analogue of Corollary 3.2.
Corollary 3.3 Letf,h:T — R, j=1,2,...,m. If f; and h are >-integrable on [a, b]r, then

the following assertions hold true.
(1) Forp > 1, we have

b m p m b
/ |h(x)|(z L;;(x)|) ox=Y / ()| [fix) [P 0. (3.10)
a j=1 j=1 a

(2) For0<p<1,wehave

b m p mo .p
[ |h(x)|(z pg(x)|) ox< Yy / |h@)|[fi@)] . (3.1)
a j=1 j=1 V4

Proof (1) For p > 1, let s = p, r =1 in Jensen’s inequality [1], we obtain the following in-
equality:

@]+ [B@]+ -+ [fu@®] = (@] + @[+ + @),

from the above inequality, we obtain

(GG + L]+ -+ [fnt)) = (1@ (L@] + @I+ + [fn(]),

by integrating the above inequality with respect to x, we obtain the desired result.
(2) For 0 <p<1,lets=1, r=pinJensen’s inequality [1], we have

@]+ B+ + [fu@| < (@] + B[+ + [fu®)]") ",

it follows from the above inequality that

[ (AG)] + L]+ -+ [fn@)) = (1@ (A@] + @I+ + [fn(]),
by integrating the above inequality with respect to x, the desired result is obtained. [

Now, we establish some improvements of diamond integral Minkowski’s inequality in
the following theorem.
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Theorem 3.5 Letf,g,h:T — R be $-integrable on [a, blr, p > 0, s,t € R\{0}, and s # t.
(1) Let p,s,t € R be different such that s,t >1 and (s — t)/(p — t) > 1. Then

b
/ 1) £ (x) + g o

b 1 b
5[(/ ‘h(x)Hf(x)|s<>x) +(/ |h(x)Hg(x)‘S<>x>
b 1 b b ts-p)/(s—t)
x|:( / yh(x)y[f(x)yfox> +( / ]h(x)Hg(x)]tOx)} . (312

(2) Letp,s,t € R be different such that 0 <s<land 0 <t<land (s—t)/(p —t) < 1. Then

1
s

ils(p—t)/(s—t)

b
f 1)) + g o

b 1 b
z[(/ |h(x)W(x)|s<>x) +</ |h(x)|]g(x)}s<>x>
b } b }ts—p)/(s—1)
x[( / yh(x)|[f(x)|‘<>x> +( / ]h(x)]|g(x)|t<>x>:| . (313)

Proof (1) We have (s—¢t)/(p —t) > 1, and

1
s

ils(p—t)/(s—t)

b b
/ ‘h(x)! lf(x) +g(x)‘P<>x _ / ’h(x)’([f(x) +g(x)IS)(p—t)/(s—t)(lf(x) +g(x)|t)(sfp)/(s—t)<>x,

by using Holder’s inequality (3.1) with indices (s — £)/(p — ¢) and (s — £)/(s — p), we have
b
[ Il + g o
a

b s (p-1)/(s—t) b . (s=p)/(s—t)
< </ |h(x)||f (x) + g()] <>x) </ |h(x)||f (x) + g()] <>x) . (3.14)

On the other hand, by using Minkowski’s inequality (3.5) for s > 1 and ¢ > 1, respectively,
we can see that the following assertions hold true:

b §
(/ o) If @) +g<x>\s<>x)
b % b %
< </ |h(x)Hf(x)|S<>x> + </ |h(x)||g(x)|s<>x> (3.15)

and

1

b i

([ 1o+ oo
b , ! b ; t

5( / |h(x)|y<x)|<>x) +( / |h(x)||g<x)|<>x). (316)

From (3.14), (3.15) and (3.16), we obtain the desired result.
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(2) We have (s —¢)/(p — t) <1 and

b
f ()| [f (%) + g()]
b
= / |h(x)| (lf(x) +g(x)|s)(p—t)/(s—t)([f(x) +g(x) |t)(s_p)/(s_t)<>x,

by using reverse Holder’s inequality (3.2) with indices (s — £)/(p — £) and (s — £)/(s — p),
respectively, we have

b
[ i)+ g os
b ) £)/(s—t) (s-p)/(s—t)
> (f |h(x)][f (%) + g()| <>x> (/ |h(x)|[f (%) + g()| <>x) . (317)

