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Abstract

In this article, we introduce a numerical technique for solving a general form of the
fractional optimal control problem. Fractional derivatives are described in the Caputo
sense. Using the properties of the shifted Jacobi orthonormal polynomials together
with the operational matrix of fractional integrals (described in the Riemann-Liouville
sense), we transform the fractional optimal control problem into an equivalent
variational problem that can be reduced to a problem consisting of solving a system
of algebraic equations by using the Legendre-Gauss quadrature formula with the
Rayleigh-Ritz method. This system can be solved by any standard iteration method.
For confirming the efficiency and accuracy of the proposed scheme, we introduce
some numerical examples with their approximate solutions and compare our results
with those achieved using other methods.

Keywords: fractional optimal control problem; Jacobi polynomials; operational
matrix; Gauss quadrature; Rayleigh-Ritz method

1 Introduction

In recent past, there has been a remarkable development in the areas of fractional and
functional differential equations and their applications. Many physical and engineering
phenomena are modeled by fractional differential equations. Much progress has been
made by implementing several numerical methods to approximate the solutions of such
problems since most fractional and functional differential equations have no exact solu-
tions, see [1-4].

In recent decades, many scientists in different fields of mathematics, physics and engi-
neering have been interested in studying the fractional calculus (theories of derivatives
and integrals with any non-integer arbitrary order) for its several applications in various
areas of real life such as thermodynamics [5], modeling of viscoelastic dampers [6], bio-
engineering [7], psychology [8], finance [9] and others [10-16].

The operational matrix of fractional derivatives has been derived for some types of or-
thogonal polynomials, such as Chebyshev polynomials [17], Jacobi polynomials [18] and
Bernstein polynomials [19], and it has been used to solve distinct types of fractional dif-
ferential equations, see [20—23]. On the other hand, the operational matrix of fractional
integrals has been derived for many types of orthogonal polynomials such as Legendre
polynomials [24, 25], Jacobi polynomials [26] and Laguerre polynomials [27].
© 2015 Doha et al,; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons Attribu-
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The optimal control problem refers to the minimization of a performance index sub-
ject to dynamic constraints on the state variable and the control variable. If the fractional
differential equations are used as the dynamic constraints, this leads to the fractional opti-
mal control problem. In recent years, many researchers have studied the fractional optimal
control problems and have found numerical solutions for them, for instance, [28—38].

In this paper, we investigate and develop a direct numerical technique to solve the frac-
tional optimal control problem given by

5]
Min. J= / St x(0), u(0)) dt, 1)
to
subjected to the dynamic constraints

D'x(t) = g(t,x(2)) + b(®)u(?), o)
2
DY%(to) =x;, i=0,1,...,m—1,

where n —1<v <mand b(t) #0.

The introduced scheme here consists of expanding the fractional derivative of the state
variable D" x(¢) with the Jacobi orthonormal polynomials with unknown coefficients using
the operational matrix of fractional integrals. Then the equation derived from the dynamic
constraint (2) is coupled to the performance index (1) to construct an equivalent varia-
tional problem. The integration in the result variational problem may be more difficult to
be computed exactly. In this case, the Legendre-Gauss quadrature’s formula is used for
this purpose. Using the Rayleigh-Ritz method, the given fractional optimal control prob-
lem (1)-(2) is reduced to a problem of solving a system of algebraic equations that can be
approximated by any iterative method.

This article is organized as follows. In Section 2, we introduce some definitions and no-
tations of fractional calculus and some properties of the shifted orthonormal polynomials.
In Section 3, we derive the operational matrix of fractional integrals based on the shifted
Jacobi orthonormal polynomials. In Section 4, the operational matrix of fractional inte-
grals and the properties of the shifted Jacobi orthonormal polynomials are used together
with the help of the Legendre-Gauss quadrature formula and the Rayleigh-Ritz method
to introduce an approximate solution for the fractional optimal control problem (1)-(2).
In Section 5, several numerical examples and comparisons between the results achieved
using the presented scheme with those achieved using other methods are introduced.

