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where AUy = Uy + Uy = 2Uk, F € CR), e is a fixed constant, and A € R arises as a

Lagrange multiplier. To get the solutions, we investigate the corresponding
minimizing problem with the *-norm constraint:

E, = mf{% VRIS S TAE) G =a2}.

An elaborative analysis on a minimizing sequence with respect to £ is obtained. We
prove that there is a constant g > 0 such that there exists a global minimizer if

o > o, and there exists no global minimizer if & < a. It seems that it is the first time
to consider the solution with a prescribed /2-norm of the discrete Schrédinger
equations.
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1 Introduction and main results

In the present paper, we consider the following discrete Schrodinger equations

A%y —flux) =ruy kez,

2 2 (Pa)
ZkeZ |lug|” =,

where f € C(R), « > 0 is a given constant, and A € R arises as a Lagrange multiplier. Here

Auy_y = uy — uj_1 and A% = A(A) is the one dimensional discrete Laplacian operator.
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Discrete Schrodinger equations play an important role in many areas, such as nonlinear
optics [9], biomolecular chains [12], and Bose-Einstein condensates [16]. For more appli-
cations, we refer to [10, 11] and references therein.

Many authors concentrated on the periodic case of the equations, such as [6, 18-20, 22,
24,28, 31-34]. As to the nonperiodic case, in Ma and Guo [17] and Zhang and Pankov [29],
the authors derived a discrete version of compact embedding theorem and obtained the
nontrivial solution of discrete Schrodinger equations with a coercive potential by calculus
of variations. In [8], Chen et al. investigated the sign-changing ground state solutions for
a class of discrete nonlinear Schrodinger equations. In Lin et al. [13], the authors obtained
the existence of the homoclinic solutions when the nonlinearity is asymptotically linear at
infinity. We refer the readers to [7, 21, 26, 27, 30] for related results.

The main feature of equation (P,) is that the desired solution have a priori prescribed
2-norm. The solutions with this type are usually referred as normalized solutions. This
kind of normalized solutions have been widely studied in the Schrodinger equations, the
continuous case. We refer the readers to [1, 2, 4, 5, 23]. However, little results have been
known concerning normalized solutions with respect to the discrete Schrédinger equa-
tions.

This kind of discrete Schrodinger equations actually has been studied in the past twenty
year. Weinstein [25] considered excitation thresholds for ground state localized modes,
sometimes referred to as ‘breathers; for the wave equations of nonlinear Schrodinger type.
Excitation thresholds are rigorously characterized by variational methods. The excitation
threshold is related to the optimal constant in a class of discrete interpolation inequalities
related to the Hamiltonian energy.

In this paper, we will investigate the solutions (i, o) with a priori prescribed /2-norm
of equation (P,) by variational methods. More precisely, we consider a constrained varia-
tional problem as follows. Under a general assumption (f]) on the nonlinearity,

(fi) f € C(R,R), and there exist C > 0 and p > 2 such that

lf(t)| < C(Itl + Itlp_l) forany ¢ € R,

it is possible to define a C! functional I: > — R by

)= 5 Y Au s~ Y Faa),

keZ keZ

where u = (ux)rez and F(t) = fot f(s)ds. Then the solutions of (P,) can be characterized as
critical points of I restrained on the constraint,

M, = {u€l2:2|uk|2=a2}.

kel

If u, is a critical point of I on M,, then u, is a solution of equation (P,), where 1, is
determined as the Lagrange multiplier. It is evident to check that I is bounded from be-
low on M,,. Thus, the existence of a minimizer of the following well-defined infimum is
expected,

E,= inf I(u). 1.1
nf (u) (1.1)
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To get some suitable properties on E,, we need the following assumptions on f,
(f2) f(®)=o(t)ast— 0.
(fs) 2F(t) <f(2)t for any t € R\ {0}.

Therefore, there exists a oy > 0 such that (see (2.12) in the proof of Theorem 1.2),

E,=0 ifO<a <a, E, <0 ifa>a. (1.2)

We have an accurate description of the minimizing sequence on M, with respect to E,.
More precisely, our main results are stated as follows.

Theorem 1.1 Assume that (f1)-(fs) and a > 0. If {u"},en C My, is a minimizing sequence
with respect to E,, then one of the following cases holds:

(i) (vanishing) u" — 0in 11 for q € (2,00] as n — oo.

(i) (nonvanishing) there exist u, € My and a family {k,},en C N such that

kyxu" — u, inl?
as n — 0o, where we denote that j * u = (ur.j).