On the other hand, in view of reverse Minkowski’s inequality (3.6) for the cases of 0 <
s<1land 0 <t <1, we can see that the following assertions hold true:

b
( / ()| o) +g(x>|s<>x)

b % b :
> </ |h(x)|[f(x)|s<>x> + </ |h(x)||g(x)|s<>x> (3.18)

and
b t
( f 1) [ ) + g <>x)

b 1 b l
> (/ |h(x)|V(x)|t0x) + (/ |h(x)Hg(x){t<>x> ) (3.19)

By (3.17), (3.18) and (3.19), we get the desired result. O

Remark 3.4
(1) From Theorem 3.5, for p > 1, letting s=p + &, t = p — &, when p, s, ¢ are different,
s,£>1, and letting ¢ — 0, we obtain (3.5).
(2) From Theorem 3.5, for 0 <p <1, lettings=p +¢,t =p —¢, when p, s, t are different,
0 <s,t <1, and letting ¢ — 0, we obtain (3.6).

Theorem 3.6 (Diamond integral Dresher’s inequality) Letf,g,h: T — Rand0<r<1<p.
Iff, g and h are &>-integrable on [a, blr, then we have the following assertion:

( fab |A()||f (%) + g(x) |P<>x>1/(p—r)
2 1h@)IIf @) + g@)rox

(f ()] |P<>x>“<" (f |hx)||g(x)|ﬂ<>x>”<1“>

3.20
Ji 1N @)1 ox I 1)l g@)1rox 20
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Proof Based on <$-integral Holder’s inequality (3.1) and Minkowski’s inequality (3.5), we

b 1(p-r)
([ bl sgeoron)
b Up b 1Up\ pl(p-7)
f((/ !h(x)|lf(x)|”<>x) +(/ ’h(x)||g(x)|p<>x> )
fblh(x)llf(x)lpOx)“P( b ) >up
(L VT V2 i S
((fhlhx)llfx)|'<>x /u"’cw(x)‘ *
|h(x)|lg@®) [P<Sx\YE [ b L\ VPl
<m) (L !h<x>||g<x>|<>x) )

= (L torosy T (U it oxy
=\ @)1 @) rox 12 1h@)]1g@)rox

b r b 1/r\ r/(p-r)
x(< / |h(x)|V(x)|r0x> +( / |h(x)|{g(x)|’<>x> ) . (3.21)

From Theorem 3.4, we get

b 1r b 1/r\ r
((/ |h(x)|[f(x)|’<>x) +</ |h(x)||g(x)|’<>x) )

b
< f |h(x)||f (%) + ()| O, (3.22)

have

From (3.21) and (3.22), we get (3.20). O

Corollary 3.4 Let f;,h: T — R,0<r<1l<p,j=12,...,m. If |f;| and h are >-integrable
on [a, bt, then we have the following assertion:

( I Ih(x)IIZ;Zlﬁ(x)IPOx>”(’”) Y (M)”W (3.23)

S R f ) o 2 TG ox

Theorem 3.7 (Diamond integral reverse Dresher’s inequality) Let f,g,h: T — R and
p<0<r<l.Iff, g ff, g’ and h are {>-integrable on [a,b]r, then we have the follow-
ing assertion:

( fab |A()||f (%) + g(x) |P<>x>1/(p—r)
12 1h@)I1f @) + g@)ox

(f ()] |P<>x>“<" (f |hx)||g(x)|ﬂ<>x)”<1“>

3.24
f |l (x) | |f (x) |7 f |h(x)||g(x) |7 < (3:29)

Proof Let vy > 0, 3 > 0, f1 >0, and By > 0, and -1 < A < 0, using the following Radon
inequality (see[1]):

n

< (ZZ:l ak)p

p
fg_W’ ﬂkZO,bk>0,0<p<1,
=1 “k =
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we have
A+l k+1 A+l
o) o < (01 + az) _ (3.25)
Br /32 B+ B2)
Let

b 1/p b 1/r
0{1:</ |h(x)|lf|"<>x> , ﬁ1:(/ |h(x)|[f|’<>x) : (3.26)
b 1/p b 1/r
=< / |h(x)}|g|”<>x) , ﬂ2=(/ |h(x)||g|’<>x> , (3.27)

and let A = -, from (3.25) to (3.27), it follows that

o g ([ B@IPONTIP(f) hG)llg o)

