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1 Introduction

Neutral delay differential equations (NDDEs) are a family of differential equations depend-
ing on the past as well as the present state that involve derivatives with delays as well as
the function itself. The study of the neutral functional differential equations is essentially
based on the questions of the action and estimates of the spectral radii of the operators in
the spaces of discontinuous functions, for example, in the spaces of summable or essen-
tially bounded functions.

NDDEs have many interesting applications in various branches of science such as,
physics, electrical control and engineering, physical chemistry, and mathematical biology,
etc., see [4].

The existence and uniqueness of periodic solutions for NDDE are of great interest in
mathematics and its applications to the modeling of various practical problems, see [11,
13, 15]. There have been many papers written on the various aspects of the theory of
periodic function differential equations (FDE) and periodic NDDE, see for example [1-3,
5-7,9,10, 12, 14, 16-21, 23, 24].

In 2014, Xin and Zhao [24] established sufficient conditions for the existence of a peri-

odic solution to the following neutral equation with variable delay

(x(6) = cOx(t - 8()))" +f(£.2@®)) + g(t, (¢ — T(2))) = e(?).
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In 2018, Mahmoud and Farghaly [19] studied the sufficient conditions for the existence

of a periodic solution for a kind of third-order generalized NDDE with variable parameter

a3 .. .
e (%) — c@)x(t = 8(2))) +f(5:3(0)) + g(, %)) + h(t,x(¢ — T(2))) = (),
where |c(t)| # 1,¢,8 € C*(R,R) and ¢, § are w-periodic functions for some w > 0,7,e €
C[0,w] and fo t)dt = 0; f, g, and & are continuous functions.
In 2022, Taie and Alwaleedy [22] investigated the existence and uniqueness of a periodic
solution for the third-order neutral functional differential equation

3 (x(0) —d@)x(t - 8(2))) + a(O)i + b(e)f (¢, %(2))

S..|%

where, |d(t)| #1,d,8 € C}(R,R) are w-periodic functions for some w > 0, §(¢) < 1 forall t €
[0,w];a,b,c;,e(i = 1,2,...,n) are continuous periodic functions defined on R with period
o >0, such that g, b, ¢; have the same sign and fow e(t)dt = 0; f, g are continuous functions
defined on R? and periodic in the first argument.

The aim of this paper is to investigate sufficient conditions ensuring the existence and

uniqueness of a periodic solution for the following third-order NDDE

d3
s (x(t) - otx(t - y(t))) + af(a'c(t))éé(t) + bg(t,a'c(t))

+Zc, x(t- (1)) = el®), (1.1)

where, y;,e: R — R are T-periodic, |a| #1, y € C*(R,R), y are T-periodic functions for
some T'>0,y,e € C[0, T], and fo t)dt = 0; f, g, and h are continuous functions defined
on R? and periodic in ¢ with f(u(t)) = f (u(T)), g(t, u(t)) = g(t + T, u(t + T)), h(x(t)) = h(x(t+
T)), and g(¢,0) = 0.

2 Preparation

Let Cr = {x € C(R,R) : x(¢t + T) = x(¢£), t € R} with the norm ||x||oc = maxe[o,r] [%(¢)|, then
(Cr, || - lloo) is a Banach space. Here, the neutral operator A is a natural generalization of
the familiar operator A; = x(£) — cx(t — 8), Ay = x(t) — c(¢)x(t — §). However, A possesses
a more complicated nonlinearity than A;, A,. Then, for example the neutral operator .A;
is homogeneous in the following estimate %(Alx)(t) = (A1%)(¢), but the neutral operator
A is inhomogeneous in general. Hence, many of the new results for differential equations
with the neutral operator A, will not be a direct extension of known theorems for NDDEs.

Moreover, define an operator A : Cr — Cr as

(Ax)(t) = x(t) — ax(t -y (1)), (2.1)

where, |a| #1, y € C2(R,R) is T-periodic for some T > 0.
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Lemma 2.1 ([24]) If |a| # 1, then the operator A has a continuous inverse A™' on Cr,

satisfying
1@+ Y dfs -t v, for lal < 1,Yf € Cr,
1) (A7) = M T -
(1) (A7) :_ﬂﬂTy(It»_zﬂ aj1+1f(s+y(t)+zll,:}y(Di)), for | > LYf € Cp;

@) 1(A7)@)] < ks, vf € Crs
3 fy (ANOIde < = [ If(@)]dt, ¥f € Cr;
where Dy =t, Dj,1 =t — Zéﬂ y(D),j=1,2,....