Theorem 1.2 Assume that (f)-(f3) hold. There exists g > 0 satisfying (1.2) such that the
following statements hold:
(i) if0<a <o, there is no minimizer with respect to Ey;
(ii) if a > ao, there exists a minimizer with respect to E,. Moreover, there exists a couple
of solution (uy, hy) € My x R™ satisfying the following equation:

—Azuk_l —f(uk) = AUy, k e Z.

Actually, we prove that there exists a constant oy > 0 such that there exists a global
minimizer if & > oy, and there exists no global minimizer if & < oy in Theorem 1.2. It is
natural to consider if oy = 0 or not. The following theorem shows that it heavily depends
on the behavior of f near 0.

Theorem 1.3 Assume that (f1)-(f3) hold. Then
(i) the strict subadditivity property holds, i.e., for any a + 8 > a,

Eou—ﬁ < Ea + Eﬁ.
(i) iflimo % = 400, then oy = 0.

Remark 1.4 An analysis of the behavior of a minimizing sequence with respect to E, is
obtained in Theorem 1.1. As to the continuous Schrédinger equations, it is a classical
result so-called concentration-compactness principle from Lions [14, 15]. Some excitation
thresholds for ground state localized results have been known in the discrete Schrédinger
equations. Weinstein has considered the special class of the nonlinearities |«[’~'u in his
early work [25]. In our Theorem 1.2, we research the normalized solutions to the discrete
Schrédinger equations with a general nonlinearity. We find that whether the minimizing
sequence vanishing or not, it heavily depends on the priori prescribed /2-norm.
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Remark 1.5 Lastly, a so-called strict subadditivity property is obtained in Theorem 1.3(i),
which is similar to the celebrated results in Lions [14, 15]. We conclude that the reason
for the existence of a minimizer only for « > o is that the strict subadditivity holds for

o > .

2 Proof of the main results
In the following, we denote the universal positive constants by C. As usual, the standard

real sequence space 1, g € [1, o¢], endowed with the norm

1/q
”M”q= (thiqu) y g€ [1,00), ||”||oo=5up|uk|x

kel keZ

where u = (uy)kez. The following embedding is well known,
M cie, lzellgy < lletllgy, 1 =<g1 <¢qo < o00.
2172,

For simplicity of writing, we define that || Aully := (3" | Auk]

Lemma 2.1 Let {u"},cn be a sequence in I satisfying lim,_, ||u"']> = a. If we set that
u = —2—u":= a,u”, the following fact holds:

w112

ueM, and lim (I(ﬁ") —I(u”)) =0.

n—00

Proof 1t is clear that lim,_,  a, = 1. Moreover, by a direct computation, it follows that

(@) - 1(u") = 22

W5 = Y (Flaws) - F(w]))

keZ
Z/ f uy + (a, — l)suk)(an 1)suy ds (2.1)
keZ
= u" ”j -1) Z/ S + (@n — 1)sull)suf ds.
keZ
Under the assumption (f;), we have
Z/ S + (@n — V)sul)suj ds
keZ
< / |a,,|+2 ’uk’ +(|a,,|+2)p l‘u ’p)
keZZ (2.2)
<> C(Ianl + 2] + (1aal + 2 uf])
keZ

< C((1anl +2) [u"])5 + (1anl +2)" " |2).

Since (2.1), (2.2), lim,_, o @, = 1 and the boundedness of " in /%, we achieve our conclu-
sion. O
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Lemma 2.2 Under the assumptions (f1)-(f3), the following statements hold:
(i) —oo<Ey <0 forany a>0.
(ii) Eqsp <Eq+Egforanya,p >0.
(ili) E, <O for sufficiently large o.
(iv) « > E, is nonincreasing and continuous.

Proof (i) It follows from (f;) that
|F@)| < C(lul® + ul?).

For any u € M,, one has that

I(u) = % > 1Aw? = Flu)

kel keZ
2
> ~Cllul3 - Clull?

> —Cllull; - Cllul; = —Cy > —o0,
where C; = Ca? + Ca?. Here we have used the fact that

llullg < lluelly foranyu e I and g € (2,00].