BL B (L @IFroy ([ Ih@llglonyr
( S 1h(x |lf|”<>x>”(" ", (fa |h(x)||g|1ﬁ’<>x>“<1’-'>< (o + )
PR S 1h@)l1glox T BB

[ TRIIF 1200 + ([ ) ()lghr 0w Pp/e-n
fa |(x)[[f |Gl f 1h(x)||g"x) ]! e=)

(3.28)

Since -1 < A = Iﬁ < 0, we may assume p < 0 < r, and by Theorem 3.4 and 0 <r <1, we
obtain

b 1r b 1/rqr b
[(/ ’h(x)!lfl’%> +(/ !h(x)!|g|’<>x) }5/ |h@)||f + gl . (3.29)

For p <0, by reverse Holder’s inequality [1], we obtain the reverse version of inequality

(3.7) as follows:
- I/pl Up lip
> Z'm Z” :
k=1

Assume that f(x) and g(x) are nonzero, let W, M, N be as in the proof of Theorem 3.4
from the above inequality, we have

’ Vp b 1/p
W = (/ |h(x)|lf(x)|1’<>x> + (/ |h(x)||g(x)|p<>x> _ VP, NP
b b
10 [ om0 [ e o
b
:/ {h(x)|(V(x)|PM1/p—1 + |g(x){PN1/p,1)<>x
' 1
z f |h(x)| V(x) +g(x) |p(M1/p +N1/p) P o

b b
= / |n(x)||f(x) + g@)[" WP Ox = WP / |h()||f (x) + g(x)[" .
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That is,

b
W= Wi / ()| [ (x) + g ()P .

Hence, we have

b
w? > / ‘h(x)‘ V(x) +g(x)|p<>x.

Based on the above inequality, we obtain

b 1/p b 1/pqp b
[( [ |h(x)|[f|p<>x> +< / |h(x)||g|p<>x) ] > [l varos. 330

From (3.28) to (3.30), we obtain reverse Dresher’s inequality and the theorem is com-

pletely proved. 0

Corollary3.5 Letf,h: T—>R,p<0<r<1,j=1,2,...,m. Ifﬁ,fjp and h are $-integrable

on [a, bt, then we have the following assertion:

(3.31)

(fab Gl Z}"lﬁ(x)'”o")”("") ¥ (ff ) |”<>x)”(”")
S2 I il ox ~ T\ 2@ @) row
4 Some further generalizations of Holder’s inequality

The aim of this section is to derive some new generalizations and refinements of Holder’s

inequality on time scales.

Theorem 4.1 Assume that T is a time scale, a,b € T with a < b and p; >0, a € R (j =
1,2,...,mk=12,...,8), Y 3, pik =1,Y 0k =0,f,h: T — R.Ifh and f; are >-integrable
on [a, blt, then the following assertions hold true.

(1) For px > 1, one has

b m b m 1pk
/ [h@)||] [f@)|ox < ( / |h(x)|l_[[]§(x)|l+pk“k’<>x) . (4.1)
a ]':1 a j:1

s
k=1

1+pkozk/-

(2) ForO<ps<1,pr<0(k=1,2,...,s=1),f

]
/ o |

[[5®
j=1

is <>-integrable on [a, b]t, one has

b m 1/pk
x> (/ |h(x)| 1_[ m(x)|1+17k01k/<>x) ) (4.2)
a j=1

s
k=1

Proof (1) Let

m 1/pk
&) = (Hff”’”%)) : (4.3)

j-1
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Based on the assumptions Zk =1land ) ;_; ai = 0, from a direct computation, it is
obvious to show that