2 Preliminaries and notations

2.1 Fractional calculus definitions

Riemann-Liouville and Caputo fractional definitions are the two most used from other
definitions of fractional derivatives which have been introduced recently.

Definition 2.1 The integral of order y > 0 (fractional) according to Riemann-Liouville is
given by

) = %y) fo (t-9)" YOV dy, y>0,¢50,

e =f©,
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where
o0
F(y):/ et dt
0

is a gamma function.

The operator I" satisfies the following properties:

I'If(t) = I"f (),

I'If(e) =PI, (4)
pe - TP
FrB+1+y)

Definition 2.2 The Caputo fractional derivative of order y is defined by

t dm
Df0 = s [ = gy, m-1<y <miso, 6

where m is the upper limit of y.
The operator DY satisfies the following properties:

D"C=0 (Cisconstant),

m-1 i
_ @O (n\ L
DO =f© -3 10(07)
i=0 (6)
Dytﬂ — r(ﬁ + 1) tﬂ—y
rB+1-y)

DY (Af(¢) + ug(t)) = ADYf(£) + uD" g(2).

’

2.2 Shifted Jacobi orthonormal polynomials

The Jacobi polynomial of degree j, denoted by P;a’ﬂ )(z); a > -1, B > -1 and defined on
the interval [-1,1], constitutes an orthogonal system with respect to the weight function
w@h(z) = (1-2)2(1 +2)P, ie.,

1
| B @ @ @) dz = )

where 8 is the Kronecker function and

@p 2P (k+a+ 0 (k+ B +1)
Yk Ck+o+B+1DkTk+a+B+1)

The shifted Jacobi polynomial of degree j, denoted by P%ﬁ)(t); a>-1,8>-1and de-
2 _

T )
ie., P}(a'ﬂ )(2—75 -1)= P(ﬁ}ﬂ )(t). Then the shifted Jacobi polynomials constitute an orthogonal

fined on the interval [0, T], is generated by introducing the change of variable z =

(o

system with respect to the weight function wy, B(¢) = tB(T - £)* with the orthogonality
property

T
/ PEP PP eyws? (o) dt = hP s, (8)
0
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@p) (T atpel @p TP T(k+a+ DTk + B +1)
I Qk+a+ B+ DT (k+a+p+1)

Introducing the shifted Jacobi orthonormal polynomials P(;f}(ﬁ )(t), where

R 1
PEP0) = PEw), ©
h(a,ﬂ)
T,k
we have
T (@h) im0 ()
A<M3uWﬁ(mﬁ'mw=w. (10)

The shifted Jacobi orthonormal polynomials are generated from the three-term recur-

rence relations
P = (it - )PP 0 - PR 0, =1, (11)

with

P(;,gg)(t)_ VI(a+B+2)

/TP (@ + DI +1)

Va+B+3)(a+p+2)
VT30 (o + 2)T (B +2)

P =

((w+B+2)t-T(B +1)),

where
o 2j+a+B+2)/2+a+B+3)2j+a+p+1)
= T(j+a+1){+B+1)([+1)(i+a+p+1)
. (2]’2+(1+,B)(a+,B)+2j(oz+,3+1))\/(2j+a+,3+3)(2j+a+,3+1)
=

2j+a+B)i+a+D)i+B+DG+D(+a+p+1)

o (2j+a+,3+2)\/(2j+oz+,3+3)j(j+a+ﬁ)(j+oz)(j+ﬁ)
5= (2j+a+,3)\/(2j+oz+,B—1)(]’+a+1)(j+,3+1)(j+1)(j+a+/3+1)'

The explicit analytic form of the shifted orthonormal Jacobi polynomials P(}”]ﬂ )(t) of de-

gree j is given by
e
k=0 Ik!
and this in turn implies
ngf}’.ﬁ)(o) _ (—l)j\/(2j+a +B+ 1?1"(j+ B + Dl(+a+p+ 1),
VTFAT (j+ a + DT (B +1) 1)

(-1 /2 +a+B+1T({+B+ DI (j+q+a+pB+1)