N o o Ny o
Letu™ =(...,0, (W),...,(W),O,...) and |lu" ||z = &. Moreover, it is easy to check that
N
NP a? d N2 202
||u ||p = DR an ||Au ||2 =" (2.3)
Combining (f;) with (f;), for any ¢, there exists C, > 0 such that
|F(u)| < elul® + Celul. (2.4)

For any 8 > 0, setting that & = §/(2a?) in (2.4) and Ny = [(2C,a?871)>®-2] + 1. Thus, for any
positive integer N > N, the following holds:

of § 6
D) eI+ Gl < e0” + Conpmm < S+ 5 =0,
keZ
By the arbitrariness of § > 0, we obtain
. Ny| _
Jim 1> CF()| =o. (2.5)

keZ

It follows from (2.3) and (2.5) that limy_, o I(#N) = 0. Here E, < 0 follows directly. Then
(i) holds.
(ii) Set that

C= {u = (ke € 12 {k: lug| > O} is a finite set}.

Page 5 of 13
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Therefore, we know that C is dense in /2. By the definition of E, and Eg, for any ¢ > 0, there
exist u € M, NC and v e Mg NC such that

I(u) <E, +¢, 1(V)§Eﬁ+8,
respectively. Since u, v € C, by translation, there exist 1o, 7 € N and r < ng such that
supp u C B(-no, 1), supp v C B(no, r),

where B(x,r) is a ball center at x with the radius r in the integer Z. Thus, u + v € My.4.

Moreover, there is
Eqip <I(u+v)=1(u) +I(v) <E, + Eg + 2¢.

Then E,,p < E, + Eg follows from the arbitrariness of e.
(iii) For any s € R, let uN = (..., 0,s,...,5,0,...). Then, || |5 = Ns* and
——

N

) =3 JAuY | = S F") = - NFG)

keZ keZ

Taking so such that F(so) > 0 by (f3) and Ny := [s3/F(s)] + 1. Thus, for any N > Ny, we have
Ey <I(wN) = s3 — NF(so) <.

Here one obtains that E, < 0 for a > N(}/ 2.
(iv) It follows from (i) and (ii) that

Ea+ﬂ SEDI +Eﬂ SEou

for any «, 8 > 0. Thus, o — E, is nonincreasing. Fix « > 0, we know that E,_; and E,,s are
monotonic and bounded as § — 0*. Moreover, E,_; > E, > E,.s and

lim E,_s > E, > lim E,,s.
§—0* §—0*

To prove the continuous, it remains to prove the inverse inequalities.

(a) lims_, o+ E4_s < E,. If E, = 0, lims_, g+ E4_s < E, holds. We consider the case E, < 0.
Let u € M, and us = (1 — §/a)u with § € (0, ). It is easy to check that ||us]l2 =« — § and
us — u as 8§ — 0* in [2. Therefore,

lim E,_s < lim I(us) = I(u).
§—0+ §—0+
By the arbitrariness of u € My, lims_, o+ E4_s < E, holds.
(b) lims_,o+ Ey+s > Ey. Since the left-hand side converges, it sufficient to consider the

case § = % with n € N. Let 4" € My 1/, and I(u") < Eg 10 + % for any n € N. Thus,

lim I(u") = lim Eq.,s.
n—00 §—0*
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Let v* = u"/(1 + 1/(an)) for any n € N. Moreover,

], - llze" |l _ a+1/n )
2 141/(an) 1+ 1/(an)

,
which implies v* € M,. By Lemma 2.1, we obtain
Eo <I(v") =I1(u") +0(1)
as n — 00. Thus, lims_, g+ Egys = lim,_, o [(1”") > E,. The proof is completed. O

Lemma 2.3 Under the assumptions (f1)-(f), the following statements hold:
(i) Suppose that u is a minimizer on M, with respect to E,. Then Eg < E, for any B > .
(i) Suppose that u and v are two minimizers on Mg, and Mg with respect to E, and Eg,
respectively. Then E,.p < Eq + Eg.

Proof (i) Suppose that u is a minimizer on M, with respect to E, and 8 > . Consider the
following function

~ F(tw)

L(tw) - CIw) = £y <F(uk)

keZ

) =t2g(t), t>1,

where g(t) = > .7 (F(ui) — F(ff")) for ¢ € [1,+00). Clearly, g(1) = 0. By (f1), it is not difficult
to prove that g(¢) € C'((1, +00)) and

£ = 5 Y (2F(m) ~utug).

keZ
Since u € M, there exists ko € Z such that uy, # 0. Therefore,

1

£ = 5 Y (0F(tw)  flam)ru) <

keZ

(2F (tuyy) — f (tury )ty < O,

for any ¢ > 1. Combining with the above inequality and g(1) = 0, we obtain that g(¢) < 0 for
any ¢ > 1. Set 6 = B/« it follows from 6u € Mg and I(u) < 0 that

