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1 Introduction
We consider blow-up dynamics of solutions to the initial boundary value problem for the
following damped wave equation on exterior domain

Uy — A+ %ut =f(u,u), (%) €(0,00) x QF,
u(0,x) = &f (x), ur(0,x) = eg(x), x€Q, (L.1)
M(t,x)h}gz = O) t > 0,
where f(u,us) = |ul?, |usl?, |us|? + |u|?(1 < p,q < 00). ju is a positive constant, ;= u; is the
scale invariant damping term. Q = B1(0) = {x||x| < 1} and Q¢ = R” \ B1(0). Let Br(0) =

{x||x| <R}, R > 2. The initial values f(x) and g(x) possess compact supports, which satisfy
(f(x),g(x)) € H'(QF) x L*(Q)
and

supp(f (x),g(x)) C Bg(0). (1.2)
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Let us recall several results on the Cauchy problem for nonlinear wave equation

uy — Au=f(u,u), (tx)e(0,00)xR",
u(0,x) = ef (x), u(0,x) = egx), xeR”,

(1.3)

where f(u,u;) = |ulP, |ul?, |u|P + |u|?. First, we introduce the related results of problem
(1.3) with power-type nonlinear term f(u, u;) = |u|?. In fact, when n = 1, ps(1) = co. While
n > 2, ps(n) is the largest root of the quadratic equation

y(p,n):—(n—l)p2+(n+1)p+2=0. (1.4)

We say that ps(n) stands for the Strauss critical exponent, which represents the threshold
between the blow-up dynamic of solution and the global existence of solution. Glassey [1]
verifies the blow-up of solution to the problem in the dimensions # = 2. John [2] proves
the non-existence of global solution to the problem for 1 < p < ps(3) = 1 + +/2 in the case
n = 3. Zhou [3] investigates the existence of global solution to the Cauchy problem in the
dimensions 7 = 4. Blow-up results and lifespan estimates of solution when # > 4 are con-
sidered in [4]. Upper bound lifespan estimate of solution to the small initial value problem
can be summarized as

_2p(p-1)
Ce vl 1<p<psn),

T(e) (1.5)

exp(Cs"p(p_l)), p = ps(n).

We are in the position to consider problem (1.3) with derivative-type nonlinearity |u,|”.
It has been conjectured that the non-existence of global solution occurs for p > 1 when n =

n+l

1. In addition, there is a critical exponent pg(n) = 75

that the solution blows up in finite
time if 1 < p < pg(n) (n > 2). This is the well-known Glassey conjecture studied by many
scholars. John [5] investigates the formation of singularity of solution to the problem when
n = 3. Masuda [6] proves that the solution to the problem blows up in finite time when
n < 3. Rammaha [7] establishes blow-up results of the problem in the case n > 4 in the
sub-critical case using iteration method. Zhou [8] obtains lifespan estimates of solution
for 1 < p < pg(n)(n > 2) as well as 1 < p < 0o (n = 1). Upper bound lifespan estimate of

solution to the problem with small initial values can be summarized as

,(L,L—l)—l
Ce 172, 1<p<pgn),
T(e) < {exp(Ce~? V),  p=pcn), (1.6)
oo, pG(”) <p < n_fz

The classical wave equation with combined type nonlinear terms |2 |” + |#|? has also been
widely discussed. The problem can be regarded as a material combination of power-type
nonlinearity |u|? and derivative-type nonlinearity |u;|’. When the spatial dimension n = 1,
Zhou and Han [9] show non-existence of global solution to the problem for 1 < p,g < occ.
Upper bound lifespan estimate of solution is derived by utilizing test function method.
Han and Zhou [10] prove the blow-up result of solution when (g —1)((n - 1)p —2) < 4. The
interested readers may refer to [11-13] for more relevant results.
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Recently, the research of semilinear damped wave equations attracts more attention (see
detailed illustrations in [14—22]). Let & be a solution for the following linear damped wave
equation, namely

Topik =0, (t,%) € (0,00) x R?, W)
u(0,x) =¢ef(x),  (0,x) =eg(x), xeR”,

ﬁtt - Au+

where 1 >0, B € R, f,g € C°(R"). We summarize the behaviors of solution as the follow-
ing four cases.

Scope of B Corresponding damping Behavior of solution

B<-1 Over damping Solution does not decay to zero
-1<pB<1 Effective Solution is heat-like

B=1 Scaling invariant Behavior of solution depends on u
p>1 Scattering Solution is wave-like

The case B < —1 is corresponding to the over damping. The solution does not decay to
zero in this case. Ikeda and Wakasugi [14] verify the existence of global solution for p > 1.
—1 < B < 1is the effective damping case. The solution behaves like that of heat equation,
which indicates that the term iz;; has no influence. Lin et al. [23] prove blow-up results of
the problem for 1 < p < pr(n), where the Fujita exponent pp(n) =1 + % Ikeda and D’Ab-
bicco [24, 25] obtain the precise lifespan estimates of solution to the problem. 8 =1 is
corresponding to the scale invariant case. The equation is an intermediate situation be-
tween wave- and heat-like. In this case, behavior of solution is determined by the value of
1, which provides a threshold between the effective and non-effective damping. Fujiwara
et al. [26] show blow-up result and lifespan estimate of solution in the critical case. 8 > 1 is
the scattering damping case. The solution behaves like that of wave equation. In this case,
the damping term has no influence. Lai and Takamura [27] derive the blow-up of solution
when 1 < p < ps(n).

Now let us come back to our problem (1.1). D’Abbicco [28] shows the existence of global
solution when

n=1,
n :2, (18)

n+2, n>3.

5
37
HZ13,

On the other hand, Wakasugi [29] proves the blow-up result when 1 < p < pr(n)(n > 1)
and 1 < p <pr(n+ p —1)(0 < u < 1). The lifespan estimate of solution satisfies

p-1
Cg 2-n-D | l<p<prn),u=>1,
T(e) < p<pr(n), (1.9)

. pl
Ce 20mu-D-D) - 1 <p<l+ ﬁ,o <p<l.
Wakasugi [30] illustrates that the behavior of solution is wave-like when p > 1. Takamura
[31] obtains the following lifespan estimate of solution

_2pp-1) n”+n+2
T(e) <Ce v, p<ps(m+2u),0< < ———. (1.10)
2(n+2)
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We observe that the lifespan estimate in (1.10) is better than that in (1.9) when n > 2.
Notice that ¢ = 2 is a special case. In general, applying the Liouville transform

v(t,x) =1+ t)%u(t,x),

we rewrite problem (1.1) as

_ p
A ity = (09 (0.00) x B,
(1+) 2 (1.11)

v(0,x) = ef (x), vi(0,x) = e{5f(x) + g(x)}, xeR"

In fact, we expect this exponent to have some relationship with pg(n). D’Abbicco et al. [32]
obtain formation of singularity of solution to the problem. The critical exponent is

pe(n) = max{pr(n),ps(n +2)}, n<3.