Let X and Y be real Banach spaces and L : D(L) C X — Y be a Fredholm operator with
index zero, here D(L) denotes the domain of L. This means that ImL is closed in Y and
dimKerZ = dim(Y/ImL) < +00. Consider supplementary subspaces Xj, Y1, of X, Y, re-
spectively, suchthat X =Ker L@ X;, Y =ImL@ Yy,andletP; : X — KerLand Q;,: Y — 1)
denote the natural projections. Clearly, KerL N (D(L) N X;) = {0}, thus the restriction
Lp, := LIpuynx; is invertible. Let L;ll denote the inverse of Lp, .

Let 2 be an open bounded subset of X with D(L) N2 # . Amap N : 2 — Y is said to be
L-compact in Q if Q;N(R2) is bounded and the operator L1_>11 (I- Q)N : Q — X is compact.

Lemma 2.2 (Gaines and Mawhin [8]) Suppose that X and Y are two Banach spaces, and
L:D(L) C X — Y is a Fredholm operator with index zero. Furthermore, Q C X is an open
bounded set and N : Q@ — Y is L-compact on Q. Assume that the following conditions hold:
(1) Lx # ANx, forall x € 9Q N D(L), A € (0,1);
(2) Nx¢ImlL, forallx € 9Q2 NKerL;
(3) deg{JQ1N,2NKerL,0} #0, where ] : Im Q; — Ker L is an isomorphism.
Then, the equation Lx = Nx has a solution in Q@ N D(L).

3 Existence result
In this section, we will study the existence of a periodic solution for (1.1).
Now, we rewrite (1.1) in the following form:

4 (Ax)(2) = %5 (8),
L (Ax)(8) = &a(8) = 23(2), 3.1)
&s(£) = —af (o1 ()& (8) — bg(t,41(8) - Y1, cih(@, (& - vi(2))) + e().

Here, if x(£) = (x1(t),%2(£),%3(¢)) " is a T-periodic solution to (3.1), then x;(£) must be a
T -periodic solution to (1.1). Thus, the problem of finding a T-periodic solution for (1.1)
reduces to finding one for (3.1).

Recall that C7 = {¢p € C(R,R) : ¢p(t + T) = ¢(¢)} with the norm ||¢|| = max,c(o,7]|P(£)].
DefineX =Y = Cr x Cr = {x = (1 (), %2(-), 23(:)) € C(R,R®) : x(¢) = x(t + T), t € R} with the
norm ||x|| = max{||xy |, [|#2]], ||[x3]|}. Clearly, X and Y are Banach spaces. Moreover, define

L:D(L) = {xe CI(R,RB) cx(t+T) :x(t),teR} CcCX—Y,
by

£ (Ax1)(2)
(Lx)(t) = ®(2)
x3(t)
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Also, we can define N : X — Y by

x5(t)
(Nx)(t) = x3(t) . (3.2)
—af (&1(£)%1(2) - bg(t, %1 () — D -, cih(x (£ — yi(t))) + e(t)

Then, (3.1) can be converted to the abstract equation Lx = Nx. From the definition of L,

we obtain
7 [y1(s) 0
KerL ~ R3, ImL = er:/ ya(s) | ds=]0
0
y3(s) 0

Therefore, we find that L is a Fredholm operator with index zero. Let P; : X — KerL and
Q;: Y — ImQ; C R? be defined by

(Ax1)(0) L (7
Pix= x,(0) ; Qly = ? / yZ(S) ds,
x3(0) ® \yss)

then ImP; = KerL and KerQ; = ImL. Set Lp, = L|(p@)nkerp;) and L;i :ImL — (D(L) N
Ker P;) denotes the inverse of Lp,, it follows that

(A~ Fy;)(2)
[Lpy]®) =] ER)@) |, (3.3)
(Fys)(t)

where

t

(B0 - /0 n@ds, (Bl = fo n@ds Bl - /0 ya(s) ds.

From (3.2), we obtain

T %5(£)
QN = - / () "
O\ Caf G (@) (0) - be(t, 1 (0)) - X0 cihea(t = () + ()
(3.4)

Thus, from (3.3) and (3.4), it is clear that Q;N and L,le (I — Q)N are continuous, and
QiN(R) is bounded, and then L;,ll (I - Q1)N(R) is compact for any open bounded 2 C X,
which means N is L-compact on €.

