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1 Introduction
Throughout this paper, let # be a fixed positive integer. The nth order linear homogeneous
difference equation with constant coefficients is of the form

a; = Q141 + Aoy + -+ + Upli_p, @

where o, a5, ..., a, are constants. For example, the second-order difference equation with
constant coefficients has the form

a; =aa; 1+ Ba;_. (2)

The solution of (2) is called the Fibonacci numbers when a = 8 =1, ag =0, and a1 =1,
Lucas numbers when o = 8 =1, ap = 2, and a¢; =1, Pell numbers when o« =2, 8 =1, ag =0,
and a; =1, Pell-Lucas numbers when « = 2, 8 = 1, and ag = a1 = 2, and Jacobsthal numbers
ife=1,8=2,a0=0,and a; = 1.

The polynomial

1 2

px)=x" —o " — " — e~ —
is called the characteristic polynomial of the difference equation (1).

If the roots 74,1y, ..., 1, of the characteristic polynomial are distinct, then the solution of
the difference equation (1) is given by

ai=kiry + kory + - + k1,

where the coefficients ki, ks, . . ., k, are uniquely determined under the initial conditions of
the difference equation.
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If the characteristic polynomial has roots ry,7,...,r; with multiplicity my, m,,...,my,
respectively, then the solution of the difference equation (1) is given by

d "

k-1 i
a= 2 Y e,

j=1 k=1

where the cj are constants and m; + m5 + - - - + my = n (see [1, 2]). For the Hyers-Ulam
stability of the linear difference equations, we may refer to [3-9].

Let (C", || - |I,,) be a complex normed space, each of whose elements is a column vector,
and let C"™*” be a vector space consisting of all (# x n) complex matrices. We choose a
norm | - ||« on C"*” which is compatible with || - ||,,, i.e., both norms obey

[ABluxn < |AllnxnlIBllaxn  and  [AX], < [ AllusnllXl, 3)
forall A,B € C"™" and x € C".

A matrix difference equation is a difference equation with matrix coefficients in which
the value of vector of variables at one point is dependent on the values of preceding (suc-
ceeding) points.

In this paper, we prove the Hyers-Ulam stability of the first-order linear homogeneous
matrix difference equations x; = AX;_; and x;_; = A¥; for all integers i € Z, where the tran-
sition matrix A is nonsingular. More precisely, we prove that if a sequence {y;};cz satisfies
the inequality ||y; — Ay;_1]l, < & forall i € Z resp. ||y;1 — Ay;||, < ¢ for all i € Z, then there
exist a solution {X;};cz C C" of the first-order matrix difference equation (4) resp. (17) and
a constant K > 0 such that ||J; — x;||,, < Ke for all integers i > 0. (We refer the reader to
[10-14] for the exact definition of Hyers-Ulam stability.)

It should be remarked that many interesting theorems have been proved in [15, 16] con-
cerning the linear (or nonlinear) recurrences. Especially in 2015, the Hyers-Ulam stability
of the first-order matrix difference equations has been proved in [17] in a general setting.
The substantial difference of this paper from [17] lies in the fact that the stability problems
for the ‘backward’ difference equations have been treated in Section 3 of this paper.

2 Hyers-Ulam stability of X; = AX;_;
In this section, we investigate the Hyers-Ulam stability of the first-order linear homoge-
neous matrix difference equation

%= AXi (4)

for all integers i € Z, where

Xil an a2 Ain
. Xi2 . daz d2 . Ay axn
x=| . |€C” and A=]| . . e
Xin anl  An2 e Apn

Theorem 2.1 Given a fixed positive integer n, let (C", || - ||,) and (C™", || - |l uxn) be complex
normed spaces, whose elements are column vectors resp. (n x n) complex matrices, with the
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property (3). Assume that the transition matrix A € C" is nonsingular and {&;};cz is a

sequence of nonnegative real numbers. If a sequence {3;};cz C C" satisfies the inequality
17: = Ayialln < & (5)

for all i € Z, then there exists a solution {x;}icz C C" of the first-order matrix difference
equation (4) such that

