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Abstract

The four-dimensional summability methods of Euler and Borel are studied as
mappings from absolutely convergent double sequences into themselves. Also the
following Tauberian results are proved: if x = (x,,) is a double sequence that is
mapped into £, by the four-dimensional Borel method and the double sequence x
satisfies Yo o 322 [ AvoXmplv/mn <ooand Y o o 3% | AgiXmn|+/mn < oo, then x
itselfis in £5.
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1 Introduction
The best-known notion of convergence for double sequences is convergence in the sense
of Pringsheim. Recall that a double sequence x = {x;;} of complex (or real) numbers is
called convergent to a scalar L in the sense of Pringsheim (denoted by P-limx = L) if for
every € > 0 there exists an N € N such that |x; — L| < € whenever k,/ > N. Such an x is
described more briefly as ’P-convergent! It is easy to verify that x = {xy;} converges in the
sense of Pringsheim if and only if for every € > 0 there exists an integer N = N(¢) such that
|%;; — x| < € whenever min{i, j, k,I} > N. A double sequence x = {x} is bounded if there
exists a positive number M such that |x,,,,| < M for all m and #, that is, if sup,, ,, |4, < 0.
A double sequence x = {xy,} is said to convergence regularly if it converges in the sense
of Pringsheim and, in addition, the following finite limits exist:

lim x,,,=¢, (n=12,..),
m—> 00

lim x,,,=L,, (m=12,..).
n—0o0

Let A = (@uuk,;) denote a four-dimensional summability method that maps the complex
double sequence x into the double sequence Ax where the mnth term of Ax is as follows:

00 00
(Ax)m,n = Z Z Ak 1Xk, 1+

k=0 [=0

In [1] Robison presented the following notion of regularity for four-dimensional matrix
transformation and a Silverman-Toeplitz type characterization of such a notion.
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Definition 1.1 The four-dimensional matrix A is said to be RH-regular if it maps every
bounded P-convergent sequence into a P-convergent sequence with the same P-limit.

The assumption of boundedness was added because a double sequence which is P-
convergent is not necessarily bounded. Along these same lines, Robison and Hamilton

presented a Silverman-Toeplitz type multidimensional characterization of regularity in
[2] and [1].

Theorem 1.1 (Hamilton [2], Robison [1]) The four-dimensional matrix A is RH-regular
if and only if

RHy: P-limy,, ay k= 0 for each k and [;

RHZ: P—limm,n Z;j’:&o Akl = 1;

RH5: P-limy,,; Y p2o |@mmniil = O for each [;

RHy: P-limy,, > 1 l@mmiil = 0 for each k;

RHs: Y3750 |@mniil is P-convergent;

RHg: there exist finite positive integers A and T such that Y " i, |@muiil < A.

The set of all absolutely convergent double sequences will be denoted ¢;, that is,
oo 00
G ={x={a}: Y Y lail <oof.
m=0 n=0

For single sequences, in [3] Fridy and Roberts proved the following Tauberian theorem.

Theorem 1.2 IfB is a Borel matrix and x = (xy) is a sequence such that Bx in £ = {x = (xx) :
Y ey lxkl < 00} and

o0
D 1A% ]Vr <o,
r=1

thenx isin L.

Our aim is to extend the results in [3] from single absolutely convergent sequences
to double absolutely convergent sequences. In [4], Patterson proved that the matrix A =
(@mmk,) determines an £,-¢, method if and only if

oo oo
sup Z Z | @ mii| < 00. (1.1)
bl =0 n=0

2 Euler-Knopp and Borel £,-£, methods
The four-dimensional Euler-Knopp method, for any complex numbers r; and ry, is defined

by
Erl,rz [m,n, k, 1]

(']':) ('l’)r{‘“(l - rl)’”‘kré“(l —r) L ifk<ml<n,

0, otherwise.
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An application of the Maclaurin series expansion of (1 — z;)**!(1 — z,)"*! shows that each
column sum of E,, ,, converges absolutely to ﬁ providedthat0 <r; <landO<r, <1.1If
0<ri <land0<ry <1, then P-limy,, E,, », [m,n,m,n] =0, so E;ll,rz is not an £5-£5 matrix.
We summarize this as follows.

Theorem 2.1 The four-dimensional Euler-Knopp method E,, ,, is a sum-preserving £,-£y
matrix for which EZErl " # Uy ifand only if 0 <ry <1 and 0 < ry <1, where Zqu . is the
summability field of E,, ,, .

The four-dimensional Borel method B is given by the matrix

e—(m+n)mknl

/‘l' ) m,n,k,l:0,1,2,3,,,,,
L.

bm,n,k,l =
By a direct application of Theorem 3.1 in [4], one can show that B is an £,-£, matrix.