Now, we will present the following hypotheses that will be used repeatedly during our
work:

(H1) There exists a positive constant k; such that |f(u)| < ky, for u € R;

(H2) There exist positive constants ky, /1; such that |g(¢, u)| < ka, |h(x)| < h;, for

(t,u) e R x Rand (t,x) e R x R;

Page 4 of 21
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(H3) There exists a positive constant D such that |/(x)| > bkz and
x[f () + g(¢,v) + h(x)] #0, for £, u,v,x € R and || >D

(H4) There exist positive constants b,, ¢y such that |/(x;) — A(x2)| < b,|x1 — %3],
lg(t,uy) — g(t, us)| < coluy — up| for all £,x1, %5, 11, up € R.

The following theorem is our main result on the existence of a periodic solution for (1.1).

Theorem 3.1 Suppose that assumptions (H1)—(H4) hold. Assume that the following as-
sumption is satisfied:

Ifla| <1 and

() 1-lea|-lelyi(yr —2) — My > 0, where

1
My = E(VMB +ayT),

e 12

+ ncmax{’h(t,O)‘ :0<t< T} + ||e||oo>M1T’

17/,

My =1+a(l+y),

Y1 = max |y|, Y2 = max |y c= max |c,
£€[0,T] £€[0,T] £€[0,T]

then equation (1.1) has at least one T-periodic solution.

Proof We know that (3.1) has a T-periodic solution, if and only if, the following operator

equation
Lx = ANx, (3.5)

has a T-periodic solution. From (3.2), we see that N is L-compact in Q, where Q is an
open bounded subset of X7. For A € (0,1], define Q; = {x € Cr : Lx = ANx}. Then, x =
(x1,%0,%3) " € Q satisfies:

4 (Ax)(0) = M (8),
%o(t) = A3 (2), (3.6)
&3(8) = A(=af (k1 (£))%1(8) - bg(t,41(8)) = 301, cib(xi (t — vi(D))) + e(t)).

Substituting of x3(£) = % d—2 (Ax1)(¢) into the third equation of (3.6), we obtain

- (Axl(t)) = —al3f (31(0))3 (0) — bA3g (8,21 (1))

=02 i (t - yile)) + A3e(2). (3.7)

i=1

Page 5 of 21
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By integrating both sides of (3.7) over [0, T], we find

/ <bgt %1(0) + Zc, x1 t—yl(t)))) dt =0, (3.8)
0

which implies that there is at least one point #;, such that
bg(t1, %1(t1)) th x1(t - yi(t)) =0
i=1
By using (H2), we have
g(t1,21(11)) ch w1ty - yi(t))) < bko + X":cihi =K.
i=1

In view of (H3) we see that |x1(¢; — y(£1))] < D. Since x;(¢) is periodic with period T,
—y(t1) =nT +n,n €[0,T] and # is an integer, then |x1(n)| < D.
Thus, for ¢t € [n,n + T], we obtain

’xl(t)| =

() + / (s)ds
n

t
§D+/ ’x1(3)|ds
n

and

|%1(®)| = w1 (6= T)| =

n
x1(n) = / s

1
<D+ / |5c1(s)| ds.

=T
Combining the above two inequalities, we obtain

[%1]loc = max |x1(£)] = max_|x1(2)|
telo, telnn+T)

< max {D+l</ ya'cl(s)‘ds+/'7 |9'cl(s)‘ds)}
telnn+T] 2\J, T

1 [T 1
§D+§/ |5c1(s)|ds§D+§T||5c1||oo. (3.9)
0

Since x1(0) = x1(T), there is a constant ¢ € [0, T] such that x;(¢) = 0. Thus, we have

x1(8)] = |%1(¢) X1(s)d.
|x1 | X1 +/{x15 s
S/tpél(s)]ds, tele, T+¢] (3.10)
¢
and
lia(8)] = xl(;+T>+/ 51(5) ds
¢+T

c+T ¢+T
< |+ T)| + / l51(5)| s = / 51| ds, e 0,T]. (3.11)

Page 6 of 21
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Combining the inequalities (3.10) and (3.11), we have

, : 17
[[%1]lcc = max |x1(t)| < —/ |x1(s)|ds, te[0,T]. (3.12)
t€[0,T] 2 Jo
Now, by differentiating (2.1) with respect to ¢, we obtain

d d
g ((Axy)(@®)) = 7 (21() —ax1 (£ = ¥ (9)))

=81 (8) —aki (t -y (0) (1 - 7).