[[e®) =g ®)g:) - gi(x)

k=1
m pr /m 1/p2 m 1/ps
(1_[ ”’””(x)) (Hﬁ“”m’(x)) (Hﬁ“””‘*«x))
j=1

=1 j=1

m m
1—[ /pﬁoq,( ) Hfllpzﬂxgl ) o l—lfl/pswzsj (x)
J
j=1 j=1

m
1p1+1/pa+--+1/pstagj+ogj+-+og; (x) _ f(x)
; = | | ().

j-1

~.
I
—_

1l
~

From the above result, we can obtain

l_[gk l_[f/
j=1

k=1

Hence, we have

/|h O = /]h(x

It follows from Holder’s inequality (3.3) that

/ ()

It follows from (4.3) and (4.5) that inequality (4.1) holds true.
(2) The proof of inequality (4.2) is similar to the proof of inequality (4.1), by (4.3), (4.4)
and (3.4), we have

Jix) (4.4)

Hgk ()| <>

Upk
l—[gk (x)|Ox < 1_[ </ |h(x)|| gk x)|pk<>x) . (4.5)

b s s b Upk
[ [T Taetw) o = ( [ o y"k<>x) . (4.6)
4 k=1 k=1 V4
Based on (4.3) and (4.6) , it follows that inequality (4.2) holds true. O

Remark 4.1 Taking s = m, ay = —1/pi for j # k and oy = 1 — 1/py, inequalities (4.1) and
(4.2) are respectively reduced to (3.3) and (3.4).

It is easy to see that many existing inequalities related to Holder’s inequality are special

cases of inequalities (4.1) and (4.2). For example, we have the following.

Corollary 4.1 Under the assumptions of Theorem 4.1, taking s = m, oy = —t/py for j # k
and oy = t(1 —1/py) with t € R, the following assertions hold true.
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(1) For py > 1, one has

[ 1)

b m 1-t 1/px
<1(f b (T01) Greoryon) 4
a i1

m
k=1

Ox

[15®
j=1

(2) ForO<p,, <1, pr<0(k=1,2,...,m-1), one has

/ izl

[ 5@
j=1
m b m 1-t Upk
zﬂ(/ |h(x)|<]_[[;;(x)|) ([fk(x)|pk)t<>x) . (4.8)
k=1 \"% j=1

Ox

Theorem 4.2 Assume that T is a time scale, a,b € T with a <b and py >0, r € R,
a eR(=1,2,....,mk=12,...,s), Z;(:lpik =1, 400 =0,f,h:T— R Iff; and h are
O-integrable on [a, b, then the following assertions hold true.

(1) Forrpy>1, one has

/ izl

[Ts&
j=1

s
k=1

b m 1/rpy

ox < ( / |h(x)|l_[lﬁ(x)l“”’k“kf<>x> : (4.9)
a }:1

1+rpraki

(2) ForO<rps<1,rpr<0(k=12,...,s-1),f

/ is &-integrable on [a, b]T, one has

b m s b m 1/rpi
/ ()| ([ [ | 0x = (/ )| [ ] [ﬁ(x)\l+rpkaki<>x) . (4.10)
“ j=1 k=1 \"4 j=1

Proof (1) Since rpx >1and ) ;_; pik =r,wegety # =1. Then by (4.1) we immediately
obtain inequality (4.9).

(2) Since 0 <rps <1, rpr <0and ) ;_; pik =r,wehave ) ;_; @ =1, by (4.2), we immedi-
ately have inequality (4.10). This completes the proof. O

From Theorem 4.2, we obtain the following corollary.

Corollary 4.2 Under the assumptions of Theorem 4.2, and let s = 2, py = p, p» = q, a3 =
—ayj = o, then the following assertions hold true.
(1) Forrp>1,one has

b m
[ 1| [ 1500
a =1

1/rq

b m 1/rp b -
([P Fron) ([ moFlor~s) ™
a j=1 a j=1
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(2) For0<rp<1,onehas

[T
j=1

b
IRLE
1/rq

b m 1/rp b m
z( / |h(x)|]_[[z;(x)|“’”"f<>x) ( / |h(x)|]_[[;;(x)|1‘”’“f<>x) . (412)
“ j=1 a j=1

Ox

Now we present a refinement of inequalities (4.9) and (4.10), respectively.

