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1 Introduction
The two-fluid flow models widely used in the petroleum industry to describe the produc-

tion and transport of oil and gas through long pipelines or wells can be written as (see
[19-21, 34, 42])

pe +div(pu) =0,
my + div(mu) = 0, (1.1)
(o +m)u); +div[(p + mu @ u] + VP(p,m) = pnAu+ (A + pn)Vdivu,

where (x,£) € Q x (0, T], Q is a domain in R3. p > 0, m > 0, u = (41, Uy, u3), and P(p, m) =
p? +m* (y > 1,a > 1) are the unknown two-phase flow model’s fluid density, velocity, and
pressure, respectively. The constants . and X are the shear viscosity and bulk coefficients,
respectively, satisfying the following physical restrictions:

u>0, 21+ 3A > 0. (1.2)

In this paper, the domain 2 is the exterior of a simply connected bounded domain D in
R3, and its boundary 32 is smooth. In addition, the system is studied subject to the given
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initial data

p(x1 O) = po(%), m(x, O) = Wl()(x),

(p + m)u(x,0) = (po + mo)uo(x), x €, (1.3)
and the slip boundary condition

u-n=0, curlu x n=0 on a2, (1.4)
with the far field behavior

u(x,t) = 0, P, ) = Poo >0, m(x,t) = Mo >0, as |x] — oo, (1.5)

1 12, n®) is the unit outward normal vector to the boundary 32 pointing out-

where n = (n
side 2, po and m, are the nonnegative constants.
The first condition in (1.4) is the non-penetration boundary condition, while the second

one is also known in the form
(D(M)Vl)r = —K¢lUzg,

where D(«) = (Vu + (Vu)™)/2 is the deformation tensor, &, is the corresponding normal
curvature of 92 in the 7 direction, and the symbol u, represents the projection of tangent
plane of the vector u# on 9. This type of boundary condition was originally introduced
by Navier [27] in 1823, which was followed by many applications, numerical studies, and
analyses for various fluid mechanical problems, see, for instance, 8, 21, 31] and the refer-
ences therein.

Many models are related to the two-phase model (1.1), especially the case of & = 1 cor-
responds to the hydrodynamic equations, which was derived as the asymptotic limit of
Vlasov-Fokker—Planck equations coupled with compressible Navier—Stokes equations,
see [7, 26]. The case of o = 2 is associated with a compressible Oldroyd-B type model
with stress diffusion, see [2]. Furthermore, if we let m = 0, then the viscous liquid-gas two-
flow model (1.1) reduces to the classical isentropic compressible Navier—Stokes equations.
Compared with the isentropic compressible Navier—Stokes equations, the main difference
is that the pressure law P(p, m) = p¥ + m* depends on two different variables from the con-
tinuity equations.

Before stating our main result, we briefly recall some previous known results on the vis-
cous two-fluid model. For the one-dimensional case, Evje and Karlsen [10] obtained the
first global existence result on weak solutions with large initial data subject to the domi-
nation conditions. Later, the domination condition was removed by Evje—Wen—Zhu [11]
using the decomposition of the pressure term, which allows transition to each single-phase
flow. Recently, Gao—Guo-Li [13] considered the Cauchy problem of the 1D viscous two-
fluid model and established the global existence of strong solutions with a large initial
value and vacuum. For more related results, please refer to [9, 10, 37, 38] and the ref-
erences therein. For the multi-dimensional case, Yao—Zhang—Zhu [36] proved the global

existence of weak solutions to the 2D Cauchy problem case when the initial energy is small
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and both of the initial densities are positive. Hao and Li [15] obtained the existence and
uniqueness of the global strong solutions to the Cauchy problem in R with d > 2 in the
framework of Besov spaces, where the possible vacuum state is included in the equilibrium
state for the gas component at far field. Zhang and Zhu [40] considered the 3D Cauchy
problem and proved the global existence of a strong solution when H2-norm of the ini-
tial perturbation around a constant state is sufficiently small. When both phases contain
a vacuum initially, Guo—Yang—Yao [14] proved the global existence of strong solutions to
the 3D Cauchy problem under the assumption that initial energy is sufficiently small. Very
recently, the domination condition was removed by Yu [39] for the global existence of the
strong solution to the 3D case when the initial energy is small. For large initial data cases,
Vasseur—Wen-Yu [32] obtained the global existence of weak solutions to the Dirichlet
boundary value problem of (1.1) in R? with the pressure P(p,m) = p" + m* (r > 1, @ > 1)
and the domination conditions. Novotny and Pokorny [29] extended the domination con-
dition to the case that both y and & can touch %, where more general pressure laws cov-
ering the cases of P(p,m) = p" + m* (r > 1, « > 1) were considered. Wen [35] obtained
the global existence of weak solutions to 3D Dirichlet problem of compressible two-fluid
model without any domination conditions. However, there are few results about classical
solutions to compressible two-fluid model for general bounded domains, which is one of
our main motivations of the present paper.

When we take m = 0 in (1.1), the two-phase flow model (1.1) changes into the com-
pressible Navier—Stokes equations. In the last several decades, significant progress on the
compressible Navier—Stokes equations has been achieved by many authors in the analysis
of the well-posedness and large-time behavior. We only briefly review some results related
to the existence of strong or classical solutions. The global classical solutions were first ob-
tained by Matsumura—Nishida [25] for initial data close to a nonvacuum equilibrium in
H3(R3). It is worth mentioning that their results have been improved by Huang—Li—Xin
[18] and Li—Xin [23], in which the global existence of classical solutions is obtained with
smooth initial data that are of small energy but possibly large oscillations. Very recently,
for the 3D bounded domain (or 3D Exterior Domains) with slip boundary conditions, Cai—
Li [5] (or Cai-Li-Lv [6]) proved the existence and large-time behavior of global classical
solutions to the compressible Navier—Stokes equations. And Cai—-Huang-Shi [4] proved
the global existence and exponential growth of classical solutions subject to large potential
forces with slip boundary condition in 3D bounded domains. For 3D bounded Domains
with Non-Slip Boundary Conditions, Fan—Li [12] proved global classical solutions to the
compressible Navier—Stokes system with a vacuum.

Before stating the main results, we introduce some notations and conventions used in

this paper. We denote

‘/fdxéfﬂfdx.

For integer k and 1 < g < +00, the standard homogeneous Sobolev spaces are denoted as

follows:

DY) 2 {uell ()] [ V5 Ul oy < +00} VBl pragey 2 [ VFu] -
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We also denote
DAQ)=D"*(Q),  H'Q)=w'*Q),  WQ)=LYQ)NDQ)
1
with the norm [|z ykagy = (X m<k IV ll T ) 7 -
Simply, L(Q2), D*4(R2), DX(2), W*4(Q2), and H*(R2) can be denoted by L7, D*4, Dk, w4
and H¥, respectively and set that

Br2 {xeR®||x| <R}.

For two 3 x 3 matrices A = {a;}, B = {b;}, the symbol A : B represents the trace of AB,

3
A:B £ Zﬂijbﬁ.

ij=1

Define the initial total energy of (1.1) by:

1
Co é/ <§(,00 +mo)|uo|* + G(;Oo,mo)) dx (1.6)
Q
with
L P ’ _P [o/s}] " P ’ _P ’ o0
G(/O,m):,o/ (5,m) 3 (Poc, ) ds+m/ ©.9) Sz('o " )ds.
Poo Moo

Finally, for v = (v},v%,v?), we set Vv = (9}, 9,2, 9*), for j = 1,2,3, Py = P(po, 1), and
Poo :P(Iooor moo)
Our first result is stated below:

Theorem 1.1 Let Q be the exterior of a simply connected bounded domain in R® with
smooth boundary Q2. For M > 1, p > poo + 1, m > my + 1 and some q € (3,6), assume
that the initial data (po, mo, uo) satisfy the following condition:

uoe{feDlﬁD2:f~n=0,curlfxn:Oon&Q}, (1.7)
(10 = Poos M0 — M0, P(p0, M0) = P(pocs M) € H> N W, (1.8)
0<po<p, O0=mo<m,  plcurlug|?,+(+2u)|diviel}, =M, (1.9)

and the compatibility condition
—pAuy— (A + p)Vdiviug + VPy = (pg + mo)mg, (1.10)

for some g € L%. Then there exists a positive constant & depending only on 1, 1, v, &, Q, M,
p and m such that if

Co<e, (1.11)
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then the slip problem (1.1)—(1.5) has a unique global classical solution (p,m,u) in Q X
(0, 00) satisfying

0<pxt)<2p, 0 < m(x,t) < 2m, (1.12)

(0 = Poos M — Moo, P — P) € C([0,00); H> N W>1),
Vu e C([0,00); H') N L (0, oo; W9),

loc (1.13)
u; € L®.(0,00; D' N D*) N HL (0,00; DY),

loc loc

(o + m)%ut € L*(0,00;L?).

In addition, the following large-time behavior

lim [ (IP=Paol? + (0 + m)? ul* + |Vul?) (x,£) dxc = O (1.14)

t—00
holds for any 2 < q < oo.

With (1.14) at hand, we are able to obtain the following large-time behavior of the gra-
dient of the pressure when vacuum states initially appear. It was just a parrel result, which

was first established by Li and his collaborators in [6].