Meanwhile, the authors prove existence of global solution when p > p.(n) (1 = 2,3) and
blow-up of solution when 1 < p < p.(n) (n > 1). D’Abbicco and Lucente [33] obtain
the existence of global solution in higher dimensions n > 5 when ps(n +2) <p <1 +
2(max({2, Z2})71.

For problem (1.1) with f(u, u;) = |u:|?, Lai and Takamura [34] investigate the blow-up
result of solution when 1 < p < pg(n + 2u). Palmieri and Tu [35] show the formation of
singularity of solution when 1 < p < pg(n + o), where

2u, pelo1),
o0=12 wnelL2), (1.12)
W, € [2,00).

In addition, Hamouda and Hamza [36] obtain the blow-up dynamics of problem (1.1) with
fu,u) = |ug|? + |u|? in R” in the case y (p,q, n + 1) < 4, where

Y@, qm) =(qg-1)((n-1)p-2). (1.13)

We refer readers to [35, 37] for more details.

Motivated by the previous works in [9, 27, 34, 38—43], our main purpose is to consider
lifespan estimates of solutions to problem (1.1) on the exterior domain. We note that there
are several results for the wave equation on the exterior domain. Han and Zhou [9, 39, 40]
investigate the blow-up results of semilinear wave equations with the variable coefficient
on the exterior domain in different dimensions by utilizing the Kato lemma. Employing
the test function technique, we generalize the problems studied in [9, 39, 40] to problem
(1.1) with the scale invariant damping in the constant coefficient case. We observe that
Lai and Takamura [27, 34, 41] derive the lifespan estimates of solutions to the semilinear
damped wave equations in the scattering case (ﬁut, B > 1) with the iteration method,
where the nonlinear terms are power nonlinearity |u#|?, derivative nonlinearity |u,|?, and
combined nonlinearities |u|P + |u|7, respectively. Lai et al. [42] consider the blow-up result

of solution to the semilinear wave equation with the scale invariant damping term ()
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when 0 < p < po(n)(n > 2) with the improved Kato lemma. The novelty in this paper is that
we employ the cut-off test function technique (¥ = nsz/ do(x), nsz/ ®(t,x)), which is different
from the iteration method and improved Kato lemma in [27, 42] to verify the upper bound
lifespan estimate of solution to problem (1.1) with power nonlinearity |«|” when p > 0(n >
1). It is worth mentioning that Lai and Tu [43] investigate the semilinear wave equations

with the scattering space dependent damping (th B > 2) by making use of the test

function method (W = 172Tp/<l>(t, x), ;¥ (¢, x)). Upper bound lifespan estimates of solutions
to the problem with power nonlinearity |«#|” and derivative nonlinearity |u,|” are obtained,
respectively. However, we consider the problem (1.1) that contains the scaling invariant
damping term (75 #;). Furthermore, we derive lifespan estimates of solution to problem
(1.1) with combined nonlinear terms |z |? + |u|9. Utilizing the test function method, Chen
[38] shows the lifespan estimate of solution to the damped wave equation with derivative
nonlinearity |u;|” and combined nonlinearities |u;|” + |u|?, respectively. We extend the
problem in R” studied in [38] to the exterior domain. In addition, we establish the blow-up
result of solution to the initial boundary value problem (1.1) with the power nonlinearity
|u|?. To our best knowledge, the results in Theorems 1.1-1.3 are new.
The main results in this paper are presented as follows.

Theorem 1.1 Let p > 1. Assume that the initial values f (x), g(x) are non-negative functions
and do not vanish identically. It holds that

supp u(t, x) C {x|lx| <t +R}.

Then the solution of problem (1.1) with f(u,u,) = |u|’ blows up in a finite time. The upper
bound lifespan estimate satisfies

_2p(p-1)
Ceg vlom+n) | y(p,n+u)>0,n>3,
_ 2p(p-1)
T(e) <3 Ce 72w, y(p,2+pn)>0,n=2, (1.14)
2p(p-1)

Ce -wwmwvd —_pp? + up+4>0,n=1.

Theorem 1.2 Assume that the initial values f(x), g(x) are non-negative functions and do
not vanish identically. It holds that

supp u(t,x) C {x||x| < t+R}.

Then the solution of problem (1.1) with f (u, u;) = |u:\P blows up in a finite time. The upper
bound lifespan estimate satisfies

p-1
O TS Y
Ce - l<p<i;mg+Ln=3,
exp(Ce™®Y),  p=,t5+Ln=3,
p-1
T Br)p-1) 2 B
T(e) < Ce 7, l<p< Ton +1,n=2, (1.15)
exp(Ce™¥V),  p=g+1Ln=2,
R
Ce 1,(2+N)24(p—1) , 1 <p< ﬁ +1,n=1,
exp(Ce~? V),  p= ﬁ +1,n=1
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Theorem 1.3 Let p,q > 1. Assume that the initial values f(x),g(x) are non-negative func-
tions and do not vanish identically. It holds that

supp u(t,x) C {x||x| < t+R}.

Then the solution of problem (1.1) with f(u,u;) = |us|? + |u|? blows up in a finite time. The
upper bound lifespan estimate satisfies

___2p(g-1)
Ce +rans), y(p,g,n+u)<4,n>3,
___2p(g-1)
T({;‘) =<3 Ce +rbg2y, y(p, q,z + ’u) <4d,n=2, (116)
2p(q-1)

Ce Fwrarir ,  upg—up <4,n=1.
2 Proof of Theorem 1.1
2.1 Thecaseforn>3
We present the definition of energy solution and related lemmas.
Definition 2.1 Suppose that u is an energy solution of problem (1.1) on [0, T') if

ue C([0,T),H'(Q€)) N C'([0, T),L*(Q°)) N LY, (€ x (0, T))

and

T
afmg(x)\ll(o,x)dx+£/m uf(x)\II(O,x)dx+/o /ch(u,u,)\ll(t,x)dxdt

T T
:—/ / ut(t,x)llft(t,x)dxdt+/ / VuVV(t,x)dxdt
0 Q¢ 0 Q¢

! n
__/ / ——u(t,x)V,(t,x) dxdt
0o Jacl+t
! n
Ty ’ \I’ y 5 '
’ /o‘ /Qc (1+1)? u(t, x)W (£, x) dx dt on
for all W(¢,x) € C°([0, T) x Q).