DR (0) = . . —,
VT2 BAT (j+a + DT+ a + B+ DI(g + B +1)(j - g)!

which will be of important use later.
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Assume that y() is a square integrable function with respect to the Jacobi weight func-

tion w(}x'ﬂ )(t) in (0, T), then it can be expressed in terms of shifted Jacobi orthonormal

polynomials as
o)=Yy PP,
j=0
from which the coefficients y; are given by

T
5= / Wi D@y 0 dt, j=0,1,.... (15)
0

If we approximate y(t) by the first (N + 1)-terms, then we can write
N
=Y yPEP ), (16)
j=0

which alternatively may be written in a matrix form

yn(E) = Y W (2), (17)
with
% PEP @)
” PP e
Y= , W n(2) = . (18)
N PP

3 Operational matrix for fractional integrals
The main objective of this section is to derive the operational matrix of fractional integrals
based on the shifted Jacobi orthonormal polynomials.

Theorem 3.1 The fractional integral of order v (in the sense of Riemann-Liouville) of the

shifted Jacobi orthonormal polynomial vector W n(t) is given by
Prn(t) =1 (), (19)

where 1) is the (N + 1) x (N + 1) operational matrix of fractional integral of order v and

is defined by
ﬁv(oyora’ﬁ) ﬁv(olllalﬂ) ﬁu(()?j;a)ﬂ) ﬂv(O1N)a1ﬁ)
%,(1,0,,8) v,(1,Le,B) -+ HQjaB) -+ (LN« pB)
I = o o ' o ' o , (20)
ﬁu(l)oya;ﬂ) ﬁl)(lﬂlﬁaﬂﬁ) ﬁu(l;])arﬁ) l?\)(l;N,a’,B)
ﬂv(Nroya)ﬁ) 7-911(]\]11’“1,3) ﬁv(Nrj»ayﬁ) ﬁv(N:N;a;/g)
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where
Ny, B) = ) 0u(ij, ke, B) (21)

and

ov(i,j, k,a, B)
B (—l)i’kT”“"‘ﬂ\/(% +a+B+1D)iTGE+B+D)Ii+k+a+pB+1)
- \/F(i+a +DFi+a+B+DIk+B+1)(i-k)T(k+v+1)

i (/2 +a+ B+ DTG+ B+ DI+l +a+p+1)
\/F(1+a+1 F(]+a+ﬁ+1)F(l+ﬁ+1)(]—l)!l!(l+k+v+1)'

(22)

Proof Using (6) and (13), the fractional integral of order v for the shifted Jacobi polyno-
mials I\J(T“,;’g () is given by

"PE o)

Z QRi+a+B+1)iTE+B+D)I(i+k+a+B+1) Pk
\/T2k+°‘+ﬂ+lr‘(z+oz+1)F(z+oz+,3+1)F(k+,3+1)(z—k)'k‘

Z 1)/ Qi+a+ 1)+ B+ DT +k+a+f+ 1)tk
\/Tz’““*ﬂ“F(z ra+D(i+a+B+)I(k+B+1)(i-k)T(k+v+1)

(23)

Now we approximate t** by N + 1 terms of shifted Jacobi orthonormal polynomials
PP (¢) as
Tj

k+v _ Zeklp(a ,B) (t), (24)

where 6j; is given as in Eq. (15) with y(¢) = t**v, then

T
Oy = /o £ PEP (1) dt

T
tl+k+v dt

Z (/@ +a+ B+ TG+ B+ DG+l +a+pB+1)
< T AT+ o + DTG+ o+ B+ DI+ B+ 1) = D Jo

Z (1Y T 2-a=B12j o + B+ 1T+ B+ DI+ [+ + f +1)

(25)
\/F(]+oz+1 Fj+a+B+HII+B8+1D)G-DUNI+k+v+1)