51—l < | 2kt EKIALLG, + AT 150 = Foll (for i > 0),
i —Willn = i 1 1—i - - .
i1 G AT L+ AT L 10 = Zollw - (for i <0).

nxn

Proof Assume that a sequence {y;};cz C C” satisfies the inequality (5) for all i € Z. First,
we assume that i is a nonnegative integer. It then follows from (3) and (5) that
|5 = A%ol|, < 117 — AYicalln + | AYics — A%¥ia |,
A% 0 AT+ |47 - AT
< 15i = AYicalln + 1A lxnllYicr — Ayiall
AN 72 = AFis -+ Al 151 = Aol

2 -1
<&+ [|Alluxnin + 1Al 802 + - + [|AllL .61

= AL D el AlLE, (6)
k=1

It is obvious that a sequence {x;};cz C C” satisfies the first-order matrix difference equa-
tion (4) if and only if

% = A% (7)

for each i € Z, where we set A’ = (A~!)~ for all negative integers i. Hence, by (6) and (7),
we have

15: = Zilla < [ = Ao, + [ATo - A% |, + [A%0 - %],

i
i—k ; - -
<Y el AllE, + 1AL, 150 — Zoll
k=1

for any integer i > 0.
On the other hand, we suppose i is a negative integer. For this case, it follows from (3)
and (5) that
[5: - A%,
= 5~ (A7) 5ol
< [5i= A 5ea, + A5~ (A7) 5],

+ “ (A71)25i+2 - (A71)35’H3 “n Feeet “ (Afl)‘i—ljj_1 _ (A71)—i5.)0 “n
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<A AT =Fiall + |A72 AT = izl
AT AT = Tialla + -+ AT IAT- = ol

< A7, e+ AT e + [ATD s + o+ AT 0
—i

=Y el A (8)
k=1

Moreover, by (7) and (8), we have

15 = Zilla < 5= (A™) Fo |, + [ (A™) 50 - (A7) "o,
+ [ (AT) R - &),

—i
<> e AT+ IAT 150 — ol
k=1

for all integers i < 0. 0

In view of (7), if we assume the initial condition in the previous theorem, we can easily
prove the uniqueness of the sequence {X;};cz as we see in the following corollary.

Corollary 2.2 Given a fixed positive integer n, let (C", || - ||,,) and (C"™", || - || 1x») be complex
normed spaces, whose elements are column vectors resp. (n X n) complex matrices, with
the property (3). Assume that the transition matrix A € C*" is nonsingular and {&;};cz is
a sequence of nonnegative real numbers. If a sequence {y;}icz C C" satisfies the inequality
(5) for all i € Z, then there exists a unique solution {%;};cz C C" of the first-order matrix
difference equation (4) with the initial condition Xy =y such that

> ExllANGE, (fori>0),
]:l=1 8k+i||A71”k (for i<0).

nxn

"5’! _;Ci”n =

Some of the most important matrix norms are induced by p-norms. For 1 < p < 0o, the

matrix norm induced by the p-norm,

A%,

Al :=sup —=—,
%0 ”x”p

is called the matrix p-norm. For example, we get

n n
|Ally = max E lajl and [|Alle = max E |aijl.
1<j<n < T lszfnj T
i= =

It is well known that the matrix p-norm, together with the p-norm, satisfies the conditions
in (3), where

n

1%l = E lvjl and  [1X]loo = max |x|
- 1<j<n
l:

for any x € C".
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In the following corollary, we prove the Hyers-Ulam stability of the second-order linear
homogeneous difference equation with constant coefficients.