Lemma 2.1 ([44]) There exists a function ¢o(x) € C*(Q€) (n > 3) satisfying the following
boundary value problem

Ado(x) =0, x€Qn=>3,
Po(®)lse =0, (2.2)

x| — oo, ¢o(x) — o0.
Moreover, for all x € QF, it holds that 0 < ¢o(x) < 1.

We introduce the following ordinary differential equation

N(t) — 1L+t“t) _ (D) =0. (2.3)
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Lemma 2.2 ([38]) The ODE (2.3) admits one solution
pn+l
Alt)=(1+ t)TKMTu(l +1),

where K,(z) is the second kind modified Bessel function. In particular, A(t) is a real and

positive function satisfying
A(0) = K% (1)>0, A (0) = —K% (1)<0, A () <0.

For large t, it holds that

At) = %@(1 +1)7et x (1 + O(ﬁ)) =-\(¢). (2.4)

Lemma 2.3 ([9]) There exists a function ¢1(x) € C*(Q€) (n > 1) satisfying the following

boundary value problem

Apr(x) = h1(x), xeQ\n>1,
d1(%)]aq =0, (2.5)

|x| — 00, ¢1(x) — fS”‘l exa) da)

n-1
Moreover, there exists a positive constant C, such that 0 < ¢1(x) < C(1 + |x|)~"z e for all
x € Q°,

We define the test function
&(t, %) = L(t)p1 (). (2.6)

Lemma 2.4 Letp > 1. Forall t > 0, it holds that

-y’

/ [d>(t,x)]1% dx < CA(tY (t+ Ry 2 ¢,
QeNf|x|<t+R}

where p’ = p%l’ and C is a positive constant.

Proof Using Lemma 2.3, we have

P
/ [Cb(t, x)] 1 dx
QeNf{jx|<t+R)
b
-1

- / [1(0)p ()]
QeN{|x|<t+R}
(n=1)p

t+R
§Cmm@mwMW</ L+r) "2 " dr
0

dx

<CApY (t+ RIS 2.7)

This completes the proof of Lemma 2.4. d
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Lemma 2.5 Let p > 1. For all t > 0, it holds that

(n=1)p’

T p_ _1 ue
/ / [@@tx)]7 T o) 7T dxdt <CT T+ "2,
0 Jaen{jx|<t+Rr}

b

st and C is a positive constant.

where p' =

Proof The direct computation shows

P 1

- [ o] e 7T ds
QNBR(0)

v 1
+/ [dD(L‘,x)]P‘1 Po(x) P T dx
(QA\BR(0)N{lx|<t+R}

= M (t) + Ma(2). (2.8)

We bear in mind 0 < ¢g(x) < 1 for all x € Q€. There exists a constant C € (0, 1) such that
¢o(x) > C when x € (Q2°\ Br(0)) N {|x| < ¢+ R}. Making use of Lemma 2.4, we acquire

M) = [®(6,0)]77 o) 7T dx

/(QC\BR(O))ﬂ{IxISHR]

(n=1)p

<CreY (t+ RV (2.9)

Taking advantage of Lemma 2.5 in [9], we have

M,y (t) < CA(t)? dist(x, 9Q) dx < CA(£)” . (2.10)
Q¢NBR(0)

We conclude

| [0(6,0)]7T go(x) 71 dx
QCNfjx|<t+R}

< CALY L+ Ry, (211)
Utilizing (2.4), we have
T b _ 1 T _—p 1 (n=1)p’
f / [@(£,%)] 77 ¢ho(x) 7T dxdth/ A Pt + R dt
0 Qe T/2
< T - (2.12)

This proves Lemma 2.5. d
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Proof of Theorem 1.1 Let n(t) € C*°([0, 00)) satisfy

1

1, t<i

n(t) = | decreasing, 1<r<1,
t>1

(2.13)
O;

and
m@wl<c, @) =<cC

Let n7(t) = n(+). Choosing W(z,x) = r;sz/(t)qﬁo(x) in (2.1) with f (i, u;) = |u|? and integrating
by parts, we obtain

T /
s/szcg(x)¢o(x)dx+8/9c Mf(x)¢o(x)dx+/o /Qc P o) dxdl
T / )
- [ [ et ey~ |

! M 9
p
+/o /;zc m“nT do(x) dxdt

n 20
" I—Huam;’ Po(x) dx dt

= 11 + 12 +13. (214)
Noting that
20" 9y,
ooy = T —n7 1,
o 20'2p' =1) 9y 2 20" 9y,
33TP—T'7TP "+ 5z T
we derive
|11|§CT_/ /|m7 qbo(x) dxdt
) T 2p 1_17 T i
<CT / / lulPny ¢o(x)dxdt / do(x) dx dt
C 0 QE
< Ty / / |u|pnT ¢>0(x)dxdt (2.15)

L un® " o)

| < CT- / /
|1+t

=t (/ / ut'nt ‘f’O(x)dxdf) (/ /Q ( ) ¢>o(x)dxdt>%
e[ a) ([ o)

;1 (T ,
<CT™% 4 —/ Iulpnsz do(x) dx dt
4 0 QC

dxdt

(2.16)
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and
5] < MnT po()| dxdt
. / by or v 3
<C 0 po(x) dx dt / / ad dxdt
- (/O /QC'”' i owyasar) ([ [ || oo
/ 1 T 20
<CT™\% 4 —/ lulPn do(x) dxdt. (2.17)
4 0 QC
From (2.14), (2.15), (2.16), and (2.17), we obtain
T ) )
Ci(f.2)e +/ |u|"n2Tp do(x)dxdt < CT™ %, (2.18)
0o Jar

where
i) =c( [ ewmars [ nf@mtds).