Ep <1(0u) < 0*I(u) = 0°E, < OE, <E,. (2.6)

(if) Without loss of generality, taking 0 < @ < 8 in the above inequalities, we obtain

o+ B o
E,)Hﬂ < Eﬂ = —E,g +E,3 <E, +Eﬂ.
B B
This proof is completed. d

Lemma 2.4 Assume that {u"},en is bounded in I* and u" — u weakly in I>. Then there

holds,
ZF(MZ) = ZF(MZ — ) + ZF(uk) +o(1), (2.7)
keZ keZ keZ

asn— oQ.
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Proof This prooffollows from the Brezis—Lieb Lemma (see [3]), for completeness, we state
it here. Let v = u” — u, then v — 0 weakly in /* and v} — 0 for any k € Z as n — oo. It
follows from (f1), the mean value theorem, and the Young inequality that

|F () = F(vk) = FGui)| < |F () = F(vk)| + [F ()|
= |F(vi + ue) = F(vi) | + |[F(i)|
Lf(vz + ‘Euk)uk| + |F(uk)|
< C((1vi] + laael) + (V7] + laael )"l + |G|
CUIe] + 22 |vi ™ + Ll + 27 g P o + | FGaa)|

= 5¢s(|VZ|) + 1pé?(|’fll<|) + |F(uk)

IA

)

where 7 € [0,1], ¢([v{]) = C(IV{I* + [2v}|P) and
wg(luk|) = C((l + z9_1)|uk|2 + (1 + 51_")|2uk|”).

It follows that ", Ve (|ux|) < 00 and )", #:(|v}]) < C < oo for some constant C, inde-
pendent on € and 7. Set

Wi = max{|F(u,f) —F(VZ) —F(uk)| - 8¢s(|VZ

),0},

then W} < 4. (|ux|) + F(ux). By the dominated convergence theorem, we have ), ., W' —
0 as n — 00. Therefore,

[P () — F(v}) = F(ui)| < W + 5o (|97])
which implies that

Z|F(”Z) - F(v}) - F(w)| < Ce.

keZ
The result follows from the arbitrariness of ¢ > 0. This proof is completed. d
The proof Theorem 1.1 Assume that {#"},en C M, is a minimizing sequence with respect
to E,. If {s"} does not satisfy (i), we can assume that #” - 0 in /. In fact, if there exists
qo € (2,00) such that #” - 0 in [19, then there exists a & > 0 such that

90 q0-2 2 2 90-2

0<& = furfg = [ [ ]y = o w5

which implies ©#” - 0 in [*°. There exist § > 0 and a family of {k,},cny C N such that

| = .

Set k, x u" = (”Z+k,,) for any n € N. Here, ||k, * u”||2 = ||t#"||2 = &. We assume that &, * u” —
tq(#0) in [2. In the rest part, we try to prove u, € M,. Arguing indirectly, set

Vi=k, k1" — uy.



Xie and Xiao Boundary Value Problems (2023) 2023:69 Page 9 of 13

By Lemma 2.4, one has

ZF(”Zw) = ZF(ua,k) + ZF(VZ) +o(1),

keZ keZ keZ

as n — 00. It is evident to check that

[ 0[5 = ot + [+ 00
and

”A(k,, *u") ||§ = | Aug |3 + ”Av" ”i +o(1),
as n — 0o. Combining with the above three inequalities, it obtains that

I(u") = I(ky % u") = 1(ug) + I(v") + o(1). (2.8)
We claim that

V' — 0 in/ foranyp € (2,00]. (2.9)
Arguing indirectly, we can assume v* - 0 in [* similarly. By the boundedness of {v"'} in
12, there exist a family {z,} C Z and v € {? satisfying v # 0 such that z,, * V" — v in 2. Set
w' =z, *v" — v, then

o v 1 = Wl + w5+ o)
and

2 2
A (K v || = 1AVIS + | Aw” | + o(D),
I1(v") = I(ky % V") = 1(v) + I(W") + (1),
asn— 00. Let |[uy |2 = ¢1 and ||v]|2 = ¢; and §? = o — ¢? — ¢3. Thus lim,_, « [|[W"]l2 =8 > 0.
If§ > 0, setting W" = a,w" and a,, = §/||w" ||, in Lemma 2.1, we have W” € M; and I(W") =

I(w") + 0(1). Thus,

I(u”) =I(uy) +I(v) +1(w”) +0o(1)
=I(uy) +I(v) +I(17/”) +0(1)

> I(ug) +I1(v) + Es + 0(1),
as n — 0o, which implies that

Ea > I(Ma) +I(V) +EB ZEcl +E62 +E5 ZEcl+cz+8 =E0t' (210)
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Hence u, and v are two minimizers on M, and M, with respect to E and E,. By
Lemma 2.2, we have

E,+E,>E; .
It contradicts (2.10).