Theorem 1.2 Under the conditions of Theorem 1.1, further assume that Py, > 0 and there
exists some point xo € Q2 such that Py(xo) = 0. Then the unique global classical solution
(0, m, u) to the problem (1.1)—(1.5) obtained in Theorem 1.1 has to blow up as t — 00 in
the sense that for any 3 < r < 0o,

lim || VP(-, )
t—00

L = 00. (1.15)

Remark 1.1 When o <1 and y > 1, it is easy to show that there exist 0 < C; <1 (i =1,2)
depending on p, m, peo and me, such that the following formula holds

m s _m P g
Cim = o)’ + Calp = poc)’ < m 2°°ds+p/ 7 ds
S Poo

Moo

Now, we give some comments on the analysis of this paper. Compared with the bounded
domains, because the domain is unbounded, we need to overcome two additional difficul-
ties. First, thanks to [33] (see Lemma 2.6), we can control Vi by means of div # and curl ,

the other one is how to control the boundary integrals, especially (see (3.23)),
_«/asz o"Fu - (Vn+ (Vn)")i(uL x n-Vu')ds.

In fact, thanks to
V-gxh=Vxg-h-Vxh-g, Vx(Vg)=0

and divergence theorem, we can control it.

Page 5 of 39
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Next, denote by
VE v, +u-Vy, (1.16)
and
FE2(+2u)divu — (P - Ps), (1.17)

the material derivative of v and the effective viscous flux, respectively. Then the equation
(1.1)3 can be written as

(o +m)it=VF - uV x curlu, (1.18)

which together with the boundary condition (1.4) implies that one can treat (1.1); as a
Helmholtz—Wyle decomposition of (p + m)u, which makes it possible to estimate VF and
V curl u. Finally, whereas u - n = 0 on 92, we have

u-Vu-n=-u-Vn-u, (1.19)

which together with curlu x # = 0 on 92 is the key to estimating the integrals on the
boundary 9€2.

2 Preliminaries
In this section, we will recall some known facts and elementary inequalities which will be

used frequently later. First, we can get the local existence of strong and classical solutions
(see [17]).

Lemma 2.1 Suppose that Q2 satisfies the condition of Theorem 1.1, and (po, mo, uo) satisfies
(1.7), (1.8) and (1.10). Then there exists a small time Ty > 0 and a unique strong solution
(0, m, u) to the problem (1.1)—(1.5) on Q x (0, Ty] satisfying for any t € (0, Tp),

(0 = Poo, M — Mae, P — Pso) € C([0, 00); H? N W249),

u € C([0,00); D! N D?), Vu € L*(0, T; H) N LP(0, T; W>9),
Vu e L®(r, T; H?> N W),

u, € L®(r, T;D' N D*) N H(t, T; DY),

o+ mu, € L%(0, T; L),

where q € (3,6) and p, = 133:?2 e(Ll).

Second, the following Gagliardo—Nirenberg inequality (see [28]) will be used frequently
later.

Lemma 2.2 Let Q2 be the exterior of a simply connected domain D in R®. For any f € H'(Q)
and g € L1(Q) N DY (Q), there exist some generic constants C > 0, which may depend on p,
q, and r such that

6-p 3p-6

If e < CIFILZ IVANL (2.1)
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—3)/(3r+q(r-3)) ” Vg”i:/(?)ﬁq(r—?s))’ (22)

gl < Cllgldy
forpe[2,6],q € (1,00), and r € (3,00).

Then, to get the uniform (in time) upper bound of the density p and m, we need the
following Zlotnik inequality, which was first used in Huang—Li—Xin [17].

Lemma 2.3 ([41]) For g € C(R) and y,b € W'1(0, T), assume that the function y satisfies
Y@ =g0)+b' () on[0,T),  ¥0)=y°.
Ifg(00) = —00 and
b(tz) = b(t1) < No + Ni(t2 - t1) (2.3)
forall0 <t <ty < T with some Ny > 0 and Ny > 0, then
y(t) < max{yo,g:} +Ny<oo on|0,T],
where g: is a constant such that
Q) <-Ny for¢ =t (2.4)
Next, thanks to [1, 33], we have the following two lemmas.
Lemma 2.4 Assume that D C R? is a simply connected bounded domain with C**!

boundary 9D, 1 < q < +00 and a integer k > 0, then for v € W La(D) with v-n =0 on
dD, there exists a constant C = C(q, k, D) such that

IVl wheray < C(INIV V]| yhapy + | curl Vi yraep))- (2.5)
Ifk =0, it holds that

IVVliLay < C(IIdivvlia) + Il curl vl ). (2.6)
Lemma 2.5 Assume that D C R3 is a bounded domain, and its C**V' boundary only has a
finite number of two-dimensional connected components. For the integer k > 0and 1 < g <

00, and for ve W4(D) with v x n = 0 on 3D, then exists a positive constant C depending
only on q, k, 2 such that

IVl wisrapy < CINIV VIl k) + Il curlvllyrg py + IVla))-
If D has no holes, then
VIl i py < C(|| divvllyrgpy + |l curlvlka,q(D)).

The following conclusion is shown in [1, 33].
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Lemma 2.6 Assume that Q2 is the exterior of a simply connected domains D C R® with C1
boundary. Then for v € DY(Q) withv-n =0 on 9, it holds that

IVVliza@) < C(Ildivvilzag) + | curlvlia) foranyl<q<3, (2.7)
and
VY@ < C(|| divv|lze@) + lcurlv|aq) + ||Vv||L2(Q)) forany3 <q<+oo. (2.8)

Due to [24], we obtain the following fact.

Lemma 2.7 Suppose that Q satisfies the conditions in Lemma 2.6, for any v € W14(Q)
(1< g < +00) withv x n=0on 3%, it holds that

IVVliza@) < C(IVlizag + 1 divviizag) + Il curl vl za).
By Lemmas 2.4-2.7, we can get the following result (see [6]).
Lemma 2.8 Let Q be the exterior of a simply connected domain D C R® with smooth
boundary. For any p € [2,6] and integer k > 0, and every v € {D**'P) 0 DV2(Q) | v(x, t) —

0as |x| > oo} with v - nlyq =0 or v X nlyg = 0, then there exists some positive constant C
depending only on p, k, and D such that

” VV” ka‘l(Q) S C(” le V” Wk'q(Q) + ” Curl V” Wk'q(Q) + ” VV”LZ(Q)). (2.9)
Then we recall the following Beale—Kato—Majda-type inequality with respect to the slip
boundary condition (1.4), which was first proved in [3, 22] when div # = 0, it can estimate

Vatl| oo

Lemma 2.9 ([6]) Assume thatu-n=0,curlu x n=0,Vu € W, for 3 < q < 0o, then there
exists a constant C = C(q) such that the following estimate holds

Vil < C(Il divullzeo + || curl o) In(e + | Vu| ;) + Cl Va2 + C. (2.10)
Consider the Neumann boundary value problem

—-Av=divf, ing,
¥ ~—f-n, onodg, (2.11)

Vv — 0, as |x| — oo.

Indeed, the problem is equivalent to

fw-vndx=/f-vndx, Vi € C°(R?).

Lemma 2.10 ([6, 30]) For systems (2.11), we have
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(1) Forsomef € L1, q € (1,00), then there exists a unique (modulo constants) solution
v e DY sych that

1VViiza) < Clg, DIfllza.

(2) Forsomef e W4, g (1,00), k> 1, then VF € W*4 and

IVVIiwka < CIIf Il wha-

Finally, we give the following conclusions for F and curlu#, whose proof is in [6]. We
sketch it here for completeness.

Lemma2.11 LetQ C R? be an exterior domain of some simply connected bounded domain
with smooth boundary. Forany 2 < p < 6 and q € (1,00), suppose that (p, m, u) is a smooth
solution of (1.1) with the boundary condition (1.4), then there exists a positive constant C
depending only on p, q, ;, u, and Q such that

IVF|lza < C|[ (o + m)ic| (2.12)
IV eurlully < C(|[ (0 + m)ic| , + || (o + m)ic| 5 + [ Vuell 12), (2.13)
5 6
IFlle < C|(p + m)ie]| 5" (V]2 + |P = Pooll2) . (2.14)
Moreover,
3p-6 6
leurlullr < C||(p + m)ic " 1Vull Y+ ClIVull 2, (2.15)
IVullr < C(|| (0 + m)i|| 1o + IP = Pocllzs) # 1 Vull 5 + ClIVat] 2. (2.16)

Proof First, due to (1.1)3, it is easy to find that F satisfies

—AF =div((p + m)iz), in L,

% =—{(p+m)it)-n, onadL, (2.17)
VF — 0, as x| — oo,

It follows from Lemma 2.10 that

IVE|a < Clg, )| (o + m)ic| 4, (2.18)
and

IVF|lwka < C||(o + m)ic yuq- (2.19)
Due to (1.18) and (1.4), from div curl # = 0, Lemma 2.7 and (2.18), we get

IV curl u||za < C||curlu|za + || diveurlu||za + |V x curl u|za
< C(llcurlullza + || (o + m)i|| ; + IIVF | a)