Setting W (¢, x) = nZTpl(t)CD(t, x) in (2.1) with f (4, u;) = |u|? and integrating by parts, we get

T
Cz(f,g)8+/ / |ulP W dx dt
0o Jac

T / T /
:/ / uatznszd>dxdt+2/ / udn? 0,® dxdt
Qe Q¢
2, 2p
/ /Qc amTP d)dxdt+/ /m s t)znTp ddxdt
+ / / un?’qal(x)(v(t)-x(t)-Lx(t)) dxdt
0 Qc 1+¢
T / T /
:/ / uafnzTPCDdxdt+2‘/ / uatnsz 0, P dxdt
Qe Qe
2p'
/ /QC BmT <I>dxdt+/ /Qc i t)2nT ddxdt

=I4,+15 +I6 +I7, (219)

where
Gff,g)=C ( / gx)A(0)¢p1 (x) dx + / (1A(0) = 1 (0))f (x)¢p1 () dx).
Q¢ Q¢

Using Lemma 2.5, we deduce

| 14| </ f |M3;77T d>|dxdt
SCT-2(/OT/Q |u|1’¢0(x)dxdt> (/ /Q O o (x)” Pldxdt)

S
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<cr? ( / / 2| ulP o () dc dt)p, (2.20)

T /
|5 5/ / |u8m2Tp 8¢<I>|dxdt
0 Jac

5CT‘1(/OT/QC |u|P¢0(x)dxdt> (/ /Ldﬂgqbo(x) Pldxdt)

14y ponrl T 2w Il7
<CT /" 2 </ / nr Iulquo(x)dxdt) . (2.21)
o Jar

In a similar way, we acquire

|

o, n p-ntl T ’ »
gl, || < CT 7" 2 < / / n?|u|ﬁ¢o(x)dxdt) ) (2.22)
0 Q¢

We conclude from (2.19), (2.20), (2.21), and (2.22) that

1
n+l P
Cy(f,g)e <CT A (/ / |u|p¢0 x)dxdt) .

This in turn implies

— T /
(Calf,g)e) T "5 < / / 02wl dolx) dx dt. (2.23)
0 Qe

From (2.18) and (2.23), we arrive at

2p(p-1)

T < Ce v, O

2.2 Thecaseforn=2
We are in the position to present several lemmas.

Lemma 2.6 ([38]) There exists a function ¢po(x) € C*(Q°) (n = 2) satisfying the following
boundary value problem

Ago(x) =0, xe€Qn=2,
do(x)|9q =0, (2.24)

|x] — oo, ¢Po(x) — o0.

Moreover, for all x € Q°, it holds that 0 < ¢o(x) < Clnr, where C is a positive constant, and
r=|x|.

When we set # = 2 in Lemmas 2.4 and 2.5, we obtain the following two lemmas.

Lemma 2.7 Let n=2and p > 1. Then for all t > 0, it holds that

f [®(t,2)] dx < Co(eV (¢ + R 7 e,
QEN{|x|<t+R}

where p’ = Ll and C is a positive constant.



Ren et al. Boundary Value Problems (2023) 2023:36 Page 12 of 25

Lemma 2.8 Let n=2and p > 1. Then for all t > 0, it holds that

T , ’ /
/ / [@(6,9)] ¢o() 7T dxdt < CTH % (In T) 77, (2.25)
0 Jaen(jx|<t+R}

b

where p’ = e

, and C is a positive constant.
Proof of Theorem 1.1 Similar to the derivation in (2.15)—(2.17), we acquire

T ) Lot 5
|11|SCT_2(/0 /Q C|u|p772Tp¢o(x)dxdt>p(/o /Q c%(x)dxdt)

T LT ’
< CTZ(/ t2lntdt)p (/ ul’n? ¢o(x)dxdt)p
0 0 Q¢

, 1 [T ,
<CT*¥* InT+ Z / / lulPn ¢o(x) dx dt, (2.26)
0 Q¢

N

and
/ 1 r 20
\L|,|I5| < CT*% InT + 2 / / lulPn do(x) dxdt. (2.27)
0 Q¢
Applying (2.14), (2.26), and (2.27), we obtain
T , ,
Ci(f,g)e + / / lul’n? ¢o(x)dxdt < CT>* InT. (2.28)
0 Q¢

Combining Lemma 2.8, we deduce

) T oy » T , 1 ?
| < CT- ( / / nT"|u|P¢o(x)dxdt> ( / / O go(x) 71 dxdt)
0 Q¢ 0 Q¢

942 pol 1 T 20 %
<CT 77/ 2 (nT) p( / f nT"|u|P¢0(x)dxdt> . (2.29)
0 Q¢

=

Similarly, we obtain

1
142kl T / r
s, |Is], 17| < CT A (In T)‘xlﬂ </ / r)2Tp|u|p¢0(x)dxdt> . (2.30)
0 Q¢

We conclude from (2.19), (2.29), and (2.30) that

(u—

T /
(Cz(f,g)g)pT_p+2_ - InT 5/ / nsz |ulP po(x) dx dt. (2.31)
0o Jar

From (2.28) and (2.31), we have

2p(p-1)

T < Ce 72, (]
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2.3 Thecaseforn=1
We present several related lemmas.

Lemma 2.9 ([38]) There exists a function ¢po(x) € C*([0,00)) (n = 1) satisfying the following
boundary value problem

Ago(x) =0, x>0,n=1,
¢0(x)|x=0 = 0, (2.32)

|x] = o0, ¢Po(x) — o0.

Moreover, there exist two positive constants Cy and Cs, such that Ci(x) < ¢o(x) < Cy(x) for
all x > 0.

Lemma 2.10 Letn=1and p > 1. Then, for all t > 0, it holds that
t+R , .,
/ [®(t%)] dx < CA(t) &7,
0

where p' = 1%, and C is a positive constant.

Proof Making use of Lemma 2.3, we obtain

t+R , t+R ’
/ [(tx)] dx= / [A(6)¢1(x)]" dx
0 0

t+R ,
<Aty / (CeY dx
0

< CA()Y . (2.33)
This finishes the proof of Lemma 2.10. d
Lemma 2.11 Let n=1and p > 1. Then, for all t > 0, it holds that

T t+R , 1 wy
/ / [@&x)] o) 7T dxdt <CT =+,
o Jo

where p' = 1%, and C is a positive constant.