Since y; = maxepo,7] |y (£)| and from (3.9), we find

‘%((Axl)(t)) < &1 lloo + @ll®1lloo (1 + 1) < (1 + (1 + 1)) %1 [l co- (3.13)
Then,
‘%((Axl)(t))’ < My |1 lloo, (3.14)
where

My =1+a(l+y).

Also, we find

2

d
o (Ax1)(8) = 31(8) - e (£ - y (0) (1= 7(8)” + wia (£ - 7 (0) 7(2).

Then, we obtain

d2

T ((Ax1)(®) = (31(8) — 2 (£ - ¥ (0)))

—a(y ()= 2)y)F (£ -y (1) + aki (£ - ¥ ()7 ().
Therefore, from the definition of the operator A, we find

d2
7 ((Ax1)(@®)) = (AX)(@) —a(y () - 2)y ()% (£ - ¥ ()
+aki(t-y(©)7 ().

Then, we can write the above equation as

d2
(A%)(t) = T ((Ax)(@®)) — adi (- ¥ ()7 ()

+a(y() - 2)%(t - y(@)y (). (3.15)
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Now, by multiplying both sides of (3.7) by 7 ((Ax1)(¢)) and integrating it from 0 to 7', we
obtain

T 3

d T
[ a0 g () de = - fo

2

dz
ﬁ((Axl)(t)) dt

T
e / f(xl(t))i(Axn(t)ael(r)dt
0
T
b / et xl(r)) ((Ax)(0) e
0
3 / S el (£ = 7(0)) 2 (A 1)
) L dt

r d
+A3 /0 e(t)a ((Ax1)(@®)) dt

Therefore, we obtain

[

a2 2

— ((Ax1)(@®))| d

< aki My |15 |0 (%(T) — %(2))

T d
+b fo HCEAG) ‘ - (Ax)(@) ’ dt
T n d
+ /O Y e [t x (e = i) - 12, 0) + e, 0)|}‘E((Ax1)(t)) ‘ dt
i=1

T d
. /O \e(t)|‘$((¢4x1)(t))‘dt

Then, from the assumption (H4) we obtain

[ i
0

dt?

2

((AM)

d
dt<b/ NG )|’—((Ax1)(t))‘dt
T n
o D albube e )] + |h(t0>|)‘ (Axlxt))‘ :

+ /0 le(8)] ‘ 7 ((Ax1)(2)) ‘ dt

Now, by using (3.14), we can see that
T n d
/ Zciho‘xl (t— yi(t))|‘d—((Ax1)(t))‘dt
0 a1 ¢

T n
§M1||5€1||oo/ ZCibo|x1(t— yit))| de
0“3

<by Mlnxl”oo

Cz

‘xl u(t )’du
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T
| [ (w0}

By the assumptions (H1) and (H2), we conclude

d2

((Ax1)(t)) dt< ( l) ||x1||oo)M1||561||ooT
+ (ncmax{\h(t,0)| (0=t =T} +llelloc)Mill&1ll0c T
Thus, by (3.9), we obtain
[ | |
( !
— ) o

+ ncmax{|h(t, O)‘ 0<t< T} + ||e||oo>M1||561||ooT~

For positive constants M, and Ms, the above inequality becomes

T| g2 2

((Ax1)(t))

where

o
_'.) o

o

By applying Lemma 2.1, we obtain

T T T |(As) @) d
/O Iaél(t)ldt=/0 (A A o) e < o (AR O1 |(1—1|()x(|t)| 3

1
1) |l oo

D+ nemax{|h(£,0)|:0<t < T} + ||e||OO)M1T.

Substituting from (3.15) and by using the conditions of Theorem 3.1, we find

&2
/ ’xl(t ‘dt— 1—|O{| {/0‘ dt2 ((.A.xl)( )))‘dt}
T
1 _1|a| {/0 oy (£ ¥ (2))7 (0)] dt}

1

e {/T Joe (7 (8) — 2) (83 (¢ - y(t))wt}

1 42 1 T ]
1—Ia|{/o (Axl)(t))’ } 1_|a|{/0 |°‘x1(t—)’(f)))/2|dt}

a

dt < My |1l + Msli1 1|2, (3.16)

Page 9 of 21
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1

+
1o

T
{/0 |Ol()’1 - 2)yi¥ (t - y(t))|dt}.