< C(||Go + m)ia]) , + Il curl s 1a). (2.20)
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By virtue of Lemma 2.8, (1.18), (2.19), and (2.20), it indicates that

IV curl sl yykq < Clldiveurlu|| g + || curl curl u]| yiq + |V curl u| ;2
< C(”VF”Wk,q + H (p + m)uH wha + llcurla] 2 + ”(,o + m)it”Lz)

< C(|| (o + m)u” wha t H (p + m)llt”L2 + ||Vu||Lz). (2.21)
By (2.1) and (2.20), we can obtain

IV curlu|lr < C(|| (o + m)ic] , + || curlue]p)

< C(||(o + mic , + Il curlue] 2 + ||V curl ]| ;)

C
C

IA

(|| (o + m)it”LP + (o + m)itHL2 + 1 Vul2), (2.22)

forany 2 <p <6.
Employing (1.17), (2.1), (2.18) and (2.22), one has

6-p 3p-6

IFl> < CIENZ IIVE], ) (2.23)
& %
< C(IVull2 + 1P = Pooll2) # || (o + m)ic| 5", (2.24)
and
6—p 3p-6

llcurl ulr < C(llcurlul ¥ |V curlull 7 )

< CIVully ([(o+mi|, + IVulp) >

3p-6

6-p 3p-6
< CI\Vull 3 |[(p +m)it]| 5" +Cl|Vul| 2. (2.25)

Combining Lemma 2.6 with (2.1), (2.18), and (2.25) gives that

IVullr < ClIVull " [Vull 6"

6-p 3p—6
) . 5
< ClIVul,? (I divulls + || curl ullgs + |Vl 2) 7

6-p 3p-6

°>p P
< CIVull, 7 (IFllzs + 1P = Poollys + || (o + m)ic| ;5 + [ Vurll12)
< CIVull 7 (||(o +m)ir|| 2 + IIP = Poollzs + | Vaell 2) %

< ClIVull,? (||(o +m)ic| ;5 + I1P = Poollzs) # + Cl| Vel 2. (2.26)

Thus, (2.18), (2.22), (2.23), (2.25) and (2.26) yields the desired result of Lemma 2.11. [

3 A priori estimates (i): lower order estimates
Assume that  is the exterior of a simply connected domain D C R3. Choosing a positive
real number R such that D C By, one can extend the unit outer normal 7 to €2 as

ne C3Q), n=0 onR3\By. (3.1)
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We will establish some necessary a priori bounds for smooth solutions of the prob-
lem (1.1)—(1.5) to extend the local classical solution guaranteed by Lemma 2.1. Thus, let
T > 0 be a fixed time and (p, 1, u) be the smooth solution to (1.1)—(1.5) on 2 x (0, T]
with smooth initial data (oo, 710, uo) satisfying (1.9) and (1.10). To get the estimates of the
obtained solution, set o (£) = min{1, ¢} and define

T
A(T) = sup (o||Vu||§2)+/ /o(p+m)|it|2dxdt, (32)
0<t=<T 0
T
Ay(T) = sup 03/(p+m)|it|2dx+/ /03|Vllt|2dxdt, (3.3)
0<t<T 0
and
A3(T) & sup / |Vu|* dx. (3.4)
0<t=<T

Then, to get the existence of a global classical solution of (1.1)—(1.5), we can get the
following proposition.

Proposition 3.1 Under the conditions of Theorem 1.1, there exists a positive constant &
depending only on A, i, y, o, Q, p, m, and M such that if (p, m, u) is a smooth solution of
(1.1)-(1.5) on 2 x (0, T satisfying

sup p <2p, sup m <2m,

Qx[0,T] Qx[0,T]
1
AT+ AT) <2C;,  As(o(D) <2M, (3.5)
then

sup p <7pl4, sup m <7m/4,

Qx[0,T] Qx[0,T]
1

Al(T)+Ax(T)<C§,  As(o(D) <M, (3.6)

provided Cy < e.
Proof Proposition 3.1 is deduced from Lemmas 3.4-3.7. O
First, we start with the standard energy estimate of (p, m, ).

Lemma 3.2 Suppose that (p, m,u) is a smooth solution of (1.1)—(1.5) on 2 x (0, T]. Then
there is a positive constant C depending only on A, ., and Q2 such that

T
sup /((p +m)|u® + G(,o,m)) dx + / ||Vu||i2 dt < CC,. (3.7)
0

0<t<T

Proof First, due to —Au = -V divu + V x curl 4, we rewrite the third equation of (1.1) as

(o +m)ir— (A +2u)Vdivu + uV x curlu + VP = 0. (3.8)
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Multiplying (3.8) by u# and integrating the resultant equation over €2, we obtain that

1
5 (/(p + m)|u|2dx> + (A +2w divu||i2 + | curlulliz + / u-VPdx=0. (3.9)
t

Multiplying (1.1); by ( fppoo P (s’m)_g(p o) g 4 £ "")_5 (o)) and using (1.4), we have

§2

(/p/p Pls, m) = Plpoc, m) dsdx) + /(P(p,m) —P(poo,m)) divudx=0. (3.10)
P t

o0

By the same way, (1.1), shows that

(/m/m wglsdx>t+/@(p,m)—P(p,moo)) divudx=0. (3.11)

Moo

Combining (3.9), (3.10), and (3.11), we have

1
(/ (E(p +m)|u)?® + G(p,m)) dx) + (A +2w divulliz + | curlu||i2 =0. (3.12)
t

Integrating (3.12) over (0, T] and using (2.7), we find (3.7). This completes the proof of
Lemma 3.2. O

Lemma 3.3 Suppose (p, m,u) is a smooth solution of (1.1)—(1.5) satisfying (3.5) on Q x
(0, T]. Then there is a positive constant C depending on ©, i, v, o, p, m, M, and Q such
that

T
A(T) < CC0+C/ /0|Vu|3dxdt, (3.13)
0
and
T
Ay(T) < CC0+CA1(T)+C/ /03|Vu|4dxdt, (3.14)
0

Proof Motivated by Hoff [16] and Cai-Li-Lii [6], for # > 0, multiplying (1.1); by 0" and

then integrating it over 2 lead to

/Uh(,o+m)|it|2dx:(A+2u)/Vdivu~ahi¢dx
—,u/Vxcurlu-ahitdx—/VP-ahiAdx

=Z[1 +12 +13. (315)

Page 12 of 39



Li et al. Boundary Value Problems (2023) 2023:46 Page 13 of 39

Using (1.19) and the fact that div( - Vi) = Vu: Vi + 1 - Vdiv u, a direct calculation gives
L = (k+2u)/Vdivu~ahitdx
=—(A+2u) / o"divudivitdx + (0 +2) " o"divuir - nds
=—(A+2u) /[ah divudivu, + o divudiv(u - Vu)] dx
+(A+ 2/L)/mohdivuu -Vu-nds

A+2
< —%(/ oh(divu)zdx> + Choh_lo’/(divu)zdx
t

—(A+2u) / o"divuVu: Vudx

A+2u
2

/ahu-V(divu)2dx—(A+2M) o"divuu - Vn-uds
a0
A+2
< —% (f o"(divu)? dx) + 3” (o + m)%it”iz + Choh_lo’HVulliz
t

+ Col (IVulZy + [ Vullty + 1 Vull3;). (3.16)

For the boundary term in the first inequality on the right-hand side of (3.16), it follows
from (1.17), (2.12), (3.5), and Young’s inequality that

—()\.+2/,L)/ divuu~Vn~uds:—/
FYe) 9

Fu~Vn~uds—/ (P-Py)u-Vn-uds
CTe) 90

< C(IVEl2IVulys + [ Vull,)

<8](p +m)zic|2 + C(IVull?, + [Vull?,).

Notice that curl(u - Vi) = Vil x Viu + u - V curl u, by (1.4), we have
I = —,u/crhV x curlu - itdx
= —,uoh/curlu -curl i, dx — uoh/curlu -curl(z - Vu) dx
—p,ah/ curlu x it - nds
BT}

= —%(crhf(cuﬂu)2 dx) + %hoh‘la’/(curl u)* dx
t

- uo” / curlu - (Vu' x Viu) dx

1 2
—M/M-V<(Cur2u) )dx

< —% (oh /(curl u)? dx) + Chah_la’HVuHiz + Ccrh||Vu||i3. (3.17)
t
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Finally, a direct calculation leads to

I3 =—fahﬁ-Vde
:/oh(P—Poo)divutdx+/oh(P—Poo)div(u~Vu)dx
—/ o"(P = Ps)u-Vu-nds
Ffo)
= (crh‘/.(P—Poo)divudx> —hah_la’/(P—Poo)divudx
t
—ah/Ptdivudx+/Uh(P—Poo)(Vu:Vu+u~Vdivu)dx
+/ o"(P=Po)u-Vn-uds
FYe!
= (crh/(P—Poo)divudx> —hah_la’/(P—Poo)divudx
t
+/ah(P—Poo)Vu:Vudx
+oh f((y -1)p" + (@ - 1)m* +Poo)(div u)? dx
+/ o"(P=Ps)u- V- uds
a0
< (oh/(P—Poo)divudx) +Cho" o' (|P = Po |2y + | V]l 2,)
t
+Co | Vul2,, (3.18)

where we have used the fact that

" / P, divudx = o /(diV(PM) +(y —Dp”divu + (@ — 1)m* div u) div udx
=gl / div(Pu) div u dx + o /(y —1)p¥ (divu)®dx

+o” / (o — Dm®(div u)? dx.