1=0

Employing Egs. (23)-(25), we have

PPy = 33 (DO e DTG f 4D
’ kolo\/T2k+“+f’+1Fl+a+1)F(z+a+ﬁ+1)
Fi+k+a+p+1) < (@,f)

x F'k+B+1)i-k)T(k+v+1) ijT’} ®

N
= Y Gj HPE(0), (26)
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where 9,(i, ], o, B) is given by

Qv(irjyklaug)

B () /Qi+a+B+1iT(+p+ ) (i+k+a+p+1)
- VT BT (o + DT+ + B+ DIk + B+ 1) (i — )T (k + v +1)

8 / (—IY’I\/T2k+2“*°’*ﬁ*1(2j +a+B+)TG+B+DI(+l+a+B+1)

(27
n \/I‘(j+oz+1)F(/'+oz+,3+1)F(l+,3+1)(j—l)!l!(l+k+v+1) )

Finally, we can rewrite Eq. (26) in a vector form as
PPEP O = [9,0,0,0,8), 9., 1, , B), .., 9, (i, N, &, B) | Wrn (8). (28)
Equation (28) completes the proof. O

4 The numerical scheme
In this section, we use the properties of the shifted Jacobi orthonormal polynomials to-
gether with the operational matrix of fractional integrals in order to solve the following

fractional optimal control problem:
5]
Min. J= / S (&), u(0) dt, (29)
to

subject to

D'x(t) = g(£,x(2)) + b(t)u(t),

DY%(ty) =x;, i=0,1,...,n-1,
where n —1<v <mand b(t) #0.

4.1 Shifted Jacobi orthonormal approximation
First, we approximate D"x(¢) by the shifted Jacobi orthonormal polynomials P(;‘]ﬁ ) (t) as

D’x(t) >~ CT\I/T’N(t), (31)

where C is an unknown coefficients matrix that can be written as

Co
1
c=| . 1. (32)
CN
Using (6), we have

n-1 i
tl
I'D'x(t) = x(6) - Y _xi—, (33)
L
i=0
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from Eq. (19) together with Eq. (31), it is easy to write
I"DVx(t) ~ CTIV W 5 (). (34)

In virtue of Egs. (31)-(34), we get
n-1 i
~cT1» o

2() ~ CTIOW N (@) + ) i o (35)

i=0

Using (35), we can write the dynamic constraint (30) in the form

n-1 i

tl
CTwrn(t) = g<t,cT1<V>qJT,N(t) + Zx,-i—,> +b(t)ul?). (36)

i=0 ’

The previous equation leads to
1 U

)= — | CTUrn@) —glt, CTIVW, y (2 — 1. 37
u(t) bm( () g( T ( >+§x g (37)

Using Egs. (35) and (37), the performance index (29) may be written in the form

t
]N[CO:CIN"!CN] :/

to

' i) Z}H t
v
f t, C | \I’TyN(t) + xiﬁ,

i=0

i

1 n-1
M( "W (e) —g(t,cTI(“)\IJT,Nu) " fo—>>) . (38)

i=0

4.2 Legendre-Gauss quadrature
In general, it is more difficult to compute the previous integral exactly, so we use the
Legendre-Gauss quadrature formula for this purpose.

First, we suppose the change of variable

h-to(s Tt
p=12 0<t+ 0), (39)

T t—to

and for simplifying we show

th—to [~ Tt, N
wf 20+ 0 = x(¢),
T t—to

n-1

g1 ¢
f(t, CTIVWr N () + ) % 0 (cTwT,N(t) - g(t, CTIWrn(2) + in,—‘)»
- 7! t ™ U
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Then Eq. (38) is equivalent to

— T\ . N
Inlcorcn . en] = (tl Tto) /0 F®dr (40)

Using the Legendre-Gauss quadrature formula, we can write

N
t—to oL
Inleo,cry. . en] = ( T ) ;ZO fEr N TN (41)

where try,, 0 <7 < N, are the zeros of Legendre-Gauss quadrature in the interval (0, T),
with @1, 0 <r <N, being the corresponding Christoffel numbers.