Theorem 2.2 If ry > 0 and r, > 0 and x = (xx;) is a double sequence such that E, ,,x is
in £y, then Bx is in £,.

Proof We use the familiar technique of showing that BE,, ,, is an £,-£, matrix. Since Bx =
BE; ! E, ,, this will ensure that Bx is in £, whenever E,, ,,x in {,. Since E,.!,, = E L1 we
replace s; = % and sy = — and show that BE;, , is an £,-£, matrix for all positive s; and s.

The mnkith term of BESI,S2 is given by

BEsl,sz [m, n,k, l]

—(m+n) .
Z Z m'r! (]l() (]l> 1- sl)i’kslf(l - sz)j’lsl2

i
i=k j=l L
e (m+n)mknlsll< /] © ml knj —k ik ;
- ki ZZ (i (1_51) (1-sy)"
j=l
(msl)k(nsz)le—(msl+nsg)
K\

Summing the (k, /)th column of BE; ,, we get

00 00 ] XX
Z Z|BE51,52 [m,n,k, l]| = W Z Z(msl)k(n%)le’(msunsz)

m=0 n=0 " m=0 n=0

1 [ee] [ee]
=0 —/ / (t151)" (t252) e 151422 ity it
k! 0 0
(=)
=0l — ).
8182
Hence,

sup i i!BESl,SZ [m, 7, k, l]} < 00,

" m=0 n=0

so BE;, s, is an £5-{5 matrix. O
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Theorem 2.2 and the ¢,-¢, property of E,, ,, lead to the following result.

172

Theorem 2.3 The four-dimensional Borel matrix determines an €y-£, method.

In addition to the inclusion relation given in Theorem 2.2, we can also show that the
£5-€5 method B is strictly stronger than all E,, ,, methods by the following example.

Example 2.1 Suppose r; >0 and r, > 0 and x;; = (—s1)*(—s,)’ where s; > —1 + % and s, >
-1+ %; then Bx is in £, but E,, ,, is not in £,. Let us consider the following methods:

o0 oo
m* n
(BX) m E E ~lmen) o —51)"(=s2)’
k=0 =0

—(m+n) ,—(sym+syn) —[(s1+1)m+(sp+1)n]

=e e =e

and

Enn =33 ( ) (’;) (1 - )" (s @ - ra)  =rasy)!

k=0 1=0

=(1-r —-rs)"(L—ry —1a87)".

By solving -1 <1—r; —risi <land -1 <1—ry — 198y <1, we see that E, ,,x is in £, if and
onlyif -1<s; <-1+ % and -1<sy<-1+ %

3 Tauberian theorems
To prove Theorem 3.1 we need the following lemma.

Lemma 3.1 If

(m+n)mknl

K

e
b m,mk,l =

and r and s are positive integers, then
(i)

r S

Z Z mnkl_o(\/r—s)

m=r+1 n=s+1 k=0 [=0

and
(ii)

r S

Z Z bm,n,k,l = O(\/ﬁ)

m=0 n=0 k=r+1/=s+1

Proof Let p = [\/r] and q = [+/5], and let us write the sum in (i) as

r-p s—q

Z Z bmnkl+ Z Z Z Z bmnkl—¢rs+§0rs

m=r+l n=s+1 k=0 [=0 m=r+1 n=s+1 k=r—p+1 [=s—q+1

<

>~
I
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If s; < m and s, < i, then

1 82

sl 2 s1 s185 -1 Sy S35 —1
>3 - e (e e ) (1 2 2
P s1!sy! m m m n n n
ml 2 3 s\ 2 3 s\ 2
< — 1+_1+ _1 oo 1+_2+ _2 RN
s1!sy! m m m m
miln?  m n
- silsy! m—sinm—sy
In ¢, lets; =r—p, s, =s—¢q, and
mn r+1)(s+1
_ (1 ) <(Wr+1(/s+1),

max
mzrlin=s+l (m—r +p)(n—s+q) (p +1)(g+1) —

thus

brs < (Vra Do) 3 eyt < (Jr e (54 ).

(}" —p)!(S - q)! m=r+1 n=s+1

In ¢, 5, observe that

Z Z bm"kl<\/g max bmnkl— rsetomem L1

]
rls!
k=r—p+1l=s—q+1

thus
1 o0 oo
Ors < «/rsﬁ E E e s <\ Jrs.
rls!
m=r+1 n=s+1

Hence, (i) is proved. Next write the sum in (ii) as

r s r+p-ls+q-1

> menkHZZ Z menkl—)\rs+ﬂrs

m=0 n=0 k=r+1 l=s+1 m=0 n=0 k=r+p l=s+q

Assume that A, =0ifp=1,¢=1. Then

hs < (p=D)g - I)ZZe () max 2

100 w0 k>ril>s k‘l'
m+n) r+l s+1
= (Vr-DWs-D—, (Hl),ZZe
=0 n=0

< (Wr-1s-1).