From (3.9) and by using the Schwarz inequality, we conclude

(1 —2) T.. 1 1 T
[1_“ 1-|al ]/o (o) de < 1—|a|[T (/0

(a2 T|%1]l00)-

2
o (Ax)®)

gl

+
1-|ef
It follows that

d2
ar

2\
at)

Applying the inequality (m + n)" <m" + n" for all m,n >0, 0 < r < 1, implies from (3.16)
that

((Ax1)(®)

T T
1-la||- —2 %0 dt < T?
[11- lall —an(n )]/0 i (0)| dt < (/0

+aTysll%1 [l oo

T
[|1—|a||—ay1(y1—2)]f0 |#1(2)| dt

1

< VTIMy(ll&1ll00) ? + v/Ms|1&1 oo + @ Tyall%1 [l
1

<VIMy(|#1ll00)® + (VM3 + aTy) 151 ]| oo-

Using (3.12), we find

T
[|1—|a||—ay1(y1—2)]/0 l52(0)| dt

T 3 T
S\/%(/o |551(t)|dt> +M4/0 |31 (2)| dt,

where

1
M4, = E(\/Mg + O[Tyz).

Then, we conclude

T 1 T 3
[|1—|a||—ay1(y1—2)—M4]/0 |x1<t>|dts,/§m(/o |ae1(t)|dt). (3.17)

Since |1 — ||| —ay1(y1 —2)— My > 0, we can conclude that there exists a positive constant

Dy, such that
T
/ |1 (¢)| dt < D. (3.18)
0
It follows from (3.12) that

. 1
1%1llee = 5 D1

Page 10 of 21
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Thus, from (3.9) we obtain
”xl ”OO E D21
where
1
Dy =D+ 2 TD;.

Using the first equation of system (3.6), we have

T T d
| wode= [ L iane)de-o

which mean that there exists a constant #; € [0, T, such that x,(¢;) = 0, then from (3.16)

we find
T T| 2 (T d 2 \?
||lelo<>§/0 {xz(t)|dt=/0 ‘E((Axl)(t))‘dtf T7</0 dt)

2
5 ((Ax)(0)
< VT(VMallirlloo + Msldr|12,) .

ST

Therefore, we obtain
ll%2llcc < D3, D3>0,
where
Dy = VT(y Ml I + Mallin I1%) .

From the second equation of system (3.6), we have

T T d2 T
/0 xg(t)dt=/o ﬁ((/\xl)(t)) dt:/o %o (t)dt =0,

then, there is a constant ¢, € [0, T'], such that x3(¢;) = 0, hence

T
Islloo < /o a0 d.

By the third equation of system (3.6), we have

&3(t) = —arf (k0 (0)% — bAg(£:51(8) — 1 D cih(tx1 (£ = vil£))) + re2).
i=1
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Using (H1), (H2), and (H4), we obtain
T
sl < / i (0)| i
0

T T
< a/o If (k1)) | |31 (0)| dt + b/o g (£,%1(2))| dt
T n T
| Y cilh(x (£ - vie)) - h(£,0) + h(t, 0)) dt + / le(t)| dt
0 i 0

T T
<a / I (21 (0)) | |32(0)| e + b / (6 (0)] de
0 0
T n T
. Zci(bo|x1(t—yi(t))|+|h(t,0)|)dt+/o le(t)| dt
i=1

< (bkz + Do |lx1 |l o + ncmax{|h(t, 0)| :0<t< T} + ||e||oo)T = Dy.

To prove condition (1) of Lemma 2.2, we assume that for any A € (0,1) and any x = x(¢)
in the domain of L, which also belongs to 32, we must have Lx # ANx. For otherwise in
view of (3.6), we obtain

[#1llo0 < D2ll%2lloc < D35 [[#3llo0 < Da.