Corollary 2.3 Let (C2, || - |loo) and (C**2, || - |lo) be complex normed spaces and let a, B,
y be complex numbers satisfying the conditions

o’ +4 40, B#0,  y#O. ©9)

Assume that € > 0 is an arbitrary constant. If a sequence {a;}icz of complex numbers satis-

fies the inequality
la; —aa;1— Ba; 2| <¢ (10)
for all i € Z, then there exists a sequence {c;}icz of complex numbers such that c_; = a_y,

Co = Ao, C; = iy + B, and

ai—cil < Z%?lsllAII;kk (forz:z 0),
w1 ENATHK (fori<0),
where |Alls = max{|a| + |8/y], |y} and |A™ s = max{[1/y |, |a/B| + |¥/BI}.

Proof 1f we define a sequence {b;};cz of complex numbers by b; = ya, 3, it then follows
from (10) that

la; —aa;_y — gbi—1| <e
|b; —yaiq|=0

for any i € Z. If we set

Y= %) and A= (”
bl‘ )/

then we get

O <=
S~—

17: = AYicilloo <€

for each i € Z.
According to Corollary 2.2, there exists a unique solution {X;};cz C C? of the first-order
matrix difference equation (4) with the initial condition X = (y‘;:) such that

Y ellAlEE  (fori>0),

||5}l'_;ci|| E i .
= eIATYK, (for i< 0).

In view of (7), this last inequality implies that

a; _Al ag
Yaia ya-1

- Z;;_TlgﬂAllf;k (for i > 0),
T Xk elAT s, (for i< 0).

[ee]
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N Ay =

Since the transition matrix A has two distinct eigenvalues A; = 5

/o2
e 48 which are the roots of the characteristic equation A2 — A — 8 = 0, the matrix A

can be expressed as
A=CDC™ (12)
with
AMOA A 0 1 —A
C- 1 2 ’ D= 1 ) Ccl- Y 2 '
Yy v 0 A y-2) \-y A
By (12), we obtain
A'=cD'c?!
1 Mo\ (A0 Y A2
yi-2) \y vy 0 M) \-y n

_ 1 y (A — a5 —MAa (M) =A%)
y(a—2o) \ 2 -29)  —yhda( -5

for every integer i > 0. Using this equality, it follows from (11) that

. _ ap=a-iky i+l | do—a- 1A 4 i+l
ai A—h2 M k2 A
2

ag—a-i1r 1K2 )J ag—a- 111
for all integers i > 0.

< anAn’ g (13)

Yaia—Y = 5. M—A2 Y A —A2

—a—~/a2+4p

On the other hand, the inverse matrix A~! has two distinct eigenvalues w; = —a5 =
—a+a/a2+4 . i .
—%)\2 and w; = OH—TM = —% A1, which are roots of the characteristic equation w? + %a) -

= 0. Hence, the matrix A~! may be expressed as

-1
0o 1L 1 1 0 1 1
A=, )= @1 . (14)
5 "B ywr Yy 0 w) \ywr yw

Using (14), we have

==

A= (A

. -1
1 1\ (e O 11
ywr Y 0 wgi ywr Y
B -1 y o (@ — wy') wy —wpt
v —m) \ oo -wy)  yloy o)
for all integers i < 0. Thus, the inequality (11) yields

a_1—agpw: —i a_ agw
a; — (3_8 2a)1’+ 1= Ola)
1-w2 -0
a_1—agpw: a_1—apgw
1-a0®2 1 01w2

Vai-1 =Y e, a) "ty w1 —wy
for any integer i < 0.

<Zs||A 1|| (15)
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Finally, considering (13), (15), and [18], Theorem 10.1, if we set

A=A AM—h2
a-agwy , —i _ 4_1—-ag®]
w—wp 1 w1-w

ag—a-1ip k”l ap—a—1M )\’l+1 (for i> 0),
ci= -
l ;' (fori<0),

then we get c_; = a_1, ¢ = a9, and it follows from (13) and (15) that

| < | ZiatIAIL (oriz0),
T | Sl elATE,  (fori<0).