Combining (3.15) and (3.16)—(3.18) gives that for enough small 5.

A+2
( +2 Moh/(divu)zdx+ %ah/(curlu)zdx>
L

+0h/(p+m)|l'4|2dx— <oh/(P—Poo)divudx)

< 80" (p +m)2ir|)}, + Cha" o' (I V)2, + 1P = Pool%)

t

+ Co(IIVull?, + [ Vulfy + | Vul2;). (3.19)
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Integrating (3.19) over (0, T'], by Lemma 2.6, (3.5) and (3.7), for & > 1, we have

T
oh||Vu||iz +/ Uh/(p+m)|ﬂ|2dx
0
T

T
<CCy + C'/ oM Vull?; dt + c/ oM Vull}, dt,
0 0

where we have used fOT ho"1o'||P = P2, dt < CCy. Choosing / = 1 and using (3.5) and
(3.7), we get (3.13).

Now, we prove (3.14). Applying the operator oi/[3/3t + div(u-)] to (1.18Y, summing all
the equalities with respect to j and integrating over €2, we obtain

1 1
5 (ah /(,o + m)|it|2dx> - Ehah_lo/ /(,0 + m)|i|? dx
t
= / oh[zl VE +1/ diV(quF)] dx
- u/oh[it -V x curlu, + i div(u(V x curluy)] dx
=11 + 5. (320
For the term J, a direct computation shows that
Ji = f o"[it- VF, + i div(ud;F)] dx
=- / o div itF, dx + / ot - V div(uF) dx - / o"i/ div(d;uF) dx
+f o"Fu-Vu-nds
Ffo)
=—2u+A) / o div i div u, dx + / o div P, dx — / o div it div(uF) dx
+/ o" div(uF)i - nds—/cthit . Vdivudx—/ahit -Vu-VFdx
a0
+/ o"Fu-Vu-nds
a0
=—2u+A) / o' (divi) dx + (21 + 1) / o' diviVu: Vudx
+/ahdivim . V(F+P—Poo)dx—/ahdivit(u VP +yp? divu + am® div u) dx

—/GhFdiVudivudx—/ahdiVitu-VFdx+/ o" div(uF)u - Vu - nds
a0

1
- /ahFit-VFdx— / o"(P = Poy)Fis - ndx
21+ A 2+ A Jyo
+ /ah(Fdivit+it-VF)(P—POO)dx+/ o"Fu-Vu-nds
20+ A aQ

—/ohit~Vu-VFdx

Page 15 of 39
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=—(2u+ k)/[ah(div i)’ —o"diviVu: Vu)dx
- / o div it()/py divu + am® divu) dx - f o"F div it div udx

1
+/ Ghdiv(uF)u~Vu~nds——/ahFﬂ~VFdx
aQ 2/,L+)\.

1
+
2+ A

1
/ahzk~VF(P—Poo)dx+ T /thdivit(P—Poo)dx

— /ah(P—Pw)Fu-nds+/ o"Fou-Vu-nds
20+ A aQ

o"it-Vu - VF dx. (3.21)

Setting u* = —u x n, we have u = u* x n. Applying (2.12), (2.14), we can estimate the three

boundary terms as

/ o"Fu-Vu-nds
a0

=—</ ahFu-Vn~uds) +hah’lo’/ Fu-Vn-uds
R t Q2

+/ o"Fu- (Vn+(Vn)") - u, ds
a9

:—</ ahFu-Vn~uds) +hoh_lo’/ Fu-Vun-uds
a0 ¢ a0

+/ o"Fu - (Vn+(Vn)") - ids
a0

o"Fu-(Vn+ (Vn)“)i(uj‘ x n-Vu')ds

30
(/ o"Fu-Vn- uds)
aQ ¢

h-1
+ C(hff /”F”LZ Q) ||M||L4 oo TO ”F”L4 Q) ||”||L4(asz)||’4||L2 0 )

/ || Vutl [VE| + |Vl |ul |F| + |ul*| V| |F)) dx

< —</ o"Fu-Vn- uds)
aQ t

+ C(ho" ' | VE| 2 IV ull}, + 0" I VF 2| Vutll 2 | Vil 2)

+ Co” (IVF sl Vall g2 lloel s + 1F Nl s | Vol 75 el 26 + IE s | Vaull 2 N1l 26 )
< —</ o"Fu-Vn- uds) + Choh_lo’H (p +m) %uHLQHVuIILz +8c” ||Vu||L2
aQ t

+Co" (| (o + m)2id| 2 (IVal®y + 1) + 1ValZ, + 1VallSy + IVaelly),  (3:22)

where we have used

—/ o"Fu- (Vn+(Vn)™)' (u x n-Vu')ds
a9

Page 16 of 39
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=g / div(Fu - (Vi + (Vn)")iuL x Vu')dx
=" / ut x V' - V(Fu- (Vn+ (Vn)“)i) dx

+oh /(V x ut - Vu')(Fu- (Vn+ (Vn)tr)i) dx.

Similarly, we have

/ohdiv(uF)u-Vu~nds— /ah(P—Poo)Firnds
ilo) Ffo)

21+ A

:/ o"(u-VE)(u-Vu-n)ds+ / o"Fu-Vu-nds
99 aQ

2+ A

:—/ ah(uwaVF)(an'u)ds— /th2u~Vn'uds
30 a0

21+ A

:/ah div((u - Vn-u)(u* x VF))dx - / o"FPu-Vn-uds
a0

2u + A
:/[ahV(u-Vn-u)-(uJ‘xVF)+(u-Vn-u)quL~VP]dx

1
21+ A

+ / o"F?u-Vn-uds
Rl

< / o" (IVullu*|VE| + |ul’|VE|) dx + Co" || Fl[3a 50 141134 5
< Co"(IIVull 2wl 26 IVElls + 43 I VE 2 + I VEI2 [ Vel 72)

<o"(|(o+ m)Zie| 2, (IVaelZ, + 1Veellls) + [Vl + [ Vel

+ 80| Vit 3,. (3.23)

It follows from (2.12), (2.14), and (3.21)—(3.23) that

N 5—(/ thu~Vn-uds) —(2p¢+)»)/(rh(divit)2dx
a0 ¢

+ Cha" 1o || (o + m) 2t o [ Vuel 2, + 80| Vil

+Co"(||(p + m)%ll”iz(IIVuIIiz + IVl f2) + Vil 7 + Va5 + [ Vel 1)
+ Co[IVirll 2 (| Vol 2 + | Vel 12)

+ (IEN 22l s 1V Ell s + IVE |l 2 [liell 16 1P = Pos 3]

+ 1EN s I Vatll 2P = Posll3 + lliell s | VIl 31|Vl 2)

—(/ o"Fu-Vn- uds)
aQ ¢

—(2u+A) / o"(div iz)® dx + Choh’lo/H (o + m)%itHL2 ||Vu||i2

IA

h -2
+ 80" Virl|?,

+ Co" ([0 + m) 2|2 (14 1Vullsy) + IVal%, + 1Vl + 1 Vulsy). (3.24)
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For the term J,, a direct computation yields

]Zz—ufoha~v X curlutdx—pc/ahitjdiv((v X curlu)ju) dx
:—/L/ohcurlitcurlutdx+;L/mohcurlut X li-nds
—,u/ohz'p(v xcurlu)divudx—,u/crhuin x (V;curlu) dx
=—u/oh(curlzl)zdx+u/ahcurlu~ (Vui X Viu) dx
+u/ohcurliz-(u-chrlu)dx—u/ahdivucurlit-curludx
,u/ " divu x i - curl udx — u/aQahcurlux (divun) - nds

Mfahu Veurlu - curl iz dx - pL/ahVui x i - (V;curl u) dx

,u/ o"v; curlux(uu) nds
Q

v

u/oh(curlu)zdx+ ,u,/crh curlis - (V' x V'u)dx
—u | o"divucurlic- curl udx — ,u/athivux i-curludx
—u | "Vl xir- V-curlu)dx—u/thui - (Vicurlu x @) dx

- u! div(V;curl u x iz) dx

/
,u/ohcurlux u-Vdivudx - ,u/ohdivudiv(curlux ) dx
/
[
= —u/oh(curl ) dx + ,u/ah curl z - (Vui X Viu) dx
- M/oh divucurlit - curl udx — ,u/oh divudiv(curl u x i) dx
— ,u/crhuividiv(curlu X 1) dx — ,u/crhVui - (curlu x Vi) dx
= —;L/oh(curlit)2 dx + ,u/ah curliz - (Vi x V'u) dx
—,u,/ahdivucurlitocurludx—u/ahVu" - (curlu x Vi) dx

< —/,L/Uh(curl i) dx + 80" | Vit|| 2, + Co” | Vul .