As in the Rayleigh-Ritz method, the necessary conditions for the optimality of the per-
formance index are

0 o) )
M, U, oy

) - 0. (42)
aC() 861 8cN

The system of algebraic equations introduced above can be solved by using any standard
iteration method for the unknown coefficients ¢;, j = 0,1,...,N. Consequently, C given in
(32) can be calculated.

5 Numerical experiments

In order to show the efficiency and accuracy of the numerical scheme introduced, we ap-
plied it to solve some examples and compared the results obtained using our scheme with
those obtained using other schemes.

5.1 Example 1
As the first example, we consider the following fractional optimal control problem studied
in [39]:
1 1
Min. J= 5 / (¥*(®) + (1)) dt, (43)
0

subjected to the dynamic constraints

D’x(t) = —x(t) +u(t), 1<v<2,

(44)
x(0) =1.
The exact solution of this problem for v =1 is
x(t) = cosh(v/2¢) + B sinh(v/2¢t),
(45)

u(t) = (1 + v/28) cosh(v/2¢) + (v/2 + B) sinh(v/2¢),

where

cosh(v/2¢) + /2 sinh(+/2¢)
V2 cosh(v/2¢) + sinh(v/2¢8)

Baleanu et al. [39] approximated the fractional derivative by the modified Griinwald-

Letnikov approach and divided the entire time domain into several subdomains for intro-
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ducing approximate solutions of the control variable u(¢) and the state variable x(¢) and
did not achieve reasonable results for the approximate values of u(¢) and x(£) unless a large
number of N (N is increased up to 256) is used, see Figures 1-6 in [39].

In Figures 1 and 2, we plot the absolute errors of the state variable x(¢) and the control
variable u(¢) at N =10, « = 8 = 0 and v = 1, while Figures 3 and 4 present the approximate
values of x(¢) and u(t) as functions of time at N = 8, @ = 8 = 0 and various choices of v,
v =0.50,0.70,0.90,0.99 and 1. Also, in Tables 1 and 2, we list the absolute errors of x(z)
and u(t) at « = 8 =0, v =1 and various choices of N.

error

1 1 1 1 €
0.2 0.4 0.6 0.8 1

Figure 1 Absolute errors of x(t) at @ = § =0, N = 10 with v = 1 for Example 1.

error

-12

-12

-12 ]

-12

Figure 2 Absolute errors of u(t) at = 8 =0, N =10 with v = 1 for Example 1.
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0.9

0.8

0.7

X(t)

0.6

0.5

0.4

0.3

o
=}

0.2 0.4

t

Figure 3 Approximate solution of x(t) ata = 8 =0, N=8 and v = 1,0.99,0.90,0.70 and 0.50 for
Example 1.

—o—v=1

v=0.99 —

——v=0.90

—&—v=0.70

v=0.50 *

u(t)

0.1

0.0
0.0 0.2

t

Figure 4 Approximate solution of u(t) atae =8 =0, N=8 and v = 1,0.99,0.90,0.70 and 0.50 for
Example 1.

Table 1 Absolute errors of x(t) at v =1, « = § = 0 and various choices of N for Example 1

t N=3 N=5 N=7 N=9 N=11

00 1.00212-102  505995-10° 129671-1078 201182-107""  1.05293-107"2
0.1 507200-10*%  221852-107° 120766-10°  768471-107'2  241667-107"3
02 579556-10™  1.73459.10°  280427-107° 72009010712 1.28452.107"3
03 889184-107° 200164-10° 529753.10°  382827-107'2 1.27342.1073
04 3.95506-10™* 836831-107  267200-107'9  321442-.107'2  3.17301-107"3
05 570607-107%  237092-107° 525044-10°  7.24365-107'2  2.22155.107"3
06 366024-107%  699321-107 5155041070  346145.107'2  7.74935.107'%
0.7 845293-107°  1.89552-107° 4.89480-10°  329469-107'2  2.95985.107"3
08 467865-107% 1.36038-107° 292884.10°  664379-107'2 331734.1073
09 312315-10*%  212016-10° 58071110710 722222.107'2  355715.107"3
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Table 2 Absolute errors of u(t) at v = 1, « = 8 = 0 and various choices of N for Example 1