Furthermore, it is not difficult to show that the sequence {c;};cz satisfies the second-order
linear difference equation

ci=aci 1+ Pcia

for any integer i. O

/o2
If wesety = M in Corollary 2.3, then we get

Jim 1Al - A7) =

a+a/a2+4p

5 and B > 0, then we have

For example, if we set y =

T

||A|| _ max{oﬁ«/a +4ﬁ —3a+ +4ﬁ}
oo~ ’
(16)
- 3a+a/a2+4f - 4/
A 1||oo:max{ a+ 2;+/3 a+ 2;+ﬁ}’

and hence

lim [|Als - [|A7Y] = 1i —=

Jim Al - A7 = Jlim VB -
For the case when y = 2= gzﬁﬂ, y = ‘ o’ +4p ,ory = —Y—— V2°(2+45, we analogously obtain

limg o0 [|Alloo - 1A [loo = 1.
If @ and B are simultaneously small in absolute value, then the second-order difference
equation (2) has the Hyers-Ulam stability as we see in the following example.

Example 2.4 Given an ¢ > 0, assume that a sequence {a;};cz of complex numbers satisfies
the inequality

1 1
ai— 54i-1 — +a4i-2

<e¢
3 4 -

forall i € Z. With o = % and 8 = i, it follows from (16) that [|A||» = @ and [|A™ | =
@. Using these values, Corollary 2.3 implies that there exists a sequence {c;};cz of

Lo+ %Ci_g, and

complex numbers such that c_; = a_y, ¢o = ag, ¢; =
3

2f+10(
a;—¢| <

0”) )8 (for i > 0),
0+6)™ _1)e (fori<O0).

6\/7+22 ((
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3 Hyers-Ulam stability of X;_, = AX;

In practical applications, we sometimes consider the first-order linear homogeneous ma-

trix difference equation
Xig = AX; (17)

instead of (4), where the transition matrix A is a nonsingular matrix of C"*".

We now investigate the Hyers-Ulam stability of the matrix difference equation (17).

Theorem 3.1 Given a fixed positive integer n, let (C", || - ||,,) and (C"*", || - || yxn) be complex
normed spaces, whose elements are column vectors resp. (n x n) complex matrices, with the
property (3). Assume that the transition matrix A € C"" is nonsingular and {¢;}icz is a

sequence of nonnegative real numbers. If a sequence {y;}icz C C" satisfies the inequality
i1 = Ayilln < & (18)

Jor all i € Z, then there exists a solution {%;};cz C C" of the first-order matrix difference

equation (17) such that

i —1i+1—- —1i > A .
i —Fll < i AT LS + AT 50 = %ol (fori > 0),
i lin = - _ i - - .
ko Esil AL, + AN 150 = Zoll (for i < 0).

nxn nxn

(19)

Proof Assume that a sequence {¥;},cz C C" satisfies the inequality (18) for all i € Z. First,

we assume that i is a nonnegative integer. Then, by (3) and (18), we have

[~ A0l =[5~ A5, + [ A5 - A5,
A=A, o+ AT - A
S S IR S T P e P

ei| A7

L
el A
k=1

Obviously, a sequence {x;};cz C C" satisfies the first-order matrix difference equation
(17) if and only if

X =A% (20)
for all i € Z, where we set A~ = (A7) for each integer i > 0. Hence, we get
i = Filln < (9= A75o |, + |A750 — A% |, + | AR ~ %],

i
< 2 el A7 + 1A 50 = Foln
k=1

for all integers i > 0.
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On the other hand, if i is a negative integer, then it follows from (3) and (18) that

”5}1 - A’i5/0 Hn = ||j7; - Aj/i+1||n + HAj;Hl _ AZ;’HZ ||n
+ ||A25/i+2 - A35/i+3 ”n bt ”A“"lj}_l 3 A_iilo “n

—i-1

2
< Eiy1 + 8i+2||A||n><n + 8[+3||A||n><n toet SOHA”an

= el AL,
k=1
Thus, by (20) and the last inequality, we obtain
15 = %illn = [[3: = Ao, + [A750 - A%, + A% - E],

—i
k-1 — - -
<D el AL, + IALLL, 150 = %ol
k=1

for any integer i < 0.
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O

We now remark that if we apply Theorem 2.1 in place of the proof of Theorem 3.1, then

we would obtain an inequality (21) below, which seems not to be better than the inequality

(19) given in Theorem 3.1, as we see in the following remark, whose proof we omit.