1

Combining u# = u— x n and (1.4) gives

(6= (- -Vn)xu')-n=0 ondg,

(3.25)
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which together with (2.7) and (3.1) implies

IVl < ||it = (u- Vi) x u* ||i2 + |- Vi) x ut ||z2
< C(lIdivill?, + || curli| 7
+ ”(u -Vn) x ut Hiz + ||V((u -Vn) x uL) ”iz)

a2 12 4 2 2
= C(” dlvu”LZ + ” Cl.lI'lLt||L2 + ||u”L4(BZR) + ”Vu||L4(BzR)||u||L4(BZR))

< CRIdivirll, + [l curl el o + 1 Vel jag o+ IVull}s (3.26)

Bagr)*
Putting (3.24), (3.25), and (3.26) into (3.20), for a enough small §, we obtain

(/ o"(p +m)|1)t|2dx) +ah||Vit||i2 + (f o"Fu-Vn- udx)
t 0Q t

< Co" Vo’ |[(p + m)2ie] L Vulls + Co" ([ (o + m) 2|2 (1 + IVul%,)

L2|

+ ||VM||iz + ||VM||22 + ||VM||%4)~ (3.27)
Integrating (3.27) over (0, T'] and using (2.12) and (3.5), when % > 3, we have
T
oh/(p +m)|it|2dx+/ oMVt dt
0
T
< —/ o"Fu-Vn-uds+ CA(T) + CCy + c/ o" I Vul}, dt
a0 0

T
< 80" (p + m)2it|)}, + CAL(T) + CCo + cf " IVul, dt, (3.28)
0
where in the last inequality, we have used

- f o"Fu-Vn-uds < Co"|[F|l 250 4ll3sq) < Co" | VE| 2| Vuel 7,
aQ

< 80h|| (o + m)%it”iz + CC,.
Then taking /# = 3 and choosing enough small §, we obtain (3.14). O

Lemma 3.4 Suppose that (p, m,u) is a smooth solution of (1.1)—(1.5) on Q x (0, T satis-
fying (3.5). Then there exists a positive constant C depending only on A, w, p, m, M, and Q
such that

a(T)
As(o (D)) +f (o +m)2id]) 2, de < M, (3.29)
0

provided Cy < &1.
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Proof Taking & = 0in (3.19), integrating over (0,0 (7)], and using Lemma 2.6, (2.16), (3.5),
and (3.7), we can obtain

2 oD 1,92
IVull?, +f (o +m)2dl,, de
0

M o 2 4 3 2
=5+ C (I1Vull?s + 1 Vullfs + 1Vul3s) dt + 8| Vul7,
0
+C||P = Poll?, + CCo
M )
=5+ CCo(1L+M) + 8| Vul2,

a(T) 3 3
+ C/O IVl 5 (| Go + m)ie ;o + 1P = Pooligs) ® + 1V ell3,) dt
a(T)
< % + CCo(1+ M) + 8| Vul?, +5/ (o +m)2id|2,
0
a(T)
+C [ (Il + 12 Pl de
0
M 2 2 (D 1.2
=5+ CCo(L+M?) +8|Vul2, +5/ [ (o +m)2i 5 dt. (3.30)
0

Choosing § small enough, (3.30) gives

a(T)
A3(0(T))+/ ||(p+m)%u||§2dt§%4+CCO+CMZCOSM,
0

M

provided Cy < &; é{l’ﬁ7ﬁ}‘ .

Lemma 3.5 Suppose that (p, m,u) is a smooth solution of (1.1)—(1.5) on Q x (0, T satis-
fying (3.5). Then there exists a positive constant C depending only on ©, i, p, m, M and Q
such that

o(T)
sup t||(p+m)%it||i2 +/ t||Vit||%2 dt<C. (3.31)
0<t=o(T) 0

Proof Taking 4 =1 in (3.27), and integrating over (0,0 (T)], by (3.5), (3.29) and (2.16), we
have

o(T)
1.2 .
sup t]|(p +m) i, +/ LIV}, dt
0<t<o(T) 0

o(T) 1 )
< cf t([[ (o + m)2i|) o (L+ IVl 2) + IVl 7o + [ Vuil 26 + 1| Vil 1) dt
0
o(T) B ) )
+C / |0+ m)2aa| 2 IV ull3, dt + CEIF | 2o 141134 5
0

o(T)
<C+ C/o [£(]| (0 + m)ie| ;o + 1P = Pocllys)* I Vatll 2 + £ Vel ] it

+ Ctl|VE| 2|Vl 2
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<C+C sup (t”(p + m)%u”;)% sup
0<t<o(T) 0<t<o(T)

+ Ct|[(p + m)ic] o IVl

<C+38 sup t||(p+m)%it||i2,
0<t<o(T)

which gives (3.31) when we choose enough small §.
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L oD
<||wniz)2f [Go+ )2 7 e
0

O

Lemma 3.6 If (p,m,u) is a smooth solution of (1.1)—(1.5) on 2 x (0, T satisfying the as-

sumption (3.5), then it holds that
T
/ 0%||P — P34 dt < CCo.
0

Proof A direct computation shows that

—(/(P—POO)3 dx)

= /(P—Poo)2Ptdx
= 3/(P—Poc)2(ypy +ozm°‘) divudx + 3‘/(P—Poo)2rode
:3/(P—Poo)2(y,oy +am"‘) divudx—/divu(P—Poo)sdx

F
:3/(P—Poc)2(ypy +ocm°‘)divudx—/—(P—Poo)3dx
21+ A

1
2u + A

/ (P - Py)dx,

which indicates that

1
03/(P—Poo)4dx
20+ A

= <o3/(P—Poo)3dx> —3020//(P—Poo)3dx

+ 303 /(P—Poo)z(yp’” + am") divudx —

3

20+ A

Combining (3.34), (2.14), and (3.5) with (3.7) implies that

T
/ 0?||P - Pl dt
0

T T
<P -Pl?s + C/ o'|IP - P2, dt+6/ 0%||P — P}, dt
0 0

T
+ C/ (IVullz, + o°|IFIl7,) dt
0

/ F(P - Py dx.

(3.32)

(3.33)

(3.34)
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T
< 5/ 0?||P = Poo |34 dt + CCy
0
’ 3 1,03
+C [ P (IVullz + 1P = Polly2) || (o +m) 2|}, dt
0
T
< 5/ 0?||P = Poo |34 dt + CCy
0
o(T) 3 1.2 % 2 % 1.2
+C (o ||(,0 + m)2u||L2) (O’HVMHLZ) o“(p + m)2u||L2 dt
0
poe@ o 14241 1.2
+CC, ; (a H(p+m)2u”L2) aH(,o+m)2uHL2dt
T
<5 [ o*Ip-Poliyde+ CCo
0
which yields (3.32) when we choose enough small §. O
Lemma 3.7 Assume that (p, m,u) is a smooth solution of (1.1)—(1.5) on Q x (0, T satis-
fying (3.5). Then there exists a positive constant C depending only on A, i, y, o, M, Q, p,
and m such that
1
A1(T) + Ay(T) < Cy, (3.35)
provided Cy < &;.

Proof By (2.16), (3.5), (3.7), and (3.32), it holds that

T
| oivultsar
0

T
<C [ o IVulla(lip 4 mbid s + 1P - Pulye)’ e
0
T
+c/ o®||Vul}, dt
0
T 3 1.02\3 2\3% 1.2
= [ @l mtali)} e1vat) oo mital}sae
T
+c/ 0®||P - Poo|% dt
0

1 T
+C(1 +c02)/ IVul?, dt
0

< CC,, (3.36)

which together with (3.13) and (3.14) gives

T
A1(T) + Ay(T) < CCo + C/ o | Vul?; dt. (3.37)
0
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It follows from (2.16), (3.5), (3.7), and (3.29) that
o(T)
| onvusar
0

o(T) 3 1. 3

< c/ o 19, ([ (o + m)bie] o + 1P~ Pocllze)  dle

0
a(T)
+ c/ o || Vull?, dt

0

oD 4 1.2 2
=< C/ (1P = Poolifs + VUl s + 03 |[(p + m) 2| o IVl + | Vuell7) et
0

2
<CCj. (3.38)

On the other hand, using (3.7), (3.36) and Young’s inequality, we can get

T T
f aIIVulligdth/ o |\ Vull 2 Vul}, dt
o(T) a(T)
T T
< C/ o | Vull?, dt+C/ o> Vull}, dt
o(T) a(T)

< CGo. (3.39)

By (3.36)—(3.39), we can obtain

S v

1
A(T) + Ay(T) < C(p,m,M)C§ <Cg, (3.40)

which gives (3.35) provided Cy < & = {e, ( O

1 6
C(ﬁyrh,M)) -

To get all the higher-order estimates and to extend the classical solution globally, we
must derive a uniform (in time) upper bound of the density.

Lemma 3.8 If (p,m, u) is a smooth solution of (1.1)—(1.5) on Q x (0, T] satisfying (3.5),
then there exists a positive constant € depending only on A, 1, v, o, poo, Moo, 2, M, p, and
m such that

(o +m), (3.41)

NN

sup || (o +m)(®)|) o <
0<t<T

provided Cy < e.