Theorem 4.3 Under the assumptions of Theorem 4.2, the following assertions hold true.
(1) For rpi > 1, one has

s

b m 1/rpk
Qx < p(c) < ( / |h(x)|]_[[;;(x)|“"’k“kf<>x) , (413)

k=1

[[5®
j=1

/ izl

where

c m s b " Vo
wr= [ [T o T1( ol TTcol )
“ j=1 k=1 4 j=1

Jj=1

is a nonincreasing function with a < ¢ < b.
(2) For0<rps<1,onehas

/ ")

where

c m s b m l/rpk
o= [ Il [Thfor [T (/ o) [ ] lﬁ(x)r“"’k%x>
‘ Jj=1 k=1 ¢ j=1

s

b m 1/rpg
Qx> p(c) > (/ !h(x)| ]_[ L,;(x)|1+rpkak/<>x) . (4.14)

k=1

[[5®

Jj=1

Jj=1

is a nondecreasing function with a < c < b.
Proof (1) Let
m 1/rpg
1 .
gk(x) _ <l_[j; TPk A (x)) .
j=1

By rearrangement and the assumptions of Theorem 4.2, we can obtain

[ 5@ =] Ja.
j=1 k=1

Next, we prove that ¢(c) is a nonincreasing function with @ < ¢ < b. Applying the fol-
lowing Holder inequality [1]:

n s n ) /gy s 1
Zl_[aikir[(Zaf,i) , Qk>1;2a=1,
i=1 k=1

s
i=1 k=1 k=1



Chen and Wei Advances in Difference Equations (2015) 2015:180 Page 17 of 20

we can obtain

E Hatk—E anap -

i=1 k=1
=dandiy - - ais t addgg - dyg

rp1 rpi\1/rp1( rpo rpa l/rpz ps rps\1/ps
(“11 +dy ) (“12 tdy ) (ﬂu + dys )

1/rpk
]_[ (Z a"’k> ) (4.15)

k=1 \ i=1

where ), # =1, rpr>1.
Let

c 1/rpk
ark = (/ ‘h(x)Hgk(x)|rpk<>x> , k=12...,s
a1

and

b Yrp
aArf = </ |h(x)||gk(x)|rpk<>x) ’ /(:112'“’5)
c

by inequality (4.15), we have

S

2 - 1rpg S b ok 1/rpg
[T( ] [r@]lg@|™ox)  +]( [ |n@®)]|g@)]|ox
c1 k=1 %)

k=1

b 1rpk
<]‘[( / 1e) || g (0) P o + /2 |h(x)||gk(x)|rpk<>x> . (4.16)

Let a < ¢; < ¢y < b, by inequalities (3.3) and (4.16), we obtain
2 m S b m . 1/rpy
pler) = / ()| T [If@)| o + l—[(/ @) [T *’Pk“ki¢x>
“ j=1 k=1 \Y€2 j=1

- [ )| TTaxto
a k=1

- [ el TTexto
a k=1

1/rpg
+ l_[ (f |h(x)||gk(x)‘ pk<>x>

cl S c 1/rpg
<[ || Teet <>x+1_[< / |h(x)|\gk<x>}”’k<>x)
4 k=1 4

k=1
s b 1/rpk
+ l_[ (/ |h(x)||gk(x)|rpk<>x>
k=1 W2

s b 1/rpk
ox+]] (/ ()| |gk(x)|”’k<>x)
k=1 2
[ Jaxt)|ox
k=1

1)
<>x+/ |h(x)|
a
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Ox

< / " o)

s o .
11 (./ |10)| [ gie o) | ™" Oox + / |h(x)| |gk(x)|rpk<>x)
k=1 e 0

- [ )

= ¢(C1),

[[a®
k=1

1/rpk

[ [ &)
k=1

s b 1/rpg
ox+] ] </ |h(x)| |gk(x)|rpk<>x)
k=1 WA

that is,

@(c2) < ().

It follows from the above result that ¢(c) is a nonincreasing function with a < ¢ < b. Hence
¢(b) < ¢(c) < ¢(a), we obtained the desired result.