If s > m and s, > n, then

>y

ksllsz

ml %2 m m m n n n
= 1+ + +- 1+ + + -
s1lso! s1+1 s +1s1+2 So+1 sy +18y+2

Page 5 of 8
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msl %2 m m \?2 n n 2
< 1+ + +--- 11+ + 4+
81282! Sl+1 Sl+1 S2+1 S2+1

ml (s1+1)(s2 +1)
silsy! (si+1—m)(sp+1—n)

Lets; =r+pand s, = s + g, we have

r+p+1 s+q+1
e (m+n) m Pt
(r+p)'s+q)'r;§ (r+p+1—m>(s+q+1—n)

Mr,s =
r+p+ls+q+1 ZZ —(m+n) Pt
< e n
p+l  g+1 (r+p‘(s+q ——
< (Wr+D)Ws+1).
Thus the lemma is proved. d

We are now ready to prove the following result.

Theorem 3.1 Ifx is a double sequence such that Bx is in £,

|A10xs,r|\/ﬁ <00 (31)

M2

>

=0

~

@
I}

o

and

o0 [o¢]
DO 1 Ag /75 < o0, (32)

=0 s=0

~
@0

then x in £, where A1gXys = Xps — Xpi1,s ANA N1 %ys = Xps — Xy s41-

Proof 1t is suffices to show that Bx — x is in £5; that is,

o0 o0 [ 00
D D[22 ikt =l < 00

and we need only show the following:

00 00 00 00
S= Z Z Z me,n,k,l|xk,l _xm,n| < 00.
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Let § =87 + S5, where

o 00 m
Sl = E E E bm,n,k,llxk,l = Xm,n

and

0o o0 00 oo
2220 D0 D brnkaltis = .

m=0 n=0 k=m+1I=n+1

Since

k-1

|xk,l - xm,nl = |xm,n - xkl' = Z Aloxs,n + Z Alek,r )

s=m

m-1 n-1

[e¢] o] r N

[S Sl [e%) o0 r s
+ Z Z |A01xr,s| Z Z Z me,n,k,l

r=0 s=0 m=r+l n=s+1 k=0 [=0

oo o0

r=0 s= r=0 s=0

Also,

[} k-1

M2

o0
SzSZ

m=0 n

I}
(=]

k=m+1l=n+1 s=m

oo

IA

r=0 s=0 m=0 n=0 k=r+1l=s+1

n

r=0 s=0 r=0 s=0

By Lemma 3.1, ¢, = O(/7s) and ¢,.; = O(4/7s), we have

o0 o0 o0 o0
S1+85 <A ZZ [ Ao, +/7s + ZZ | Ag1xs,[+/7s | < 00,

r=0 s=0 r=0 s=0

which proves the theorem.

k-1 -1
bnici Z | Ar0%s,n] + Z | Ao1X,r|
S=m r=n

o0 o0
| Atoxys| + Z Z [Ao1%rs| | &rss  saY.
0

00 _
Z Z bm,n,k,l |A10xs,n| + Z |A01xk,r|
ZZ AIOxr,s|ZZ Z menkl
0o 00
+ ZZ |A01xrs| ZZ Z Z bmnkl
s=0

m=0 n=0 k=r+1/=s+1

o0 oo
ZZ'AIO"HHZZMM%SI Grsr  Say.
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d

Combining Theorem 3.1 with Theorem 2.2, we are lead to the following £,-£, Tauberian

theorem for the four-dimensional Euler-Knopp means.
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Theorem 3.2 Ifr, >0, ry >0, and x is a double sequence satisfying (3.1) such that E,, ,, is
inty, then x isin (.

Example 3.1 The following double sequence is not mapped into ¢; by B or by E,, ,,, with
r >0, ry > 0. Define x = {xy;} by

2

T
X0,0 = ? and AOIX](J' = i,j= 1,2,3,....

1 A 1
. \9? Xi0 = T
(i +1)? 070 T 1)

Then x satisfies (3.1) and (3.2), but x is not in £, because if k > 1and [ > 1,

k-1 1
Xiel = %0,0 — E Agoxio — E A1k,
i=0 j=0

2 = 1
NER ZO:(1+1)2 Z(]+1)2
712 k-1 R
6 4 FO(;‘+1
S
n (i +1)? (]+1 k [

Hence, by Theorem 3.1, Bx is not in {.
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