t N=3 N=5 N=7 N=9 N=11
00 59959-1073  331436-10™  1.06056-107  1.94284-107'0  7.13040-107"
01 751125-107%  1.22022-10°  260870-108 337162-107""  2.04354.107"
02 125759-1073  565726-107° 3.14903-10%  596878-107'%  1.63595-107"
03 173337-1073  686205-107° 963204-107'0 356038-107""  1.29785.107"
04 1.26827-1073  878068-10° 268687-10%  4.16801-107""  481653-107'2
05 361562-107% 1.20483-107° 235946-10°  2.76856-107'2  5.15820-107'2
06 563850-10% 687902-107° 246132-10%  411042-107""  1.03742-107"
07 1.14646-107°  687564-10° 336810-10°  280858-107""  9.13957.107'2
08 1.07250-1073  237780-107°  254434.10%  049562-107'2  6.05004-107'2
09 631665-107°  852662-10° 1668591078 2984241077 7390191072
Table 3 Optimal value of J at different choices of v
v Our method  [40]
1 048426 048427
099 048346 048347
090 047588 047605
080 046697 046722

1.0 &

—o—v=1

0.9
v=0.99

——v=0.90
0.8 —&—v=0.70

v=0.50

x(t)

0.7

0.6

0.5

=
=)
=]
)
=
=
=3
=N
o
=
=]

Figure 5 Approximate solution of x(t) ata = 8 =0, N=8 and v = 1,0.99,0.90, 0.70 and 0.50 for
Example 2.

From Figures 1 and 2 and Tables 1 and 2, it is clear that adding few terms of shifted
Jacobi orthonormal polynomials, good approximations of the exact state and control vari-
ables were achieved, and from the observation of Figures 3 and 4 we conclude that as v

approaches to 1, the solution for the integer order system is recovered.

5.2 Example 2

Consider the following fractional optimal control problem studied in [40]:

1
Min. ]=% / (¥*@®) + u?(1)) dt, (46)
0
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u(t)

Example 2.

Figure 6 Approximate solution of u(t) ataee =8 =0, N=8 and v = 1,0.99,0.90,0.70 and 0.50 for

Table 4 MAEs of x(t) at v = 1.9 for Example 3

N a=04=0 a=0=1 a=f=5 —a=ﬂ=% a=—ﬂ=%
2 9183321072  128493-107"  1.12969-107"  208594-107"  1.86858-107"
4 949903-10™°  1.06218-107% 1.00982-10™* 821136-10>  131015-107*
6 749087-10° 889075-10° 817665-107° 648240-107°  1.13547.107
8  1.28702-107° 157985-10°  142115-10°  1.13022-10°  2.03692-107°
10 3.29371-107  4.12868-107  3.65559-107  2.93441.107  532931-107
12 1.08092-107  137396-107  1.20205-107  9.74985-10°  1.76861-107
14 420937-107%  540342-10%  468274-10% 383620-10° 692167-1078
16 1.85795-107%  240235-10%  206582-10° 1.70785-10°  3.05888-107°
18 902630-107°  1.17344-10%  1.00262-10°  835794-107° 148413.10°%°
20 470400107  6.12870-10°  5.16233-10°  430767-10°  7.79998-107°
22 335847-10°  3.79853-107°  4.10957-107°  345753.10°  3.86255-107°
subjected to the dynamic constraints
DVx(t) = tx(t) + u(t), 1<v<2,

x(0)=1.

(47)

In [40], the authors applied the parameterization method together with the perturbation

homotopy method to present a numerical approach to solve this problem. In order to show

that our proposed numerical scheme is better than the one introduced in [40], in Table 3

we compare the results of the optimal value of the cost function J obtained using our

numerical approach at « = 8 = 0 with those obtained in [40]. Figures 5 and 6, present the

approximate values of the state variable x(¢) and the control variable u(¢) as functions of
time at N = 8, @ = 8 = 0 and various choices of v,v = 0.50,0.70,0.90,0.99 and 1.