(2) The proof of inequality (4.14) is similar to the proof of inequality (4.13), so we omit
it here. O

5 A subdividing of diamond integral Holder’s inequality

In this section, we give a subdividing of Holder’s inequality as follows.
Theorem 5.1 Let f,g,h: T — R be {-integrable on [a,blt, and s,t € R, and let p = (s —

HI1-t),q=(s-t)/(s-1).
(1) Ifs<l<tors>1>t,then

b
/ | () || () () [

b up* ; cb Ug?
5(/ |h(x)|[f(x){5p<>x) (/ |h(x)||g(x)|tq<>x>
b b Upq
x( / 10| |f ()| O f |h(x)||g(x)|sq<>x> . (5.1)

(2) Ifs>t>1lors<t<l;t>s>lort<s<l,then

b
[ () (e)g ()] o

b up ;b g
z( / \h(x)\V(x)ySpox) ( / ]h(x)Hg(x)V%x)

Ipq

b b 1
x< / || |f @) |7 ox / |h(x)||g(x)|sq<>x> ) (5.2)

Proof (1) Letp = s;_; and in view of s <1 <t or s >1 > £, we have

s—t 1
=—>1,
P 1-¢
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by Hélder’s inequality (3.1) with indices = and £, we have

b b
| i = [ -0 g0

a

b 1-t)/(s—t) b (s=1)/(s—t)
5( / lhllfgls<>x> ( / Ihllfg|”<>x> . (5.3)

On the other hand, from Hoélder’s inequality again for p = i;_i > 1, it follows that the

following two inequalities are true:

b b 1-1)/(s-t) b (s=1)/(s~1)
[ o = ([ inos) ([ gt vox) 5.4)

and

b b 1-t)/(s-t)
[ ieros < ([ sy ivon)

b (s=1)/(s—t)
x < / A g|t(5"t)/(s_1)<>x> . (5.5)

From (5.3), (5.4) and (5.5), it follows that the case (1) of Theorem 5.1 holds true.
(2) Letp= % and in view of s >t >1 or s < £ < 1, we have

=<0
Pe1es

andt>s>1ort<s<l,wehave0 < £ <1, byreverse Holder’s inequality (3.2) with indices

s—t s—t
1, and =, we have

b b
| i = [ - g

b (1-2)/(s—t) b (s—1)/(s—t)
z( / lhllfgls<>x> ( / Ihllfg|‘<>x> . (5.6)

s

On the other hand, from reverse Holder’s inequality again for 0 <p = {=, <lorp == <

ENEN

0, it follows that the following two inequalities are true:

b b (1-t)/(s—1) b (s—1)/(s—t)
/ |h|lfg|5<>xz< / |h|[f|$“‘t>/“—f><>x) ( / |h||g|s<s-f>’<s—”<>x) (5.7)

and

’ b (1-)/(s~1)
/ |7 |fg] x> (/ |h|lf|t(s—t)/(1—z)<>x>

b (s=1)/(s—t)
x < / |h||g|f(s-f>’<s—“<>x> : (5.8)

From (5.6), (5.7) and (5.8), it follows that the case (2) of Theorem 5.1 holds true. O

Remark 5.1 For T =R, Theorem 5.1 reduces to the results in [19].



Chen and Wei Advances in Difference Equations (2015) 2015:180 Page 20 of 20

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
All authors contributed equally to the writing of this paper. All authors read and approved the final manuscript.

Author details

'Key Laboratory for Mixed and Missing Data Statistics of the Education Department of Guangxi Province, Guangxi
Teachers Education University, Nanning, Guangxi 530023, China. 2Department of Construction and Information
Engineering, Guangxi Modern Vocational Technology College, Hechi, Guangxi 547000, China. *School of Mathematics
and Statistics, Guangxi Teachers Education University, Guangxi, Nanning 530023, China.

Acknowledgements

The authors thank the editor and the referees for their valuable suggestions to improve the quality of this paper. This
paper was partially supported by the Key Laboratory for Mixed and Missing Data Statistics of the Education Department
of Guangxi Province (No. GXMMSL201404), the Scientific Research Project of Guangxi Education Department

(Nos. YB2014560 and KY2015YB468) and the Natural Science Foundation of Guangxi Province (No. 2013JJAA10097).