Proof First, the equations (1.1); and (1.1), can be rewritten as

Dy(p +m) =g(p +m) +b'(¢), (3.42)

where D,(p + m) = (p + m); + u - V(p + m), glp + m) = —ﬁ:ﬁ (P - Py), and b(t) =

- zﬂlﬂ fot(,o + m)F dt. On the one hand, for all 0 < ¢; <, <o (T), one deduces from (2.2),
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(2.12), (2.14), (3.5), (3.29), and (3.31) that

|b(t2) - b(11)|

ty a(T)
< c/ |(o + m)F|dt < c/ I E |l oo dt
t 0

a(T) 1 1 a(T) . 1
< c/ V1% IV, de < c/ [0 + mbia] 51Vl , de
0 0

IA

o 1.12\3 1.4 I DA
¢ [ o e mbal) o e mibig i) el a
0

o(T) Ly \8 [/ oD L\ 8
o[ dwrmtalian) ([ 1o mbil )
0 0
o(T) T/ pom L N3
X (f t||vu||§2dt) (/ ta dt)
0 0

< C(p + i, M)CJS.

A

a=

1 n
From Lemma 2.3, we choose N; = 0, Ny = C(p + /1, M)C,®, and ¢ = p + /n and then we use
(3.42) to get

L 3
sup o +mlle < p+m+C(p+mMC® < =(p+m), (3.43)
0<t<o(T) 2

provided

— 16
+m
Co < g2 2 mi Y A — .
0=63 mm{gz (2C(/3+n'1,M)> }

On the other hand, for o (T) < t; < t, < T, it follow from (2.2), (2.12), (2.14), and (3.5)
that

|b(t2) = b | <

2
t—t)+C F|* dt
-+ f 1E

<

1 T
th—t])+C F|% IVE|? dt
oy - /  VFIIVF,

1 r 1.2 .
(t—t)+C / [0 + m)bia| I Vicl2, de
+ A o(T)

=

2u

=

th—t CCy.
2M+?»(2 1)+ CCo

Now, choosing Ny = CCy, N; = ﬁ in (2.3) and setting f = p + m in (2.4), it gives that

forall;zf:ﬁ+rh,

¢
21+ A

prm _ 1
2L+A T 2w+

(P(¢) - Ps) < -Nj, (3.44)

g)=-
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which together with Lemma 2.3, (3.43), and (3.44) implies

3 7
sup  |lp+mlre < —~(p+m)+CCo < —(p +m), (3.45)
telo(T),T) 2 4,
provided
. p+m
Cy<e: 1 3.46
0=¢ mm{eg ac } ( )
The combination of (3.43) with (3.45) completes the proof of Lemma 3.8. O

4 A priori estimates (ii): higher order estimates
Suppose that (o, m, u) is a smooth solution of (1.1)—(1.5). To extend the classical solution

globally in time, assume that (3.46) holds, and the positive constant C may depend on

T, lgllz2, Vol s 10 = Pooll 2245

lmo — Mool 224, HP(PO: mo) = Poo HHzmwz,q:

for besides A, i, y, o, M, Q, M, p, and 171, where g € L?(Q) is gives as in (1.10), we can get
some necessary higher-order estimates.

Lemma 4.1 There exists a positive constant C, such that
. T
sup || (p +m)2i| +/ IVid|?,dt <C  and (4.1)
0<t<T 0
T
SUPT(||V0||L2nL6 + IVl 2ps + [ Vall) +/ (IVullz + | Vul| 5)dt < C.  (4.2)
0<t< 0

Proof By (3.19), (3.38), (3.39) and Lemma 2.6, it gives
2 ! 1.2 ! 4
iVulta+ [ emtil}de< [ 1vuitaeec,
0 0
which together with Growall’s inequality yields that
2 T L.y2
sup [[Vull;, + || (p + m)ZM“LQ dt<C. (4.3)
0

0<t<T

Choosing /2 = 0 in (3.27), we deduce from (2.12), (2.16), and (4.3) that
1.2 T C 2
sup (o +m)biclfy + [ 1Vl dt
0<t=<T 0
< C/ |Fu-Vn-u|ds—/ |Foug - V- ug| ds
a0 aQ
T
+ C/ (IVullZ, + IVul§y + 1Vl ) de
0

T
+/ (o +m)2id]| 3, (1 + 1Vl ) de
0
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< CIVEI2lIVulzs + IVFoll 2l Vol 7> + C

1

19u12,)* (sup 6o+ m)bi )
0<t<T

1
2
+<sup

0<t<T

T
| 1o mbal, ar
0

<3 sup H(,o + m)%itHiz +C.
0<t<T
Then choosing § small enough, it gives (4.1). Observe that for 2 < p < 6, it indicates that

(|V(p + m)|p)t +div(‘V(,o + m)‘pu) +(p- 1)|V(,0 + m)!pdivu
+p|V(p +m) |p_2(V(p + m))trVu(V(,o +m)) +pp +m)| V(o +m) |p_2V(p +m)

-Vdivu =0.
Integrating the above equality over © and using (2.12) imply that

(|Vlo+m)|,,), < C(L+IVull=) || V(o + m)| , + I VI

Mo

< C(L+IVul=) |V + m)|,, + C|[ (o + m)ic] . (4.4)

Mo

Moreover, by Lemma 2.8, (1.17), (2.12), and (2.16), for any 2 < p < 6, we have that

[V2ul| , < C(Ildiv ullyrp + || curl]lyip + || Vel 12)

< C(||(o + m)ic| ,, + VPl + | (p + m)i| ;5 + I Vusll 2 + |P = Pooll5). (4.5)
Next, it follows from (2.2), (1.17), (2.12), (2.13), (3.14), and (4.1) that

|| div ]| oo + || curl u|| oo
< C(IFll + 1P = Pogllzeo) + || curl ue]| oo
< C(IFl2 + IVl o + [l curlull 2 + |V curl ull s + 1)
< C(|(p+ mi] o + 1P = Pocllgz + I Vatll 2 + (o + m)ie] o +1)
<C(

| Vie|| 2 + 1). (4.6)
By Lemma 2.9, (4.5) and (4.6), we get

Vil oo < C(Il divullzee + || curl ]z ) In(e + | Vu|| 6) + C(I Vil 2 + 1)
< C(IIVill2 + 1) In(e + | V?u| ) + C(IVaell 2 + 1)
< C(IIVidllz2 + 1) In(e + || (o + m)ic ;6 + IV Pl 6 + [ Vuel] 12)
+C(IVull2 +1)
< C(IIVill2 + 1) (In(e + [|Viel| 2) + In(e + | V(o + m)| ) + C

< C(IViel}, + 1) + C(IVirll 2 + 1) In(e + | V(o + m) | ,6)- (4.7)
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Combining (4.7) with (4.4) yields

(in(e+ [V(o+m)] c)),

<C(1+ (IViel7, + 1) In(e+ | V(o + m)| ) + C(IVicll 2 + 1).
And then by Gronwall’s inequality and (4.1), we obtain

sup V(o +m)l| s <C. (4.8)

0<t<T

Moreover, (4.7) and (4.8) imply that
T
/ IV o dt < C. (4.9)
0

Using the above inequality, (4.4) and (4.9), when p = 2, yields that

sup V(o +m)|,, <C,
0<t<T

which together with (4.1), (4.5), and (4.8) gives

T
sup [V?ul,, <C and / |V2ul] o dt < C.
0

0<t<T

Hence, we finish the proof of Lemma 4.1. O

Lemma 4.2 There exists a constant C such that

T
1 2
sup [[(o +m)2ue| 5 + / IVue|7, dt < C, (4.10)
0<t<T 0
sup (1l = pocllz + l1m = Mol + 1P = Poclly2) < C. (4.11)
0<t<

Proof By Lemma 4.1, a simple computation shows that

o+ )2y < o+ m)2i 72 + (o4 m) 2 V|
< C+C|(p +m)2ul 33 VulZe

= C+Clp+ m)dul lul o Vuls <

and
T T ! 2
/|ww@ms/|wwém+/ﬂwwvmb”
0 0 °
T 2
<Co [Vl i | V2l de
0

T
< C+f (Il 21 Vel + | Vel dt < C,
0
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so we have (4.10). Using (1.1);, (1.2),, and (4.2), it shows that

(IV2(o +m)[ o), = C+ [V2ul o + IVulle) [V2 (0 + m) 1o + C | VPur]
< C(1+ | Vul 6 + I Vull=) | V(0 + m)| 2

+C(IVil2; +1), (4.12)
where in the last inequality,we have used the fact that

[V3ul| , < C(Ildiv ullyep + | curlu]lyzp + ||Vl 12)
< C(|[(o + m)ic| 1, + 1P = Pocllyp + [ Vaell 2
+ [ (o + m)ic|| 5 + |1P = Pocll2), (4.13)

for any p € [2,6] by (2.19)—(2.22) and (1.17).
Employing Gronwall’s inequality, (4.1), (4.2), and (4.12) leads to

sup H Vi(p +m) ”L2 <C.
0<t<T

Hence,
V2P|, < C|V*(p +m)|» <C. (4.14)
Therefore, the proof of Lemma 4.2 is completed. g