5.3 Example 3

Consider the following fractional optimal control problem:

1
Min. ]:/ [ef(x(t)—t4+t—1)+(t2+1)2<u(t)+1—t+t4—
0

2444
ré-v

2
)> ]dt, (48)
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Table 5 Absolute errors of x(t) at v = 1.1, « = 8 = 1 and various choices of N for Example 3

t N=5 N=10 N=15 N=20

00 1.00422-107°  829649-10%  423110-10°  450878-107'0
0.1  749108-10° 30189 -1078 168037 -107° 13176510710
02 342018-10° 313243.10%  673807-107'0  7.12029-107"
03  335072-10°  643527-107'0  568312-107'0  1.09513.107'0
04 503449-10° 160609-108  1.78891-10710  467566-107"
05 146457-10°  265655-107%  5.18689-10710  6.49534.107"
06 340168-10°  274590-107°  241793-10710  948547.107"
07 497962-10° 100729-107%  4.07278-10710  364302-107"
08 155387-10° 219671-10%  253742-10710  372208-107"
09 222496-10° 830311-107°  431625-107'0  3.08854-107"
10 815620-10° 966660-10%  7.88301-107°  1.15540-107°

Table 6 Absolute errorsof x(t)atv=1.5,a =8 = % and various choices of N for Example 3

t N=4 N=10 N=16 N=22

00 1.13192-10*%  186786-1077  7.44341.107° 1.01186- 1077

0.1  245811-107  645089-10° 6.90277-107  2.16398-107

02 966465-10%  7.50668-107°  9.82496- 1077 140870 - 1077

03 268892-107  1.29656-107° 3.88810-107  1.83159-1078

04 1.96520-1073  983725-.10° 1.09755-107  851409-10°%

05 329263-107° 583252-107% 235275-10°  342690-10710
06 155184-1073  7.11610-10° 793627-10%  559315.10°8

07 173873-1073  637706-10° 176019-107  9.73570-107°

08  465342-10%  251867-107° 282821-107  360377-10°

09 1.03093-1072  1.18107-10° 1.00283-107  3.81833-107°

10 259284-107°  1.15299-107°  209681-10"""  1.33315.1072

8.x1071"

6.x1071°

4.x1071°

2.x1071°

error

Figure 7 Absolute errors of x(t) at - = 8 = %, v =1.3 and N = 20 for Example 3.

subjected to the dynamic constraints

DVx(t) = x(t) + u(t),

x(0) =1,
x(0) = 1.

1<v<2,

(49)
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error
1L.x107°

|
‘ ‘ |
8.x107 ‘ | I\
6.x107 H [

|
4.x107 H H [

|
2.x107 H H [ N

Figure 8 Absolute errors of u(t) ata =-8 = %, v = 1.7 and N = 20 for Example 3.

Log,gerror

—o—v=11

v=1.3

—o—v=15

—&—v=17

v=19

Figure 9 log,y MAE of x(t) at @ = 8 = 1 for Example 3.

The exact solutions of x(¢) and u(¢) for this problem are

x@)=1-¢t+1t%

2444

T e
ult)=t—t 1+F(5—v)'

(50)

In Table 4, we introduce the maximum absolute errors (MAEs) of the state variable x(t)
at v = 1.9 and different values of «, 8 and N while in Table 5 (Table 6), the absolute errors of
the state (control) variable are introduced atv =11, a =8 =1(v =15, = 8 = %) at various

choices of N. In Figure 7 (Figure 8) we plot the absolute errors of the state (control) variable
at-a == %, v=13(ad=-8= %, v =1.7) at N = 20. Finally in Figure 9 (Figure 10) we plot
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—o—v=11

v=1.3

——v=15

—&—v=17

v=1.9

Figure 10 log,y MAE of u(t) at o = 8 = 0 for Example 3.

the logarithmic graphs of MAEs (log,, error) of the state (control) variable at « = 8 =1
(¢ =B=0)atv=11,13,1.5,1.7,1.9 and various choices of N.
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