Remark 3.2 Given a fixed positive integer #, let (C", || - ||,,) and (C"*", || - || sx») be complex

normed spaces, whose elements are column vectors resp. (1 X 1) complex matrices, with

the property (3). Assume that the transition matrix A € C"*" is nonsingular and {¢;};cz is

a sequence of nonnegative real numbers. If a sequence {y;},cz C C" satisfies the inequality

(18) for all i € Z, then there exists a solution {X;};cz C C” of the first-order matrix difference

equation (17) such that

17 = Zilln
i+1 _ i1 _ : - - .
Eis1 + gy ENATHLR AT EL 1Ay — %]l (fori>0),

= —i-1 i - - .
€1+ D gy Ekvint[AllN, + IAlLGHIAY =%l (fori<O0).

nxn nxn

(21)

In view of (20), assuming the initial condition in the previous theorem leads to the

uniqueness of the sequence {%;};cz, as we see in the following corollary.

Corollary 3.3 Given a fixed positive integer n, let (C", || - ||,,) and (C"™", || - || 1) be complex

normed spaces, whose elements are column vectors resp. (n x n) complex matrices, with

the property (3). Assume that the transition matrix A € C*" is nonsingular and {&;};cz is

a sequence of nonnegative real numbers. If a sequence {y;};cz C C" satisfies the inequality
(18) for all i € Z, then there exists a solution {%;};cz C C" of the first-order matrix difference

equation (17) with the initial condition Xo = yo such that

i —1yji+l- .
Vi— < Z;(:l ekl A ”gxnk (fOl"l = 0);
lyi = xilln < { S5 o _

o1 Sk+illAllL,  (fori<O).



Jung Advances in Difference Equations (2015) 2015:170 Page 10 0f 13

In the next corollary, we investigate the Hyers-Ulam stability of the second-order linear
homogeneous difference equation with constant coefficients

a; =aag + Bai;. (22)

Corollary 3.4 Let (C%, || - |loo) and (C**2, || - |loo) be complex normed spaces and let a, B,
y be complex numbers satisfying the conditions

o> +4B#40, B #0, y #0. (23)

Assume that € > 0 is an arbitrary constant. If a sequence {a;};cz of complex numbers satis-
fies the inequality

la; —aai1 — Baia| <¢ (24)

for all i € Z, then there exists a sequence {c;}icz of complex numbers such that cy = ao,

€1 =dy, ¢ = 0Ciy + BCiva, and

lai—ci| < S elAT S (fori > 0),
L = i B i
Y elALAT (for i < 0),

where || Alloo = max{lal| +18/y 1,1y |} and | A oo = max{[1/y |, la/B| + |y /BI}.

Proof If we define a sequence {b;},cz of complex numbers by b; = ya;,;, it then follows
from (24) that

la; — aa;q - gbi+1| <e,
|b; —yaia| =0

for every i € Z. Hence, if we set

) B
Y= % and A= (% v ,
bl‘ V4 O

then we get
17 = AYisllos < &

forallie Z.
According to Corollary 3.3, there exists a unique solution {x;};cz of the first-order matrix

difference equation (17) with the initial condition x¢ = (:;1) such that

15 = Filloo < S eATYHE (for i > 0),
14 illoo = i i
YL elAls! (for i < 0).