Lemma 4.3 There exists a constant C such that

T
sup (Lol + 1mell g+ 1Pl g1 ) +/ (loellZ2 + llmell 72 + I1Pell72) dt < C, - (4.15)
0

0<t<T

T
1 2
sup a||Vut||i2 + / o H (o + m)futtHLz dt<C. (4.16)
0<t<T 0

Proof Using (1.1);, (1.1),, we have

(p+m)s+u-V(o+m)+(p+m)divu =0, (4.17)
which together with (4.2) and (4.11) gives

|G+ m)e] > < Cllullz [ V(o + m)| 1 + CIVul 2 < ClIVatl|n + C < C. (4.18)

Combining (4.17) with (4.2), (4.11) implies

[V (o + my)|| > < ClIVulls | Vi + m)||
+ Cllull= || V2 (o + m)”L2 + C||V2u||L2

< ClIVullg1 | V(o + m)| 1 + CIVuln + C < C. (4.19)
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Due to the fact that P; + - VP + yp? divu + am® divu = 0, we have
I1Pellz2 < Cllullpe VPl 2 + ClIVull 2 < ClVullpn + C < C (4.20)

and

VP2 < CIVellzallpdlips + CIIV pellz2 + ClIVm| allmy | s + Cl Vgl 2

= ClIVellipdim + ClIVmlpllmellm + C < C. (4.21)
By applying (4.18)—(4.21), we get

sup (Hpt||H1 + ||l g + ||Pt||H1) <C (4.22)

0<t<T

Differentiating (1.1); and (1.1), with respect to ¢ implies
(o +m)y+u;-V(o+m)+u-V(os +my) + (s + my)divu + (o + m)divu, =0.  (4.23)
Combining (4.23) with (4.2), (4.10), and (4.22) yields
T 2 T 2 2 T 2 2
[+ mullzdt <C | Nl | Vo +m)|ade+ C | ulin | V(o + m)| 72 dt
0 0 0
T T
o [ ot mlia Vulfede+ € [ 1V de
0 0
T T )
< c/ IVi||?, dt + c/ |V?ul ,dt+ C <C.
0 0

Hence, it gives that

T T
/ 1Pull%s dt < C f (1oell%a + 1oul%s + Nl + llmnell%s) di
0 0
T
< c/ (loely + el ) de + C < C.
0

So, we get (4.15).
Next, differentiating (1.1); with respect to ¢ and then multiplying by u, yield that

2+ iz
( 5 I le’fit”iz + E” curlutlli2> + /(P + m)|uy)? dx
¢

:—/‘(p+m)tut~undx—/(p+m)tu~Vu-undx

—/(,o+m)ut-Vu-uttdx—/(,o+m)u-Vut-uttdx

5
- / VP, updx=:y I (4.24)

i=1
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It follows from (1.1);, (1.1),, (4.2), (4.10), and (4.15) that

h=—/1p+MLm-mnM

1 1
=—§</(p+m £t dx) 5/ p+m)tt|ut| dx
1 1 s
=3 /(,o+m Cue)? dx ) d1v(,ou+mu))t|ut| dx
1 2
=-c (o +m)i|u|” dx
2 t
+C([ 0+ m)e] s + [0 + myue]| ) IV atel 2 14
1
S—E(/@+WMWF¢O + ClIVug |7 (I Ve 172 + 1), (4.25)
t

—/(p+m)tu~Vu~uttdx

—</(p+m)tu~Vu~utdx) +/(p+m)”u-Vu~utdx
t

+/(,o+m)ut~Vu~utdx+/(p+m)u~Vut~utdx

—(/@+nﬂM'VMﬁh¢O +C|[ (o + m)u| o el 6 14| 16 || Ve 6
t

1 1
+C”(P+m)ZMtHLz||Mt||L6||VM||L3 + ClIVugl 2 lluell 6 ||(p+m)2u||L3
2

—</(,0 +m)ut - V- u; dx) + C(” (o + m)tt”L2 + ||Vut||i2 + 1), (4.26)

t
13+I4+15:—/(,0+m)ut-Vu-uttdx—/(,o+m)u~Vut-uttdx

—/VPt~uttdx

< C|[(p + m)Z | o it 6| Vil 3

+ Cl[ (o +m) 2 uee | o | Visell o N1l o

+ (/Ptdivutdx> —/Pttdivutdx
t

< 8] (o + m) 2|} + < / P, div dx) + C(IPe7> + I Viell72).  (4.27)

t

Choosing a suitably small positive constant § and using (4.24)—(4.27), we have

21 + A . jz
( 5 ol dlvut||i2 + 50’” curlut||22> +0o /(p + 1) |y | dx
t

1
5—(50/(,0+m)t|ut|2dx+a/(p+m)tu~Vu-utdx—a/Ptdivutdx>

t
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+ Co [1Pyllfz + Coll Vel o (I Vatel 7o + 1)

2
+Co |[(p +m)u > + ClIVue|7> + C. (4.28)
Integrating (4.28) over (0,T], using (1.1), (1.1), (4.10), (4.15) and Lemma 2.6 gives
2 T 1 2
o IVudllzs + | o[ (o +m)2uyl,,dt
0
1 ) .
< —50 (o +m)ilus|“dx—o | (o +m)uu-Vu-usdx+o | Prdivu,dx
T
+ C/ oI Va2 (I Vasell?> + 1) dt + C
0
1
< EO’ / div((p + m)u)lutlzdx + 80||Vut||i2
T
+ c/ oIV 2 (I Vatel|25 + 1) dt + C
0
1 2
<Co ” (o +m)2u, ||L2||Vut||L2 +30 (| Vuellya
T
+ c/ o IV 2 (I Vaael|?, + 1) dt + C
0
T
<380 (| Vuel?, + c/ o Va2, (I Ve |2, + 1) dt + C. (4.29)
0

Using (4.29), (4.10) and Gronwall’s inequality, we can obtain (4.16). O

Lemma 4.4 For any q € (3,6), there exists a positive constant C such that

sup (Il = poollw2a + 17 — Moo llw2a + |P = Pogly24) < C, (4.30)
0<t<T
T
sup o || Vul?, +/ (IVull2n + | V20| rq + o I Viell21) de < C, (4.31)
0<t<T 0

where po = (1, 52=5;) € (1, 7).
Proof By (4.13), (4.2), and (4.11), it gives

1V2u|| 0 < [|Go + m)i]) jp + IP = Pl + C
<[ V(o +my)| . +C

< C||Vu|2 +C, (4.32)
where we have used the fact that
19 (o + )2 < [ p + myic]» + [0 + m)Vie] < CVael2 + C.

Then, we deduce from (4.2), (4.10), (4.16), and (4.32) that

T
sup o | Val?, + / IVl dt < C. (4.33)
0

0<t<T
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Utilizing (4.2) and (4.15) implies that

IVuel < C(| ((0 + m)i), | 12 + IV Pl 2 + 11 Vot 12)
= C([[o + m)eis] o + | (o + )|
+ [ (o + m)(w - Vu)e| 5 + I Vusell2) + C
< C[[ o+ m)e| 5 I Vel 2 + C[[(p + m) 2] + Va2 + C

1
< ClIVullz2 + C||(p + m)Tuy | + C, (4.34)
where in the first inequality, we have used the a priori estimate similar to (4.5) since

{,U,Aut + A+ w)Vdivu, = (o + m)i); + VP, x€Q,

u;-n=0, curlu; x n=0, x € 0.

Combining (4.34) with (4.16) implies
T
/ o ||V, dt < C. (4.35)
0

It follows from (4.13), (4.1), and (4.11) that

”VZMH wia = C(”(,O + m)uH wha T IVPlwrg + IVl 2 + [|P = Peo|l 2 + 1P~ Pogllza)
= C(”(p + m)’;‘HLq + HV(('O + m)u) HL‘I +[IVP| za + H VZPHM + 1)

<C|V((p + m)ir)|| , + C||V?P|| , + ClI Vel 2 + C, (4.36)

1o

which together with (1.1); and (1.1), gives

(”Vz(p +m) ||L‘1)1: <C(IVuli= +1) “Vz(p + m)”Lq + C” vzu“ wla
< C[(IVullx + 1) V(0 + m) 4

+ |V ((o + m)ix) || 4 + Vel 2 + 1], (4.37)
and

[V (o +m)ir) | g < C|V(p +m)|| g llucioe + C| V(o + m)|| gl oo | Varll o

+ C|| V|l a + C||V2u| 1 + ClIV ] 7,2

6—q 3q-6

2q 2q 2
< ClIVuellz + CliVuell o IVuell 60 + CliVull +C

6-q

3¢-6 ¢
< C[IVueliz2 + (o IVuellz2) % (oI Vatelzn) 0 072 + [ Vullf +1]
2 3%t 2
< C||Vull;2 + C(a||Vut||H1) 072 +C||Vully, + C. (4.38)