If§ =0, then o = ¢c; + ¢y and lim,,_, o, ||W" || = 0. Similar to the proof of (2.5), we can prove
that lim,_, o Y ;. F(W}) = 0 and liminf,_, o I(w") > 0. It follows that

Eoz > I(MDI) +I(V) > Ecl +Ecz > Ec1+52 = Evl’

which implies that u, and v are two minimizers on M., and M., with respect to E, and
E.,. By Lemma 2.3, one obtains

Ec1 + Ecz > Eq +cpr
which is a contradiction. Thus, our claim (2.9) holds.
Lastly, we complete the proof by getting lim,_ [|[V*[2 = O, that is |luy|, = @. It is

sufficient to prove that ¢; = o. Otherwise, ¢; < « holds. By (2.4) and (2.9), one has
lim, 00 Y 4oy F(VF) = 0 and
liminfI(v") > 0.

n—00

Combining with the above inequality and taking the limit in (2.8), we obtain E, > I(u,).
Then it follows from Lemma 2.2 and u, € M., that

Ey > I(uy) > Ec; > Ey, (2.11)
which implies E., = E,. Moreover, u, is a minimizer with respect to E;,. By Lemma 2.3(i),

we obtain E,, > E, for ¢; < «. It contradicts (2.11). Then the desired result ||u, |2 = o and
(ii) hold. This completes the proof. O

The proof of Theorem 1.2 Define that

oo = inf{a > 0: E, <0} (2.12)
By Lemma 2.2, o is well defined and the following fact holds:

E,=0 ifO<a<a, E, <0 ifa>ap.

(i) Arguing indirectly, if 0 < o < ap, there exists a minimizer with respect to E,. By the
definition of «g, we have E, = 0. It follows from Lemma 2.3(i) that

0=E, >E,,,

which is impossible for E,, = 0.
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(ii) If o > g, Ey < 0. Assume that {u"},cny C M, is a minimizing sequence with respect
to E,. It is sufficient to show that {#"} satisfies Theorem 1.1(ii). Arguing indirectly, if The-
orem 1.1(i) holds, that is #” — 0 in /7 for any g € (2, 00]. Thus, we can prove that

lim " F(u) = 0.
n—00 ez

It follows that

Eq = lim I(u") > - lim > F(uf) =0,

n— 00
keZ

which is impossible for E, < 0. So k;, * u" — u, in I? and u, is a minimizer on M, with
respect to E,. Therefore, there exists A, € R such that I'(4) — Ayuty = 0, i.e., (g, Ay) is a
couple of solution to the following equation

—Azuk,l —f(uk) = AUy, k eZ.
Moreover,

)‘az = (I,(Lta), ua) = ”Aua ”% - Zf(ua,k)ua,k < ”Aua ”% - ZZF(ua,k) = 2E¢x <0,
keZ keZ

which implies A < 0. The proof is completed. O

The proof of Theorem 1.3 (i) Without loss of generality, we assume 0 < o < 8. We divide
into three cases: (1) E, = Eg = 0; (2) Eq = 0, Eg < 0; (3) Ey < 0, Eg < 0. If Case (1), it is evident
that E, + Eg = 0> Eg,p for a + B > a. If Case (2), there exists a minimizer with respect to
Eg by Theorem 1.2(ii). Then by Lemma 2.3(i), we obtain

Eﬁ > E[H,g.

Lastly, in case (3), there exist two minimizers with respect to E, and Eg by Theorem 1.2(ii),
respectively. Our conclusion follows from Lemma 2.3(ii).

(ii) For any fixed o > 0, take u*N = (...,0,(L),...,( a

NI W),O,...), then u*N € M,. It

N
follows from lim,_, % = +oo that for M > a2 there exists § > 0 such that |¢| < 8,

F(t) > Mt*.

Let N be large such that {5 <, then

Ey < I(u™N)
1
= 5 D A=Y F ()
keZ keZ

012 r a
N N, N1/2
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Ol2 o 4 0[2 2
=< N—NM<W> = ﬁ(l—Moz ) <O.

Thus, E, <0 for any « > 0, which implies that ¢g = 0. The proof is completed. d
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