Let D5 = max{Dy, D3, D4} +1, Q = {x = (x1,%2,%3) " : | %] < D5}, then we see that x belongs
to the interior of €2, which is contrary to the assumption that x € Q2. Therefore, condition
(1) of Lemma 2.2 is satisfied. Now, for all x € 9Q2 N Ker L

T x2(t)
Qle = %/‘ xg(t) dt.
© \af G (0)3(0) - bg(t, i1 (8) - Lty el (£ — vi() +e(t)

If Q1 Nx = 0, then x(¢) = 0, x3(¢) = 0, x1 = D5 or —D5. However, if %1 (£) = Ds, then by Hs we
obtain

T
0 = / h(t,Ds)dt,
0

from which there exists a point £, such that 4(t,, Ds) = 0. From assumption (H3), we have
Ds < D, which yields a contradiction. Similarly if x; = —M,. Therefore, we have Q;Nx # 0,
hence for allx € 9Q NKerL, x ¢ Im L, so condition (2) of Lemma 2.2 is satisfied.

Define the isomorphism J : Im Q; — Ker L as follows:

J(x1,%2,%3) T = (=3, %1,%2) "
Let H(u,x) = px+ (1 —w)JQ1Nx, (u,x) € [0,1] x 2, then for all (i, x) € (0,1) x (02NKerL),

e (t) + 2 [ Taf Gy (0)3(0) + bg(t, 51(2))
+ Y00 ek (t - yi(e))) - e(t)] dt
(o + (1 = p))oea(2)
(o + (1 = p))s(2)

H(p,x) =
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Since fOT e(t) dt = 0, we can obtain

pr(8) + 2 [ Taf Gea (0)F(0) + bg(t, 21 (£))

H(,%) = ¥ Zi:l cih(@ (& - yi(®)))] dt
’ (1 + (1= j0)ealt) '

(e + (1 = p))xs(2)

for all (u,x) € (0,1) x (02N KerL).
Using (H3), it is obvious that x " H (i, x) # 0, for all (1, x) € (0,1) x (3 N KerL). Hence,
deg{/Q:N, 2 N KerL,0} = deg{H(0,x), 2 NKerL,0}
= deg{H(l,x), Qn KerL,O}

= deg{I, 2 NKerL,0} #0.

Hence, condition (3) of Lemma 2.2 is satisfied. By applying Lemma 2.2, we conclude that
equation Lx = Nx has a solution x = (x1,%5,%3) " on Q N D(L), thus (1.1) has a T-periodic
solution x(z). O

4 Uniqueness result
Suppose that

T %
[%|x = (/ ’x(t)|kdt) , k>1, |%|0o = max
0 te[0,T]

then we have the following uniqueness result.

Theorem 4.1 Suppose that all conditions of Theorem 3.1 hold and h(x) is a monotone
strictly decreasing function in x and || < 1 and assume that

(H5) There exists a positive constant ks such that f(u(t)) = ks, for all u € R;

(H6) There exists a positive constant L such that |g(t, u) — g(t,v)| < L|lu —v|; for all

1)

Proof Assume that ry(t) and r,(¢) are two T-periodic solutions of (1.1), then we have z(t) =
r1(t) = ro(¢). Thus, (1.1) takes the form

u,veR.
such that

_
(1~ la])?

Cb()

1 1
(a(l + o)) + Eak3T+ Ecosz

Then, equation (1.1) has at most one T-periodic solution.

d:-}
5 (N =) —ari(t-y®) —ar(t- 1))

+ af (11 (£))71(2) — af (72 ()P () + bg (¢, 71 (2)) — bg (¢, 72(2))

+Z“ r(t=y()) = hln(t - 7))} =

Page 13 of 21
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Since f(u) = k3, we obtain

3

d
] (2(t) — az(t -y (1)) + aksZ(t) + bg(t, 71(2)) — bg(t, (1))

+ Z cifh(ri(t—yi(®)) - h(r2(t - v:(2)))} = 0. (4.1)

By integrating (4.1) from O to T and using the condition H6, we obtain
n

/0 ) [b{g(t, 1(8) = g(t720) } + Y e h(ri(t - 7)) = h(ra (- m(t)))}} dt

i=1

< /OT |:bL|i’1(t) —(t)| + Xn:ci{h(rl (t=yi®))) = h(ra(t - yi(t)))}:| dt

i=1

T
§bL/O |é(t)‘dt+/0 ch rlt yi(t ) h(rz(t—yi(t)))}dt

5bL|z(T)—z(0)|+/0 ch (r(t=vi®)) = h(ra(t - yi(0)) } dt

Using the integral mean-value theorem, it follows that there exists a constant s; € [0, T']
such that

S eu{h(ra(s1 - 150) ~ h{ra(ss — vits1))} = 0. 2)

i=1

Let y =s1 — ¥i(s1) = nT + ¢, where ¢ € [0, T] and # is an integer. Hence, from equation
(4.2) together with condition (H6) implies that there exists a constant ¢ € [0, 7] such that

2(¢) =r1(¢) = r2(8) =r(y) = ra(y) = 0.