Proof The direct calculation shows
t+R , 1
| Tl gutar 7 as
0
R , L
-~ [ L@ o 7
0

t+R , 1
+/ [®(t%)] do(x) 71 dx
R

= M3(t) + Ma(t). (2.34)
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We observe that 0 < ¢g(x) < 0o for all x > 0. There exists a positive constant C, such that

¢o(x) > C when R <x <t + R. According to Lemma 2.10, we have
t+R , 1 .,
Ma(t) = / [®(,%)] dox) 7T dx < CA(EY €'". (2.35)
R

Taking advantage of Lemma 2.5 in [39], we acquire

R , 1
M(0)= [ [00] o) 7
0
R 1 / /
S/ (Cx)"PIA(tY ¢ (%) dx
0
R
@t | 7 i d
< CA(ty /0 X P x
< CAY. (2.36)
We conclude that
t+R , 1 L
/ [, %)) ¢o(x) 7T dx < CA(Y €'". (2.37)
0

Therefore, we have

T 4R , T o )
/ / [@@&x] box) 7T dxdt < C / AP e tdt < cTH P, (2.38)
o Jo /2
This finishes the proof of Lemma 2.11. g

Proof of Theorem 1.1 Similar to (2.15)—(2.17), we derive

1
7

1
! CT—Z T t+R ” 2 dnd » T t+R dnd »
1] < lul’ny ¢olx) dxdt ¢o(x) dxdt
0 0 0 0
1 T v/ [T R . 2
< 5CT-2</ tzdt> (/ / lulPn? qbo(x)dxdt>
0 0 0

, 1 T t+R ,
<CT*% 4 2 / f |u|p772Tp ¢do(x) dx dt, (2.39)
o Jo

and
, 1 T t+R ,
L), 1I3] < CT* + ;L/ / IMIPUZTp $o(x) dxdt. (2.40)
o Jo

Applying (2.14), (2.39), and (2.40) gives rise to

T t+R , ,
Gi(f,8)e + / / ulPn? do(x)dxdt < CT>. (2.41)
0 0
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Making use of Lemma 2.11, we acquire

" T pt+R 2
|L| <CT |un? ®|dxdt
0 0

5

<CT~ (/ f 1"|u|1’¢0 )dxdt)
T R, L

x(/ / dr1 o(x)Pldxdt>

o Jo
pelan T (t+R - 3
<CT "'» 2</ / nr |u|p¢o(x)dxdt) . (2.42)
o Jo

In a similar way, we arrive at

551 lgl, | < CT7 7 ( / f i |u|f’¢o(x)dxdt)p. (243)
We conclude from (2.19), (2.42), and (2.43) that
» up T t+R oy
(Cf,0e) T 7 < / / Ny |ulf do(x) dx dt. (2.44)
o Jo
Applying (2.41) and (2.44), we obtain

__2p(p-1)

T < Cg -mw+up+d, g

3 Proof of Theorem 1.2
3.1 Thecaseforn>3
We introduce

o= 1% AL (t)—9<i> 3.1)
e, t=L, M) '

Let M € (1,T). Set ¥ = —niff/(t))»(t)(bo(x)(l)l(x). Choosing W(t,x) = 9;¢¥ in (2.1) with
f(u,u;) = |u|P and applying Lemma 2.1 lead to

Calf g+ / f e P03t (£)]3(8)| po(x)pn () v it
f /Q weny, (Do) (x) (A”(t) MO = 70 (t)> dxdt
* / / wd; My (OM(Opo(@)1 (x) dx dt
2 / / wdnzy (N (O)po(@) (x) dxdt

/ / win (OME)V do(x) Vb (x) et
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- ./ T /Qc ”tat’i MO Po®)1 (x) dx it
) / /Q w0y ()M(OPo(x)pr (v) d dt
* 2/ /Q wdlyy (DX (Opo(x)bs (x) dx e
' / /Q ey, (OMOVho(x) Vb1 (x) dv e

./ /Q ”‘amM (£)o(x) 1 (x) dx dt

= 18 + 19 +110 +111, (32)

where CB (f’g) == ch N(O)g(x)¢o(x)¢1 (x) dx + ./QC )\'(O)f(x)d)()(x)d)l (x) dx.

The direct calculation gives rise to

T , .
sl < CM_Z(/ / el 67 ’/\,(t)‘¢o(x)¢1(x)dxdt)p

</ _/] |<t+R) |)\ (t)| p- 1|)L(t)|1’ 1¢0(9€ ¢1(x)dxdt)

<o ( / [ |l wrdsat) (33)

N =

| < CM™! (/ / |“t|p91?/f/ |X (&) | o ()1 (x) dxdt)ﬁ
0o Jac

r 3
X (/ /C|N(t)|¢o(x)¢1(x)dxdt>p

< CM—I n+//.+l l (/ / |I/lt|p0217 |)» (t)|¢0(x ¢1(x)dxdt) , (3.4)

ol = C(/O fQE |”t|p91%f,|)~/(f)|¢o(x)¢1(x) dxdt)p
T 1 L N B ,
* (f / (V@7 207 (do@) 7 Vo () |7 1 (x) dxd’f)

<cu ( / / PO} | (1) pox) b1 (x) dxdt) (3.5)

and

r , 1
|111| =< CM_Z(/ /c |ut|p91%/1[7 |)‘-/(t)|¢)0(x)¢)1(x)dxdt>p

(/ /II . (@) p1|,\(t)|p T o) ¢1(x)dxdt)

SCM'Z*"“”“( / |ZCAXOE ¢1(x>dxdt). (36)

1
7
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It is deduced from (3.2)—(3.6) that
T .
e N A G A
0o Jac

n+p+l 1 T / 5
<cM T ,7( / /Q A |N(t)|¢0(x)¢1(x)dxdt>p. (3.7)
0 C

We introduce the following function

M T
F(M) = /1 ( /0 /Q a0 o) (062 dxdt)%do
T -
scm2 [ [ b @lowenony d (33)
0 Q¢

Differentiating (3.8) with respect to M gives rise to

4 1 r / /
FO0= 3z [ [ @l @ ded 59)

Combining (3.7), (3.8), and (3.9), we derive

AR P M) > C(Calf g)e + F(M))Y. (3.10)

Thus, we obtain

p-1
1= =1 (p-1)
2

2
T(e) < Ce , l<p< v 1, (3.11)

exp(Ce~ D), p= n+i—1 +1.

3.2 Thecaseforn=2

In this case, we achieve

5l < M2 E Y (nanyy ( /0 ' /Q ARG dxdt)’l’, (3.12)

sl < e (nany ( /0 ' /Q ARG dxdt)}’, (3.13)

ol = oM 55 anany (| [ b 0l dxdt)’l’ (314
and

Ll < CMF 7 ()7 ( /0 ! /Q P |1 0] ol () dxdt)'%. (3.15)

Making use of (3.2) and (3.12)—(3.15) leads to

T 2
Calf0)e + /0 /Q Jun |20 olo () dl
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+i 1 T / b
<MV nmyy < / / 4 PO |x’(t)|¢0(x)¢1(x)dxdt>p.
0 Q¢

Combining (3.8), (3.9), and (3.16), we derive

e (1 (p 1) (1 M)p IF/(M) > C(C3(f g)S +P(M))

As a result, we obtain

3.3 Thecaseforn=1

In this case, we acquire

LT e ’
Is| <CM~ |ut| 0ur | X (0| o(x)1 (x) dxdt )

i
2+2 2

ol < M T m ‘(/ / |ut|”92"’Ik(t)|¢o(x¢1(x>dxdt),
ol < CM™ / / P82 |1 (6)| pox)hy () dxdt)

and

1
1| < CM 25 (/ / P62 [N (0)| o )b )dxdt> .