Received: 28 October 2014 Accepted: 26 May 2015 Published online: 16 June 2015

References
1. Hardy, GH, Littlewood, JE, Pélya, G: Inequalities, 2nd edn. Cambridge University Press, Cambridge (1952)
2. Beckenbach, EF, Bellman, R: Inequalities. Springer, Berlin (1961)
3. Wong, F-H, Yeh, C-C, Lian, W-C: An extension of Jensen’s inequality on time scales. Adv. Dyn. Syst. Appl. 1(1), 113-120
(2006)
4. Ozkan, UM, Sarikaya, MZ, Yildirim, H: Extensions of certain integral inequalities on time scales. Appl. Math. Lett. 21(10),
993-1000 (2008)
5. Anwar, M, Bibi, R, Bohner, M, Pecari¢, J: Integral inequalities on time scales via the theory of isotonic linear functionals.
Abstr. Appl. Anal. 2011, Article ID 483595 (2011). doi:10.1155/2011/483595
6. Brito da Cruz, AMC, Martins, N, Torres, DFM: The diamond integral on time scales. Bull. Malays. Math. Sci. Soc. (2014).
doi:10.1007/540840-014-0096-7
7. Bohner, M, Peterson, A: Dynamic Equations on Time Scales. Birkhduser Boston, Boston (2001)
8. Kaymakcalan, B, Lakshimikantham, V, Sivasundaram, S: Dynamic Systems on Measure Chains. Kluwer Academic,
Dordrecht (1996)
9. Sheng, Q, Fadag, M, Henderson, J, Davis, JM: An exploration of combined dynamic derivatives on time scales and
their applications. Nonlinear Anal., Real World Appl. 7(3), 395-413 (2006)
10. Rogers, JW Jr, Sheng, Q: Notes on the diamond-& dynamic derivative on time scales. J. Math. Anal. Appl. 326(1),
228-241 (2007)
11. Sheng, Q: Hybrid approximations via second order combined dynamic derivatives on time scales. Electron. J. Qual.
Theory Differ. Equ. 2007, 17 (2007)
12. Malinowska, AB, Torres, DFM: On the diamond-alpha Riemann integral and mean value theorems on time scales.
Dyn. Syst. Appl. 18(3-4), 469-481 (2009)
13. Sidi Ammi, MR, Ferreira, RAC, Torres, DFM: Diamond-a Jensen’s inequality on time scales. J. Inequal. Appl. 2008,
Article ID 576876 (2008)
14. Mozyrska, D, Torres, DFM: Diamond-alpha polynomial series on time scales. Int. J. Math. Stat. 5(A09), 92-101 (2009)
15. Sidi Ammi, MR, Torres, DFM: Holder's and Hardy's two dimensional diamond-alpha inequalities on time scales. An.
Univ. Craiova, Ser. Mat. Inform. 37(1), 1-11 (2010)
16. Brito da Cruz, AMC, Martins, N, Torres, DFM: Hahn's symmetric quantum variational calculus. Numer. Algebra Control
Optim. 3(1), 77-94 (2013)
17. Brito da Cruz, AMC, Martins, N, Torres, DFM: Symmetric differentiation on time scales. Appl. Math. Lett. 26(2), 264-269
(2013)
18. Xing, J-S, Su, K-Q, Tao, P-F: The applications of Young inequality and Young inverse inequality. J. Zhoukou Norm. Univ.
24(2), 37-39 (2007) (in Chinese)
19. Zhao, C-J, Cheung, W-S: On subdividing of Holder’s inequality. Far East J. Math. Sci.: FJMS 60(1), 101-108 (2012)


http://dx.doi.org/10.1155/2011/483595
http://dx.doi.org/10.1007/s40840-014-0096-7

	The diamond integral reverse Hölder inequality and related results on time scales
	Abstract
	MSC
	Keywords

	Introduction
	Preliminaries
	Main results
	Some further generalizations of Hölder's inequality
	A subdividing of diamond integral Hölder's inequality
	Competing interests
	Authors' contributions
	Author details
	Acknowledgements
	References