We can write

z(¢) + fté(s) ds
e

Again, we have

00) -

< /; !é(s)’ ds.

|20)] =

c+T
/{ Tz(s) ds S/! |é(s)|ds.

Hence, we have

t ¢+T T
2[(t)] < / 15(5)] s + / |2(5)| s = /0 |4(5)| ds.
¢ t

By using the Schwartz inequality, we find

2|2(t)| < ( / |2(s)| ds) = VT2l
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Therefore, we obtain
1 .
|2(8)] . < §ﬁ|z|2. (4.3)
From the definition of the operator, we have
(A2)(t) = x(t) — ax(t - y (1)).

Multiplying (4.1) by Z(¢) and integrating it over [0, T], we find
T T
/ (AZ))Z(t)dt = —aks / Z(0)Z(t) dt
0 0
T
- b/ [g(6,71(0) - g(,72(0)) |2 (2) dt
0
n T
D, /0 h(ri (¢ = vi(®) = h(ra(t = yi(9)))) 2 (2 dit.
i=1
By using condition H,, we obtain
T T
f [(AZ)()||Z(8)| dt < aks / |2(6)]|Z(8)| dt
0 0
T
b INTEN
+ cofo 10| | 2(0)| e
n T
+bo Y i f |2(t - i) || Z(2)| dt. (4.4)
=1 Y0
Hence, we have

T T
/0 (A’é')(t)'é‘(t)dt:/o (AZ)(O[Z(0) —aZ(t—y(0) +aZ(t -y (2))] dt.

From the definition of the operator A, we have

T T 9 T
/ |(AZ)(0)||Z(0)| dt = / |(AZ)(0)|" dt + / |(AZ)(®)||Z(t -y (0)|de.  (45)
0 0 0

Now, by applying the Schwartz inequality, we obtain

T
/0 [Z(t-v@®)||(AZ) ()| dt

S</0T|"Z'(t—J/(t))|2dt>%</0T 2011:)%
: (/OT |g(t_y(t))|2dt)%(/oT [2) -a%(t- V(t))|2dt>%.

Then, we obtain

d3
e ((Ax)(@))

T
/O Z(t -y 0)|[(AD)(@0)| dt < |Z]2[1Z]2 + |l Z2]] = (1 + |a])| 215 (4.6)
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By substituting from (4.6) into (4.5), we obtain

T T 9
/O (A'é')(t)'é'(t)dtf/o [(AZ)(@)|" dt + |1 + |e]) 213

Substituting from (4.7) into (4.4) and using the Schwarz inequality, we find

T
/ (AZ)(0)] dt < el + o)) | Z Baks ]2 Z 12 + cobll 22l 12
0

Izlloc I Z1l2-
oo

L
1-»)

Since z(0) = z(T), there exists a constant & € [0, T], such that z(¢) = 0 and

|| =

Z(€) + /g Z(s)ds

< /; |Z(s)|ds, tel&, T +E]

Also, for t € [0, T], we have

t

40 -

i(§+T)+/

E+

Z(s)ds
T

E+T
<|2E+ 1) +/ |%(s)| ds

E+T
:/ |2(s)| ds.

By combining (4.9) and (4.10), we obtain

t E+T
2[(0)] < / 15(s)] ds + / 15(s)| ds
£ t
T
=/ |Z(s)|ds, tel0,T].
0
Therefore, by using the Schwartz inequality, we have
1 T\
|z(t){§§ﬁ</ |Z(s)| ds) , forallt € [0, T],
0
hence, we obtain

. 1 .
|2]00 < §ﬁ|z|2,

therefore, we obtain

1
1 T 1
|21, < VT max |&(s)| < =T / Z9)[ds) = =Tzl
t€[0,T] 2 0 2

Page 16 of 21
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Since z(t) is a periodic function for ¢ € [0, T] by using the above similar technique we

obtain
1 T
50)] < / 120 de,
2 Jo
which, together with the Schwartz inequality, implies
1
.. 1 T 2 21
Eloo < SVT( | [20)]7ds) = SVTIZD, (4.14)
0
then, we obtain
. . 1 L 1.
2, < VT max |2(s)| < =T | |£(s)|ds < =T|%). (4.15)
te[0,T] 2 0 2
By substituting (4.15) into (4.13), we obtain
. 1 2 “ee
|z]2 < ET |15 (4.16)
By using (4.13), (4.15), (4.16), and (4.3), (4.8) becomes