Taking into account (3.2) and (3.19)—(3.22) yields

T /
Cs(f,g)8+/ / Iutlpnf\f ’X(t)‘qﬁo(x)qbl(x)dxdt
0 Q¢
1 240 1 T / ’l’
<cM ,,(/ / A ],\’(t)\¢0(x)¢1(x)dxdt> .
0 Q¢

Combining (3.8), (3.9), and (3.23), we derive

(Cs(f.g)e + F(M))".

Consequently, we conclude that

__pl
T(e) < 1 - EEE <p <gertl,
exp(Ce V), p=:2 4 1

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

Page 18 of 25



Ren et al. Boundary Value Problems (2023) 2023:36

4 Proof of Theorem 1.3
4.1 The caseforn>3

We introduce the following function

O;

IA

DB N
A

Nl= S e
* A
[T

¢(t) = { increasing,

6(2),

v

We set

i) =¢ ( AZ) Yu(t) = £ (8),

where M € (1, T), k is a positive constant. We obtain

929m(0)] < CM2y K (o),

[Beai(0)] = CM i @),

Choosing W(t,x) = Y (t)po(x) in (2.1) with f(u, u;) = |u|P + |u|? and integrating over
[0, T) x Q°, we have

T
/ /(|“t|p+|ulq)llfm¢o(x)dxdt
0 Q¢

T T
m
Z/o /QC uatzlﬁM¢o(x)dxdt+/o /Qcmuquso(x)dxdt

T n
_ / o) dxdt
0 Qc 1+¢

=112 +113 +114. (41)

We notice that supp v C [%,R]. We acquire
T
2] < / / |07 Yargpo (%) | dx dt
0o Jar
T 41-3-5) i
< CM-Z( | o dxdt)

0o Jae

T 1 7

X </ / 1//,\2,[¢0(x)dxdt)

0 |x|<t+R

n+l T i
<CR™7 < / / |l T a1po (%) dx dt) ! (4.2)
0 Qe

where g(1 - % - z%/) > 1 for some sufficiently large k. It holds that

T
|113I5C/ f
0 Q¢

o (%) ——

107 dxdt

Page 19 of 25
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N

T 1 T
< C(/ / || Trarepo (%) dxdt) ! </ 24 dt/ ¢o(x) dx) !
0o Jar 0 x| <t+R
_p4 il T é
0o Jar

In a similar way, we derive
1
4l T q
14l < CR7 ( | [ wmvsigas dt) . (34)
o Jar
Combining (4.1), (4.2), (4.3), and (4.4), we have

T
/ fﬂ (Jtal? + 10?) Yaschole) dx e
0 C

m1 (T i
=< CR72+ d (/ f |M|qu¢0(x) dxdt) !
0 Qe

+1 1 T
som B ] [ [ uitygnto) d, (45)
o Jar
which yields
T g
/ / |uelPYargpo(x) dxedt < CM™ a1, (4.6)
o Jar

Choosing W (¢,x) = —8,(n§4(t)k(t)¢1(x)) in (2.1) with f (i, u;) = |us|P + |u|? and integrating
over [0, T) x ¢, we obtain

T
C4(f,g)8+/(; /;Zc(|ut|p+ |u|q)775\(/1(t)|)L/(t)|¢1(x)dxdt
T
: : - 3
_/(.) Ac utﬂM(t)¢1(x) ()L () s t)L ®) )»(t)) dx dt
T T
2k ‘ )
+ /0 /Q D (OO () dwde +2 /0 fﬂ (0 02 e
T
Hk
- /0 /Q T (OMO () dx e
=I5 + 116 + 17, (4.7)

where Cy(f,g) = C(= [ gX)A (01 (x) dx + [oc AO)f (¥)A(0)p1 (%) dx).
Furthermore, the direct calculation shows

|02nk,(8)] < CM26),(0),
|9 ()| = CMT1 057 ().

Applying Lemma 2.5 gives rise to

T
5] < / fﬂ 102320 ()10 b () e it
0 C

Page 20 of 25
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' ;
sCM-Z( [ |ut|1’9;4(t>¢o(x)dxdt)
0 Q¢

M
k=2p 4 _ﬁ »
§ </12w /,K“RQM O[O ()| po(x) dxdt)

=

il nl T . 1%
=M (./ / lut|p9M(t)¢o(x)dxdt) .
0o Jar

Similarly, we obtain

1
e, n_nl T v
Lol <CM 27w T( / / |ut|”9§4(t)¢o(x)dxdt>p,
0 Qc

oy lyn_n-l T 5
| <CM 7Yz (f / Iutlp@'\}(t)(ﬁo(x)dxdt)p-
0 Q¢

Using (4.7), (4.8), (4.9), and (4.10), we have

1
_“%*i/_nTJ ‘ vk »
Cu(f,9)e < CM v s [Py (D)o (x) dxdt )
0 Q¢

which in turn implies

(n+p-1)p

(C4(f,g)£)pM"_ 7 < /OT " |ut|p9,’f4(t)¢o(x) dxdt.
Since
o) < Yaa(8) = 3y 0),
combining (4.6) and (4.11), we obtain
___2p(g-D)

T < Cg +rbantp

4.2 The caseforn=2

In this case, we derive

T
12| < CM_Z/ / |uaio(x)| dxdt
o Jar

S T 7T a3 ;
<CM t“Intdt 6|19, Po(x) dx dt
0 0o Jar

243 1/ rT i
<CR 74 (InR)? (f / | Trarepo (%) dxdt) ,
0o Jac

3 1 T 7
[113], [T14] < CR*'7 (InR)7 </ / |M|q1/fM¢o(x)dxdt)q-
o Jac

Page 21 of 25
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Combining (4.1), (4.12), and (4.13), we obtain

T

[ [ e+ ety psaguto) dwa
0 Jac
g dl 1 (7
<CM“ 4 1InM + —/ / |ue| T o (x) dx dt,
2 0 Q¢

which results in

r +1
/ / luts P prpo(x) doc dt < CMZ_ng InM.
0 Q¢

Similar to the derivation in (4.8), applying Lemma 2.8, we deduce

T 5
lis] < CM-z( [ [ el dxdt)
0 Q¢
(f / 052 (0|1 (8) 1 () o)™ Ffdxdt)
|x]<t+R

T
<o <1nM)p( [] |ut|f’6§4(t)¢o<x>dxdt) .
0 Q°

S

ST

In a similar way, we acquire

sl < CM ™ T 7 (In ) ,,( / / |ut|peM(t)¢o(x>dxdt> ,

ol < oM™ 21+1(1HM)-( / / |ut|peM(t>¢o<x>dxdr> .