In view of (20) and the last inequality, we have

a \_aif e )| - Xiaelatid (fori=0),
Yt ya Y elAlLt  (fori<o0).

o]

(25)
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Since the matrix A has two distinct eigenvalues A; =

did in the proof of Corollary 2.3, if i is a negative integer, then we get

oLy =M k(i -5
yOa=22) \ 27 =23 —yada (- a5

for all integers i < 0. By using (25) and this equality, we have

for any integer i < 0.

o, 80=d1A2 4 —i ag—aihry y —i
Yaia—Y M—A2 )‘1 v A=A )‘2

L ag—aAy 4 1-i , ap-aihi 4 1-i
( ai= oM T, M )

—i

k-1

<> elAlS
k=1

o]

On the other hand, the inverse matrix A has two distinct eigenvalues w; =

—a+a/a?+4p _ 1
28 T8
nonnegative integer, then we obtain

—%)Lg and wy =

A (A o (repenlel’ men) - oh el
v —m) \ ylojoy(w] - o))y — o)

for all integers i > 0. Thus, it follows from (25) and the last equality that

. _ a-agwy i . a1=dowi i i .
a; o1—wn W) + o1—n () < EHA_I Hl+lfk
Ly d1maowy i+l a—apwi i+l - Z o)
VA =Y e, 1 TY e, @ o k=1

for any integer i > 0.
Finally, considering (26) and (27), we define

al—agwy i _ a1-apw) i :
e { Pl el ) (for i > 0),
! ag—a1ry y 1-i _ ag—a1ri 4 1-i .
preatit] r, Ay (fori<O).

We then have ¢ = ag, ¢1 = a1, and it follows from (26) and (27) that

ur— o < | ShaeIA I (fori= )
ST Zl;l:lg”A”];l (for i < 0).

Furthermore, it is easy to verify that the sequence {c;};cz satisfies
¢ = acy + Beia

for any integer i.

a+aJ o2 +4p

If wesety = 5

2 _ 2
||A||oo _ max{()ﬁ«/; +4/3’ 3a+a4/ o +4ﬂ}

2 b
{3a+ a?+4B —a+ a2+4ﬂ}.

IA™ loo = max{ ==, =93

a—«/a2+4ﬁ and )\2 _ a+«/o{2+4ﬁ
2 2

Page 11 0of 13

; AS We

(26)

—a—y/a?+4f

28

A1. In a similar way to the proof of Corollary 2.3, if i is a

(27)

O

and B > 0 in Corollary 3.4, then we obtain the equalities in (16):



Jung Advances in Difference Equations (2015) 2015:170 Page 12 0f 13

Thus, we get

1 p—

\/Bl.

. -1 RT .

Jim Al A = lim /B

If B is large in absolute value, then the second-order difference equation (22) has the
Hyers-Ulam stability as we see in the next example.

Example 3.5 Given an ¢ > 0, assume that a sequence {a;};cz of complex numbers satisfies
the inequality

la; — a1 —4ai| <& (28)

forallie Z. Witha =1, 8=4,and y = “‘TE, it follows from (16) that ||A|s = @ and
A oo = %ﬁ. Using these values, Corollary 3.4 implies that there exists a sequence
{ci}icz of complex numbers such that ¢y = ag, ¢; = a1, ¢; = ¢j41 + 4¢i12, and

(V17 +4)(1 _7(.@)")5 (for i > 0),

= @((@”) -1)e (for i < 0).

a; — C;

If we apply Corollary 2.3 with the inequality

1 1 1
@it @i = i =< 25 (29)
_ 1 _1 _ J17-1 .
where we set @ = -7, B = 7, and y = *;—, then there exists a sequence {c;};cz of complex

numbers such that ¢_; = a_j, ¢g = ag, ¢; = ¢iy1 + 4¢iyn, and

V1745 1- 1743\ i £ /> 0),
a-cl< | g, 0o G (oriz0)

749 ((SZ1) 7 _ 1) (for i <0).

The inequalities (28) and (29) are equivalent. In this case with inequality (28) or (29),
there is more efficiency with Corollary 2.3 than Corollary 3.4 for any integer i.
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