T
/0 |(A%)@)| dt

1 1 cho, 5 - 1
< i|o¢|(1 +af) + Jaks T+ ZCObTZ + ?OTZ XO: a5 N} 1113 (4.17)
From Lemma 2.1, we have
T )2 1 T2
72 = / (AT AYEO de< —-— / I(AZ) o) de. (4.18)
0 (1= lal)? Jo

Substituting (4.18) into (4.17), we conclude

|(.A'2')(t)|§ < [a(l + |Ol|) + %ak3T+ icosz

1
(1-y)

+%T%i

i=0

1 2
oo} @ jaip AP0
Hence, we conclude
1 1 1
{1 - m (Ol(l + |a|) + 561k3T+ ECObT2

chy 5 &
0,.5
+?T22

i=0

1
(1-9)

) }\(A%‘)(t)\i <0.
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Since

n

1 1 ch 1
(a(l +lal) + qaksT + Ecosz + 2073 >
i=0

— )

L
(1—e])?

)

we find
(AZ)(®)]2 = 0.

Since Az(t), dt((.Az)(t)) e ((Az)(t)) and < e ((AZ)(t)) are T-periodic and continuous
functions, we have

Az(t) = — ((.Az)(t)) = j—((Az)(t)) = d_3 (Az(t)) =0, forallzeRR.
Now, applying Lemma 2.1 in [12], we obtain

zt)=z(t)=Zt)=7Z(t) =0, VteR.
Hence, we conclude r{(t) = r,(¢) for all £ € R. (N
Hence, (1.1) has a unique T'-periodic solution.

5 Example
Consider the following third-order NDDE:

Lt L ale L ginar)) s Leosario
X — —— SI1n + — COS X
dt3 130 150 6

1 . 1 4 1
+ —— sin4¢ cos x(t) + t— ——sin4t | ) = cos4t. (5.1)
120 10 150

Comparing (5.1) to (1.1), we find f (1) = cos? 4t a= é, o= 130,g(t u) =sin4tcosu, b = 120,
h(t,x) = —x(t - 150 sin4t), h(t,0) =0, b, = , c= 1—0, y(t) = 150 sin14¢, y(t) = ﬁcosélt,
e(t) = cos4t,andlet T = 7

Also, we have

y1 = max ly @) =
rel0,2]

and

= t
pem [P0 - 2|2 -2

tel0,%]

Therefore, by taking n = ¢ = k; = 1, we obtain

My =1+a(l+y)=1.008,

1
Mgz{bk2+boc N ” D + nemax{|h(z,0)|: 0 <t < T}+||e||oo}M1T:1.29,
_y 00

M, = %(,/M3 + ||y, T) = 0.568.

Page 18 of 21
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I A ,\ - == -z

x(t), y(t), z(t)

t(time)

Figure 1 Path of the periodic solution

Hence, we find
1|l - lalyi(y1 —2) — My =0.425 > 0.

To verify how to obtain (3.18) from (3.17), we calculate the following

1
M2 = 5 boCTle

1-y

H =0.081.
[e¢]

Then, (3.17) becomes

T T )
0.425 x f |5él(t)|dt§‘/o'0§1n < / |561(t)|dt) :
0 0

Therefore, we obtain

r. : r. » [0.081
(/O |x1(t)|dt) {o.425(f0 |x1(t)|dt) iy 2”}50,

which can be considered as a quadratic inequality, its roots are

T 3 T 1
(/ |551(t)]dt) <0 or </ ]xl(t)}dt) <0.839,
0 0

which implies that

T
/ |31 (2)| dt < 0.7044.
0

The rest of the proof is clear. Hence, by Theorem 3.1, (5.1) has at least one % -periodic

solution.
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Now, by taking k3 = 1 and ¢ = 1, we have

1 1 1 b
m((}l(l + |0l|) + 56{k3T+ ZCOsz + QT%

1
H_H )=0.17<1.
8 1-9) s

Thus, (1.1) has a unique periodic solution, see Fig. 1.
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