Using (4.7), (4.16), (4.17), and (4.18), we obtain

(u+l)p

T
(Calf@)e)’M* 2 InM < /0 Qc|ut|p01'f4(t)¢o(x)dxdt.

Combining (4.15) and (4.19), we conclude that

__ 2p(g-1)
T < Cg 4+rWba2ew

4.3 Thecaseforn=1
In this case, using Lemma 2.9, we obtain

Y r q(lf%*% q
2| < CM 2| T4y ¢o(x) dxdt
0o Jae

T A L
x ( / f ¥ 2o (x) dxdt)"
0 Jix|<t+R

ol (T N [T a0-}-34) i
<CM / todt / / 2|y, Po(x) dx dt
0 0o Jar

(4.14)

(4.15)

(4.16)

(4.17)

(4.18)

(4.19)

Page 22 of 25
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3 T i
<CR*7 < f / || Warcbo (x) dx dt) ‘- (4.20)
0 Q¢

and

3 T i
L), 1ha| < CR™'Y (/ / | Yrarcpo(x) dxdt) " (4.21)
0o Jar
Making use of (4.1), (4.20), and (4.21), we derive
T ) a1
/ / |uePYaadpo(x) doxdt < CM™ 4T, (4.22)
0o Jar

Similar to (4.8), utilizing Lemma 2.11 gives rise to

T b
|115I§CM2( / /Q |ut|P9]ﬁ(t)¢o(x)dxdt)
0 C

3=

M
k=-2p' v 71%1 »
* (./% /xﬂmeM OOd1@)[ o) dxdt)

1 T 5
<cm iy ( / f |11, P 6%, (£) o () dxdt)p. (4.23)
0 Q¢

In a similar way, we acquire

T 1
144 Pk »
lhel =< CM 4 |12 [P 0 (D)o (x) dx dlt
0 Q¢

) (4.24)
w1 T 5
ol < cv 8 ( / / P60, (Do) dxdt) . (4.25)
0 Q¢
Applying (4.7), (4.23), (4.24), and (4.25), we observe
M“p r
(Calfo)e)’ M7 < / / |us [POX () o (%) dx dt. (4.26)
0 Q¢

Making use of (4.22) and (4.26), we have

__2p(g-1)
T < Cg Fwparup

Acknowledgements

The author Sen Ming would like to express his sincere thanks to Professor Yi Zhou for his guidance and encouragement
during the postdoctoral study in Fudan University. The author Sen Ming also would like to express his sincere thanks to
Professor Ning-An Lai for his helpful suggestions and discussions.

Funding

The project is supported by Natural Science Foundation of Shanxi Province of China (No. 201901D211276), Fundamental
Research Program of Shanxi Province (No. 20210302123045, No. 202103021223182), National Natural Science Foundation
of PR. China (No. 11601446).

Availability of data and materials
Not applicable.



Ren et al. Boundary Value Problems (2023) 2023:36

Declarations

Competing interests
The authors declare no competing interests.

Author contributions
All authors contributed equally in this paper. All authors read and approved the final manuscript.

Author details
'Department of Mathematics, North University of China, College Road, 030051, Taiyuan, China. ?Data Science and
Technology, North University of China, 030051, Taiyuan, China.

Publisher’s Note

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.

Received: 15 January 2023 Accepted: 22 March 2023 Published online: 04 April 2023

References

1.
2.

20.

21.
22.

23.

24.

25.

26.

27.

Glassey, R-T.: Existence in the large for u, — Au = f(u) in two space dimensions. Math. Z. 178(2), 233-261 (1981)
John, F: Blow-up of solutions of nonlinear wave equation in three space dimensions. Manuscr. Math. 28, 235-268
(1979)

. Zhou, Y: Cauchy problem for semilinear wave equations in four space dimensions with small initial data. Partial Differ.

Equ. 8, 135-144 (1995)

. Sideris, T.C.: Non-existence of global solutions to semilinear wave equations in high dimensions. J. Differ. Equ. 52(3),

378-406 (1984)

. John, F: Blow-up for quasilinear wave equations in three space dimensions. Commun. Pure Appl. Math. 34, 29-51

(1981)

. Masuda, K.: Blow-up of solutions of quasilinear wave equations in two space dimensions. Rece. Topi. Nonl. Pde. 6,

87-91(1983)

. Rammaha, M.A.: Finite time blow-up for nonlinear wave equations in high dimensions. Commun. Partial Differ. Equ.

12(6), 677-700 (1987)

. Zhou, Y. Blow-up of solutions to the Cauchy problem for nonlinear wave equations. Chin. Ann. Math. 22B(3),

275-280 (2001)

. Zhou, Y, Han, W.: Blow-up of solutions to semilinear wave equations with variable coefficients and boundary. J. Math.

Anal. Appl. 374(2), 585-601 (2011)

. Han, W, Zhou, Y.: Blow-up for some semilinear wave equations in multispace dimensions. Commun. Partial Differ.

Equ. 39(4), 651-665 (2014)

. Dai, W, Fang, D.Y, Wang, C.B.: Global existence and lifespan for semilinear wave equations with mixed nonlinear

terms. J. Differ. Equ. 267(5), 2238-3354 (2019)

. Hidano, K, Wang, C.B,, Yokoyama, K:: Combined effects of two nonlinearities in lifespan of small solutions to

semilinear wave equations. Math. Ann. 366, 667-694 (2016)

. lkeda, M., Sobajima, M., Wakasa, K.: Blow-up phenomena of semilinear wave equations and their weakly coupled

systems. J. Differ. Equ. 267(9), 5165-5201 (2019)

. Ikeda, M., Wakasugi, Y.: Global well posedness for the semilinear wave equation with time dependent damping in the

overdamping case. Proc. Am. Math. Soc. 148(1), 157-172 (2020)

. Liu, MY, Wang, CB.: Global existence for semilinear damped wave equations in relation with the Strauss conjecture.