Hence, integrating inequality (4.38) over [0,T], by (4.1) and (4.35), we obtain

T
/0 IV ((o +m)i) |75 dt < C. (4.39)
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Applying Gronwall’s inequality to (4.37), we deduce from (4.2) and (4.39) that

sup ||V2(,o + m) ”Lq <C (4.40)
0<t<T
and then

sup (IP = Peollwaa + 110 = pocllwa + 1m = mios [ly2q) < C.
0<t<T

It follows from (4.36), (4.39), (4.40), and (4.10) that

T
/ |V2ul?,, de < C.
0

wla
We finish the proof of Lemma 4.4. d

Lemma 4.5 There exists a positive constant C such that

T
sup o ([IVuell 2 + 1Vully2,) + / o?||Vuy?, dt < C, (4.41)
0

0<t<T
forany q € (3,6).
Proof Differentiating (1.1); with respect to ¢ twice gives

(o + m)usse + 2(p + m)etsee + (0 + M)t
+[(o + m)u - Vu+ (p+m)u; - Vi +u - Vuy)],
—2u+A)Vdivuy + uV x curluy + VPy = 0. (4.42)
Then, multiplying (4.42) by u, and integrating over 2, we conclude that

1(f(;o + m)uft dx) +(2u+A) /(div uy)dx + /(curl uy)? dx

2
3 2
=— | (o +m)yuy - Uy dx — 5 (o +m)u;, dx— | VPy - uydx

—/((,o+m)tu~Vu+(,0+m)ut~Vu+(p+m)u~Vut)touttdx

=Y Ji (4.43)

Now, we estimate all terms on the right-hand side of (4.43). First, by (4.2), (4.10), and
(4.15), it holds

Ji+h+]3

3
=—f(/0+m)tt”t'uttdx—5/(P+m)t|utt|2dx—/vptt'Mrtdx
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3
- /div((p + I)U) Uy - Uy dX + 3 / div((o + m)u) |ug|* dx + /Ptt div uy, dx
< —f((,o +m)u)t -V, -ty dx - /((p +m)u)t -Vuy - uydx
3 2 2
5 ((p + m)u) Vg - uy dx + C”Ptt”L2 + 8||Vutt||L2
=< C” (p+ m)t”L5||u||L6(||Vut||L2 Nsteell o + I Vgl 2 ||14t||L6)
+ 1 Vatge |l 2| (o + ) | o el oo

2 2
+ C(||Vut||L2||utt||L6 + [ Vugll 2 ||Mt||L6) H (o + m)u, ”La + C||P[t||L2 + 5||Vut:||Lz

= C(Hvut”iz + H (o + m)%utt “iz + ||Vut||i2 + ”Ptt”]Z}) + 5||Vutt||22r (4.44)
and
]4:—/((,0+m)tu-Vu+(p +m)ug - Vu + (p +m)u-Vut)t~uttdx
= —/(p +m)gu-Vu - uttdx—Z/(p +m)stty - Vb - Uy dx
—2/(,0 +m)u - Vg - u”dx—f(p +m)uy - Vi - Uy dx

—2/(,0 +m)us - Vi - uttdx—/(p +m)u - Vidg - Uy dx
< C|(p + m)ee|| 2 I Vatll 3 lluteel 6 N1l oo + C || (o + m)e | 13 Natell 16 11 Vel 3 e | 16
1
+C|[ (o + m)e| s I Vel 2 Nwaell s el oo + C (o + m) 2 s | 5 1| Vel 3 |22l 6
1
+C|[(p + m)ug | 311V uell 2 |12l s + ClIVatee 12| (o + m) 2 1age | o Nl ual] oo

= SHVutt”iZ + C” (p+ m)tt”iz + CH (p+ m)%uttuiz

+ C||Vut||iz(||vuc||iz + 1)‘ (4.45)
Due to the fact that
IVugll2 < C(” div ugl| 2 + |l curl Z4tt||L2)' (4.46)

Using (4.43)—(4.46) and choosing enough small §, we obtain

</(,0 + m)|utt|2dx) + ”Vutt”]%Z
t

< C”(P + m)ttHi2 + C” (o + m)%utt”iz

+ ClIPall + ClIVug |2 (I Vate | 72 + 1), (4.47)

which together with (4.10), (4.15), and (4.16) gives that

T
1 2
sup 02” (o + m)ZLt””L2 + / 02||Vuﬁ||i2 dt <C. (4.48)
T 0

0<t=<
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Furthermore, it follows from (4.34), (4.16), and (4.48) that

sup o[ V|7, < C. (4.49)

0<t<T

Finally, combining (4.36) with (4.38), (4.16), (4.30), and (4.33) that

sup 0| V|2, <C, (4.50)
0<t<T

which together with (4.48) and (4.49) gives (4.41), and this completes the proof of
Lemma 4.5. g

5 Proofs of Theorems 1.1 and 1.2
With the a priori proof in Sect. 3 and Sect. 4 at hand, we prove the main results of this
paper in this section.
Proof of Theorem 1.1 By Lemma 2.1, the problem (1.1)—(1.5) has a unique local classical
solution (p, m,u) on  x (0, T,] for some T, > 0. Now, we will extend the classical solution
(0, m, u) globally in time.
First, by (3.2) and (3.3), it is easy to check that

A1(0)+A2(0)=0, O0=<po+mo=<p+m,  A30)=M.

Then, there exists a T} € (0, T,] such that
1

0 < po + mg < 2(p + m), A(Th) + Ay(Th) <2Cy, As(o(Ty)) <2M. (5.1)
Set

T* = sup{T | (5.1) holds}. (5.2)

Clearly, 0< T; < T*. And forany 0 < 7 < T' < T*, one deduces from Lemmas 4.3—4.5 that

P = pso € C([0, TT; W>1),
m — my, € C([0, T); W29),
Vu; € C([z, T]; L9),

Vu, V2u € C([1, T); C(Q)),

(5.3)

where one has taken advantage of the standard embedding:
L>(t,T;H')NH' (1, T;H™") < C([r, T];L?), foranygq € [2,6).
This particularly yields

(o +m)uy, (p +m)dise C([x, T L?). (5.4)
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Next, we claim that
T* = 0. (5.5)
Otherwise, T* < co. By Proposition 3.1, it holds that
1
(p+m),  A(T)+A(T*)<Cq,  As(o(T%)) <M. (5.6)

O<p+m=

We deduce from Lemma 4.4, Lemma 4.5 and (5.4) that (o(x, T*), m(x, T*), u(x, T*)) sat-
isfy the initial data condition (1.7)—(1.10), where g(x) = (p + m)%it(x, T*), x € Q. Hence,
Lemma 2.1 shows that there is a T** > T*, such that (5.1) holds for T = T**, which con-
tradicts the definition of T*.

Using Lemma 2.1, Lemma 4.4, Lemma 4.5 and (5.3) indicates that (p, m, &) is the unique
classical solution defined on 2 x (0, 7] forany 0 < 7' < T™* = oo.

Finally, to finish the proof of Theorem 1.1, it remains to prove (1.14). It is easy to have
(P=Puo)s+u-VP+yp”divu + am® divu = 0. (5.7)
Multiplying (5.7) by 4(P — P,)?, one has
(IP = Psollfs), < Clldiv ]|, + C|P = Pooll}as
which together with (3.7) and (3.32) yields that
o0
/ (IP = Puollfs), dt < C. (5.8)
1
Combining (3.32) with (5.8) leads to
lim ||P - P74 = 0. (5.9)
t—00

For 2 < g < 00, by (5.9), we get

lim ||P — Pyl = 0. (5.10)
t—00
Notice that (3.7) imply
%
/(p + )2 ul* dx < (/(p " m)|u|2dx> lul® < CIVul?,. (5.11)

Thus, (1.14) follows provided that

lim || V|2 = 0. (5.12)
t—00
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Choosing / = 0 in (3.19), integrating it over (1,00) and using (2.16), (3.5), (3.7), and
(3.32), we get

° 2
[ sl a
1
<C [ (vl + 1Vl + 1Vul) de + IV, + CIP - P
1

S 3
5 .13
< Cf (IVulZ2 + I Vullfs + IVl + 1Vl L 11P = Poollzs + || (0 + m)ic| ;) dt + C
1

<C, (5.13)

where ¢(¢) = “22“ Il div ul|?, + 5|l curlu|?,. By (3.7), we obtain that

o0 o0
[ wvuides [Civuiar<c,
1 0

which together with (5.13) yields (5.12). O

Proof of Theorem 1.2 Now, we will prove Theorem 1.2 by contradiction. Suppose that
there exists some constant C; > 0 and a subsequence {t,,j j°=°1 with by, — 0O as j — 00, such
that | VP(-, t,,/.) lz- < Cy. Thanks to (2.2), for a = 3r/(3r + 4(r — 3)) € (0, 1), it holds that

| PG, ty) = Poo ”c@) < C|VP(, tw;) ir P, ty;) = Poo ”;a
< CCH|[P(x, ) — Poc || ;3 (5.14)
which together with (1.14) yields that
||P(x, t,,/.) — Py H @ ™ 0 as Ly, — 00. (5.15)

On the other hand, since (p, m, u) is a classical solution satisfying (1.1), there exists a
unique particle path x(¢) with xo(£) = xo such that

P(x(2),£) =0 forallt>0.
Hence, we have

”P(x, tnj) - Py = |P(x0(tn/): tnj) _Poo| =P, >0,

” C()

which contradicts (5.15). Then, we get the desired result (1.15). Hence, we complete the
proof of Theorem 1.2. 0
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