Discrete Contin. Dyn. Syst. 40(2), 709-724 (2020)

. Ming, S, Lai, S.Y, Fan, X.M.: Lifespan estimates of solutions to quasilinear wave equations with scattering damping.

J. Math. Anal. Appl. 492, 124441 (2020)

. Ming, S, Lai, S.Y, Fan, X.M.: Blow-up for a coupled system of semilinear wave equations with scattering dampings and

combined nonlinearities. Appl. Anal. 101(8), 2996-3016 (2020)

. Ming, S, Yang, H., Fan, XM.: Blow-up and lifespan estimates of solutions to the weakly coupled system of semilinear

Moore-Gibson-Thompson equations. Math. Methods Appl. Sci. 44, 10972-10992 (2021)

. Wirth, J.: Solution representations for a wave equation with weak dissipation. Math. Methods Appl. Sci. 27, 101-124

(2004)

Wirth, J.: Wave equations with time dependent dissipation. I. Non-effective dissipation. J. Differ. Equ. 222, 487-514
(2006)

Wirth, J.: Wave equations with time dependent dissipation. II. Effective dissipation. J. Differ. Equ. 232, 74-103 (2007)
Wakasugji, Y.: Scaling variables and asymptotic profiles for the semilinear damped wave equation with variable
coefficients. J. Math. Anal. Appl. 447, 452-487 (2017)

Lin, J,, Nishihara, K., Zhai, J.: Critical exponent for the semilinear wave equation with time dependent damping.
Discrete Contin. Dyn. Syst. 32,4307-4320 (2012)

D'Abbicco, M, Lucente, S, Reissig, M.: Semilinear wave equations with effective damping. Chin. Ann. Math., Ser. B 34,
345-380(2013)

lkeda, M., Wakasugi, Y.: A note on the lifespan of solutions to the semilinear damped wave equation. Proc. Am. Math.
Soc. 143, 163-171 (2015)

Fujiwara, K., Ikeda, M., Wakasugi, Y. Estimates of lifespan and blow-up rates for the wave equation with a time
dependent damping and a power type nonlinearity. Funkc. Ekvacioj 62(2), 157-189 (2019)

Lai, N.A,, Takamura, H.: Blow-up for semilinear damped wave equations with sub-critical exponent in the scattering
case. Nonlinear Anal. 168, 222-237 (2018)

Page 24 of 25



Ren et al. Boundary Value Problems (2023) 2023:36 Page 25 of 25

28.

29.

30.

31

32.

33

34.

35.

36.

37.

38.

39.

40.

42.

43.

44,

D'Abbicco, M.: The threshold of effective damping for semilinear wave equations. Math. Methods Appl. Sci. 38,
1032-1045 (2015)

Wakasugi, Y. Critical exponent for the semilinear wave equation with scale invariant damping. In: Fourier Analysis,
Trends in Mathematics, pp. 375-390. Birkhauser, Cham (2014)

Wakasugji, Y. On the diffusive structure for the damped wave equation with variable coefficients. Osaka University,
(2014)

Takamura, H.: Improved Kato's lemma on ordinary differential inequality and its application to semilinear wave
equations. Nonlinear Anal. 125, 227-240 (2015)

D'Abbicco, M, Lucente, S, Reissig, M.: A shift in the Strauss exponent for semilinear wave equations with a not
effective damping. J. Differ. Equ. 259, 5040-5073 (2015)

D'Abbicco, M., Lucente, S.: Nlwe with a special scale invariant damping in odd space dimension. J. Mod. Dyn. 2015,
312-319(2015)

Lai, N.A,, Takamura, H.: Non-existence of global solutions of nonlinear wave equations with weak time dependent
damping related to glasseys conjecture. Differ. Integral Equ. 32, 37-48 (2019)

Palmieri, A, Tu, ZH.: A blow-up result for a semilinear wave equation with scale invariant damping and mass and
nonlinearity of derivative type. Calc. Var. Partial Differ. Equ. 60(2), Article ID 72 (2021)

Hamouda, M., Hamza, M.A.: Improvement on the blow-up of the wave equation with the scale invariant damping
and combined nonlinearities. Nonlinear Anal,, Real World Appl. 59, 103275 (2021)

Hamouda, M., Hamza, M.A.: Blow-up for wave equation with the scale invariant damping and combined
nonlinearities. Math. Methods Appl. Sci. 44, 1127-1136 (2021)

Chen, YM.: A new method for blow-up to scale invariant damped wave equations with derivatives and combined
nonlinear terms. Symmetry 14(2), Article ID 198 (2022)

Han, W.: Blow-up of solutions to one dimensional initial boundary value problems for semilinear wave equations with
variable coefficients. J. Partial Differ. Equ. 26(2), 138-150 (2013)

Han, W.: Concerning the Strauss conjecture for the sub-critical and critical cases on the exterior domain in two space
dimensions. Nonlinear Anal.,, Theory Methods Appl. 84, 136-145 (2013)

. Lai, N.A, Takamura, H.: Non-existence of global solutions of wave equations with weak time dependent damping and

combined nonlinearity. Nonlinear Anal.,, Real World Appl. 45, 83-96 (2019)

Lai, N.A,, Takamura, H., Wakasa, K.: Blow-up for semilinear wave equations with the scale invariant damping and super
Fujita exponent. J. Differ. Equ. 263, 5377-5394 (2017)

Lai, N.A,, Tu, ZH.: Strauss exponent for semilinear wave equations with scattering space dependent damping. J. Math.
Anal. Appl. 489(2), Article ID 124189 (2020)

Fino, A.Z.: Finite time blow-up for wave equations with strong damping in an exterior domain. Mediterr. J. Math.
17(6), 174 (2020)

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com




	Blow-up of solutions to the semilinear wave equation with scale invariant damping on exterior domain
	Abstract
	Keywords

	Introduction
	Proof of Theorem 1.1
	The case for  n >=3 
	The case for  n = 2 
	The case for  n = 1 

	Proof of Theorem 1.2
	The case for n>=3
	The case for n=2
	The case for n=1

	Proof of Theorem 1.3
	The case for n>=3
	The case for n=2
	The case for n=1

	Acknowledgements
	Funding
	Availability of data and materials
	Declarations
	Competing interests
	Author contributions
	Author details
	Publisher's Note
	References


